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Preface

The symposia on Fundamentals of Computation Theory are held every two years.
Following the tradition established at the first FCT 1977, the conference brings
together specialists in theoretical fields of Computer Science from various coun-
tries and stimulates mathematical research in theoretical computer science. To-
pics of interest for the satellite workshop on Efficient Algorithms WEA 2001 are:
computational complexity, graph and network algorithms, flow and routing al-
gorithms, coloring and partitioning, cuts and connectivity, packing and covering,
scheduling algorithms, approximation algorithms, inapproximability results, on-
line problems, randomized algorithms, integer programming, semidefinite pro-
gramming, algorithmic geometry, polyhedral combinatorics, branch and bound
algorithms, cutting plane algorithms, and various applications.

The 13th FCT was held in Riga-Lielupe, August 22-24, 2001 with an ad-
ditional day (August 25) for the satellite workshop WEA 2001. The previous
meetings were held in the following cities:

— Poznan-Kérnik, Poland, 1977
— Wendish-Rietz, Germany, 1979
— Szeged, Hungary, 1981

— Borgholm, Sweden, 1983

— Cottbus, Germany, 1985

— Kazan, Russia, 1987

— Szeged, Hungary, 1989

— Gosen-Berlin, Germany, 1991
— Szeged, Hungary, 1993

— Dresden, Germany, 1995

— Krakéw, Poland, 1997

— Tasi, Romania, 1999

This year the number of submitted papers was high. The Program Committee
decided to accept 28 submissions as regular papers and 15 submissions as short
papers. Additionally, the Program Committee of WEA 2001 accepted 8 papers.
This volume contains all the contributed papers. The invited speakers were:

— Janis Barzdins (Riga, Latvia)

— Gilles Brassard (Montreal, Canada)
Klaus Jansen (Kiel, Germany)

— Juhani Karhuméki (Turku, Finland)
Marek Karpinski (Bonn, Germany)

Boris Plotkin (Jerusalem, Israel)

— Umesh Vazirani (Berkeley, USA)
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The invited speakers for WEA 2001 were:

Foto Afrati (Athens, Greece)

Andreas Brandstadt (Rostock, Germany)
Luisa Gargano (Salerno, Italy)

Stephane Perennes (Sophia-Antipolis, France)

All papers published in the workshop proceedings were selected by the pro-

gram committee on the basis of referee reports. Each paper was reviewed by at
least three referees who judged the papers for originality, quality, and consistency
with the topics of the conference. The Program Committee consisted of:

Andris Ambainis (Berkeley, USA)

Setsuo Arikawa (Fukuoka, Japan)

Yuri Breitbart (Bell Labs, USA)

Cristian Calude (Auckland, New Zealand)
Bogdan Chlebus (Warsaw, Poland)
Alexander Dikovsky (Nantes, France)
Rasins Freivalds (Riga, Latvia), Chair
Jozef Gruska (Brno, Czech Republic)
Tero Harju (Turku, Finland)

Kazuo Iwama (Kyoto, Japan)

Aleksander Letichevskij (Kiev, Ukraine)
Andrzej Lingas (Lund, Sweden)
Christoph Meinel (Trier, Germany)
Valery Nepomniaschy (Novosibirsk, Russia)
Jaan Penjam (Tallinn, Estonia)

Anatol Slissenko (Paris, France)

Carl Smith (Maryland, USA)

Esko Ukkonen (Helsinki, Finland)

Eli Upfal (Brown, USA)

Mars Valiev (Moscow, Russia)

The Program Committee of the Workshop on Efficient Algorithms WEA

2001 worked in close touch with the Program Committee of FCT 2001 but
made their decisions separately. This Program Committee consisted of:

Yossi Azar (Tel-Aviv, Israel)

Evripidis Bampis (Evry, France), Co-chair
Michael Bender (Stony Brook, USA)

Thomas Erlebach (Zurich, Switzerland)
Wenceslas Fernandez De La Vega (Orsay, France)
Wen-Lian Hsu (Academia Sinica, Taiwan)

Klaus Jansen (Kiel, Germany), Co-chair

Elias Koutsoupias (Athens, Greece and Los Angeles, USA)
Jan Kratochvil (Prague, Czech Republic)

Seffi Naor (Haifa, Israel)

Takao Nishizeki (Tohoku, Japan)
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— Ingo Schiermeyer (Freiberg, Germany)
— Sergey Sevastianov (Novosibirsk, Russia)
— Martin Skutella (Berlin, Germany)

We would like to thank all the authors who responded to the call for papers,
our invited speakers, and the referees.
Furthermore, we thank the members of the Organizing Committee:

— Baiba Apine

— Juris Borzovs, Chair
— Mara Cepite

— Arija Deme

— Martins Dicis

— Andrejs Dubrovskis
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Towards Axiomatic Basis
of Inductive Inference*

Janis Barzdins!, Rusins Freivalds!, and Carl H. Smith?

! Institute of Mathematics and Computer Science,
University of Latvia, Raiga bulv. 29, Riga, Latvia* **
2 Department of Computer Science, University of Maryland, U.S.A.

Abstract. The language for the formulation of the interesting state-
ments is, of course, most important. We use first order predicate logic.
Our main achievement in this paper is an axiom system which we believe
to be more powerful than any other natural general purpose discovery
axiom system.

We prove soundness of this axiom system in this paper. Additionally
we prove that if we remove some of the requirements used in our axiom
system, the system becomes not sound. We characterize the complexity
of the quantifier prefix which guaranties provability of a true formula via
our system. We prove also that if a true formula contains only monadic
predicates, our axiom system is capable to prove this formula in the
considered model.

1 Introduction

The term ”inductive inference” is used for synthesis of general regularities from
particular examples. Different formalizations of the inductive inference problems
are possible. Since the seminal paper by E.M. Gold |[Gold67] the computational
learning theory community has been under hypnosis presuming that the main
problem in the learning theory is to restore a grammar from samples of language
or a program from its sample computations. However scientists in physics and
biology have become accustomed to looking for interesting assertions rather than
for a universal theory explaining everything. The question arises what language
is to be used to formulate these assertions.

One of the most universal languages to formulate such assertions is the first-
order predicate logics. Hence along with Gold-style inductive inference it is nat-
ural to investigate inference of assertions in predicate logics (”formulas”) from
local observations of the given model (”elementary facts”). Research in this di-
rection was started already in [OSWO91] and [BES97].

* This project was supported by an International Agreement under NSF Grant
9421640.

*** Research supported by Grant No.01.0354 from the Latvian Council of Science, Con-
tract IST-1999-11234 (QAIP) from the European Commission, and the Swedish In-
stitute, Project ML-2000

 Supported in part by NSF Grant CCR-9732692

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 1-{13] 2001.
© Springer-Verlag Berlin Heidelberg 2001



2 J. Barzdins, R. Freivalds, and C.H. Smith

We can look on the inductive inference from another viewpoint as well,
namely, how the inductive inference process is defined. Traditionally, ”identi-
fication in the limit” is considered [Gold67]|. We say that the inductive inference
machine (IIM) identifies the given object (for instance, a function) in the limit,
if reading from the input more and more input-output examples IIM produces
a correct hypothesis (for instance, a correct Godel number of the target func-
tion) and never more changes it (in spite of working on for infinitely long time).
Modifications of the ”identification in the limit” are considered. For instance
at the finite (or, ”one-shot”) identification the IIM processes the infinitely long
sequence of the values of the target function, and at some finite moment the ITM
produces only one correct output. Of course, the capability of finite identification
is much more limited.

In the paper [BFS96] a new type of inductive inference ”learning with confi-
dence” ( or ”learning with belief levels”) is considered. In some sense this notion
is closer to the human inference process. When we produce any hypothesis based
on a finite number of observations we are tended estimate some belief level of
our hypothesis. This way, we come to a natural inductive inference type ”learn-
ing first-order predicate logic formulas with belief levels from elementary facts”.
By ”elementary facts” we understand values of the given predicates for specific
values of the arguments. This inductive inference type is central in our paper.

We try to axiomatize the possibilities of this inference type. We believe that
we have succeeded only thanks to the naturality of this notion. We have no idea
how one could axiomatize the possibilities of identifiability in the limit. One of
reasons of this difficulty is this identification type’s remoteness from the natural
human inference.

Why we believe in great importance of the axiomatizability problem? The aim
of axiomatization is to find the basic elements of which our practical everyday
reasoning is constructed.

Remember the axioms of Euclidean geometry, axioms of first-order pred-
icate logics (in these cases a complete axiomatization was achieved), axioms
of Peano arithmetics, Zermelo-Fraenkel axiom system for the set theory. The
latter systems are incomplete, and they cannot be made complete (by Godel in-
completeness theorem). However this does not challenge the importance of this
axiomatization. For instance, when we speak of Peano axiom system [Peano],
then all natural assertions in arithmetics can be proved in Peano arithmetics
(however not always in a trivial way) but all the counterexamples provided by
the proof of the Gédel incompleteness theorem are highly artificial.

David Hilbert’s system of axioms of the elementary geometry [Hilb1879] has
a similar status. Being a more precise version of Euclidean axioms, this system
is not a complete system (by a corollary from Gdodel incompleteness theorem).
Nonetheless Hilbert’s system is considered to be the ”standard”.

A similar status is hold also by Zermelo-Fraenkel axiom system for the set
theory [Zexr30].

We return to the inductive inference. Until recently, it was investigated only
from a pragmatic viewpoint without a deeper search of the mathematical foun-
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dations. At first it seems that inductive inference and axiomatization are incom-
patible notions because axiomatization traditionally is considered as a preroga-
tive of deductive systems. However inductive inference processes (learning from
examples) performed by distinct persons show great similarity. This prompts
existence of objective regularities in the inductive inference. On the other hand,
axiomatization of inductive inference presumes search for objective regularities.
It is evident that axioms of inductive inference should differ from axioms of de-
ductive systems, because the latter serve for deducing absolute truth while the
former are only hypotheses with higher or less high belief level.

2 Learning Formulas with Belief Levels

First of all we go over the necessary logical concepts that will be used. A model
will be a triple (¥, N,I) where X is a finite set of predicates, called a sig-
nature, with designated arities, N is the domain of the variables used in the
predicates and [ is the interpretation of the predicates. Unless otherwise noted,
the domain will be the natural numbers, IN. For example consider the model
My = (X9, IN, Iy) where X contains three binary predicates, Py, P, and Ps. The
interpretation Iy is given by three formulas: Py (z,y) : z <y, P, (z,y) :y = bz
and Py (x,9) : y = 2% The elementary facts of a model are all of the instantiated
predicate symbols of the model with associated truth values. The elementary
facts of our example model My include Py(2,5) =T, P1(6,2) = F, P1(4,5) =T,
P5(2,10) = T, P5(3,10) = F. In some of the proofs that follow it will be more
convenient to list these elementary facts as P;(2,5), =P1(6,2), P1(4,5), P»(2,10),
—P3(3,10). A term is either a notation for a member of the domain or a vari-
able. The elementary formulae of a model M = (X, N, I) include are formulae
of the form P(ny,---,ng) for P a k-ary predicate in X and each n; (1 <i <k)
is a term. Next, formula of the first-order predicate logics, validity, and any
other logical notions are defined in the traditional way (see any textbook, e.g.
[Kleene52].

Let M =< X, ,IN, I > be amodel. By F); we denote the set of all elementary
facts of the model M. By D), we denote the set of all enumerations of elements
of EM.

Let some standard axiom system A for the first order predicate calculus,
(e.g. that from |[Kleeneh2| be fixed. If it is possible to derive a formula f from
the elementary facts of some model M via the axiom system, we write M}—f.
Notice that if Fjs is, for example, {—=P(0), P(1),---} then M}|—3x(P(z)). This
follows from the “P(1) = Jz(P(x))” being in A.

Now we recall some notions and results from [BFS96] and [BES97] to be used
below.

The main notion from [BES96] that we need is that of "belief level”. A belief

level is a rational number between 0 and 1, inclusive. A 0 represent a vote of no
confidence and 1 indicates absolute certainty.
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Definition 1. A belief formula learning (abbreviated BFL) machine is an al-
gorithmic device that takes as input an enumeration of the elementary facts of
some model and produces as output first order formulae paired with belief levels.

A BFL produces a sequence of outputs, like an FFL, but unlike the FFL
case, the same formula may appear over and over again, with different belief
levels. If L is BFL and D is its input data and f is a first order formula, then
B(L, D, f) = (b1, ba,---) is the sequence of belief levels associated with f that
L produces when given D as input, in the order of appearance in the output
stream.

Definition 2. We say that a BFL L e-learns formula f from the input data D
iff B(L, D, f) monotonically converges to 1. The set of formulas produced this
way is denoted by L(D).

Definition 3. A BFL L is correct iff for all models M and all D € Dy, all the
formulas in L(D) are true for the model M.

Definition 4. A correct BFL L is called absolutely best if L'(D) C L(D) holds
for arbitrary correct BFL L', for arbitrary model M and arbitrary enumeration
of elementary facts D € Dyy.

Theorem 1. (Theorem 24 from [BFS97]) There is no absolutely best BFL.

Definition 5. A formula f is e-learnable iff there is a correct BFL L which
e-learns f from every D € Dy; of every model M such that f is true in M.

Theorem 2. (Theorem 20 from [BFS97]) Let A be an arbitrary Boolean formula
with predicate symbols Py,---, Py, and x1, -+, %y, Y1, -+, Yo be variables of the
inwvolved predicates. Then the formula

Vop-- V$u3y1 te 3yvA(l'l, Tty yv)

is e-learnable.

Theorem 3. (Theorem 23 from [BFS97]) If f is a first-order predicate logic
formula involving only monadic predicates, then f is e-learnable.
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3 Starting Axiomatization: The First Two Axioms for
Formula Learning

We start with introducing a new notion
Ale

where A is a formula and e is a rational number with 0 < e < 1. We call the
number e the belief level of the formula A. The intuitive meaning of A/e is that,
based on the prior steps of the proof, we have belief level e that the formula A is
true. Our new axioms will exploit the notion A/e. To formulate the new axioms
we need one more notion, namely that of weighting function.

Definition 6. A weighting function is a recursive function w such that
o0

Zw(n) =1

n=0

For example, let w(n) = 1/2"*!. The idea of the weighting function is that
some examples are more relevant than the others. The weighting function will
be used to determine the belief level of a universally quantified sentence, based
on known examples.

In this section along with the symbol |— which denotes the ”proves” relation
in traditional logic, we use the symbol |= to denote the same relation in extended
axiom system that we now present. For example, the first new axiom below says
that if something is provable in the standard logic, it is provable with belief level
1 in our new system.

Axiom 1 If M|—A, then M|=A/1.

Axiom 2 If A contains a free variable x, and M|EA(ny)/e1, ..., M|EA(ng)/ex,
where n; € IN and A(n;) is obtained from A by substituting n; for all occurences
of x,i=1,2,---,k, then M|EVzA(z)/e, where e =w(ni).e; + ... +w(ng).ex.

Definition 7. We say that o formula A is e-provable in the model M via the
axiom system (2 iff for arbitrary enumeration of elementary facts D € Dy and
for arbitrary € > 0 there is an e > 1 — € such that M|=A/e

It is easy to see that for axiom systems {2 containing only Axiom 1, Axiom 2
and the axioms Axiom 3’ ; Axiom 3” or Axiom 3 described below the following
theorem holds.

Theorem 4. The class of e-provable formulas does not depend on the particular
weighting function.

The axioms Axiom 1 and Axiom 2 seem to be natural enough. However this
system of two axioms is rather weak because the two incorporated mechanisms
(the possibilities of the standard logic and the belief levels) are rather disjoint.
After usage of Axiom 2 there is no way to apply Axiom 1. We need a mechanism
to combine Axioms 1 and 2.
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4 A Naive Third Axiom

Axiom 3’ If:
a) M{—(A = B),
b) Ml=A/e,
then M|=B/e.
Axiom 3’ may be considered to be a good companion for Axioms 1 and 2.
However we have

Theorem 5. The system of axioms { Aziom 1, Axziom 2, Aziom 8’ } is not
sound.

Proof. We prove that there is a model M and a formula f such that f is
false in the model M but nonetheless f is e-provable in M via this system of
axioms.

Indeed, we consider a model M with one unary predicate P(x) such that
P(1) is true and P(2) is false. We consider the formula VaP(x) which is false in
M. Let w(n) be the weighting function. Axiom 2 provides us VzP(x)/w(1).

We construct a formula @y being

Vo Vg - - - Var (P(z1) V P(ag) V- -+ Play))

A somewhat similar formula being

Vo Vg - - - Var (P(z1) V P(ag) V -+ P(ay)) = Ve P(x)

is a tautology in the standard predicate logic. Hence, by Axiom 1, it can be
e-proved with belief level 1. Using Axiom 2 k times, we obtain

Qr/1— (1 —w(1))k.
Applying Axiom 3’, we get
VaP(z)/1 — (1 — w(1))*.

If k — oo, then the belief level converges to 1. Hence the false formula VaP(z)
is e-provable with belief level converging to 1. X

5 A Less Naive Third Axiom

Why Axiom 3’ caused non-soundness of the axiom system? Where was the
essence of the proof of Theorem B 7 We see that it became possible because
we allowed too many quantifiers in the formula Q.

Definition 8. Let A and B be first order predicate formulas in prenex form.
We say that formula A is of no higher quantifier complexity than B (denoted
by A =quant B) if the number of quantifiers (no matter, how many quantifier
alternations are present) in A is less or equal to the number of quantifiers in B.
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For instance, consider formulas

Ay VaVy3zFu(R(17,x,2) A (P(u,9) vV S(y))
As 2 FzFFwIp((G(5,w) A H(v, 17, 2)) = - K (z,p))
A3 : VgH(gaga 17)

It is easy to see that Ay <guant A2, A2 Zgquant A1,43 Zguant A1, but
Al_‘ jquant A3-

Please notice that our definition of < ,qn: ignores the names of the bounded
variables.

Axiom 3” If:
a) M|—(A = B),
b) A jquant B7
¢) MI=AJe,
then M|=B/e.

However we have

Theorem 6. The system of axioms { Aziom 1, Aziom 2, Axiom 3”7 } is not
sound.

Proof. We consider a model M where the binary predicate P(z,y) means
7y < 2”. In this model the formula JxVyP(z, y) is false. We consider the formula
VyP(z,y) with one free variable z. Let k& be an arbitrary natural number. Using
Axiom 2, we can get the belief level

er =w(l)+w(2)+ - +wlk)
for the formula YyP(k,y). On the other hand, in the classical logic the formula
VyP(k,y) = JaVyP(x,y)
is a tautology. Using Axiom 3” with A = VyP(k,y) and B = JzVyP(z,y) we get
the belief level e, = w(1) + w(2) + - -+ + w(k) for the false formula IzVyP(z,y)

not containing k. Since k — oo implies e, — 1, we get belief level converging to
1 for a false formula JaVyP(x,y). X

6 Final Third Axiom

Definition 9. We say that A is of no higher constant complexity than B (de-
noted by A <const B) if there is no constant which is used in A but not used in
B.

For instance, consider formulas

Ay VaVy3zIu(R(17,z, 2) A (P(u,5) V S(y))
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As : JzFwFw((G(5,w) A H(v,17,2)) = - K (x,x))
A3 :VgH(g,9,17)

It is easy to see that Al jconst A27 A2 jconst AlaAS =const Al;
but Al_‘ jconst A3~

Axiom 3 If:

a) M|—(A = B),
b) A jquant B:
C) A jconst 37

d) MI=AJe,

then M|=B/e.

7 Soundness of the Axiom System

We will prove in this section that the axiom system {Aziom;, Azioms, Axzioms}

is sound. Let us consider only formulas in a prenex form. The quantifierless body

of the formula is a Boolean propositional formula made of terms being predicate

symbols from the finite signature X' with constants and variable symbols.
Consider, for instance, two formulas

B =Va3y(-Q(y,5) V P(z,7,y).

They have the same quantifier prefix (with equal names for the bounded
variables) and the quantifierless bodies are equivalent Boolean formulas of the
same variables P(x,7,y) and Q(y, 5). It is easy to conjecture that A is e-provable
in a model M if and only if B is e-provable in M. To prove such a conjecture we
consider the notion of reversible equivalence. We use A < B to denote A <guant
BANA jconst B.

Definition 10. We say that formulas A and B are reversible equivalent (A =,
evB) in the model M, if M|—(A = B),M|—(B = A),A=<B and B < A.

Definition 11. We say that formulas A and B are equivalent up to names
(A =ename B) if they differ only in the names of the bounded variables.

Definition 12. We say that formulas A and B are generalized reversible equiv-
alent (A =gpcy B) in the model M, if there is a formula C such that A =,¢, C,
and C =,ename B -

Lemma 1. If M|=A/e, and A =4,c, B, then M|=B/e.

Proof. A =,,., B implies A =,¢, C, C =rename B, M|—(A = C), and A <
B. Hence M|=C/e by Axiom 3. Finally, the e-proof M|=B/e can be obtained
from the e-proof M|=C/e by renaming the variables introduced by usage of
Axiom 2. X
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Lemma 2. For arbitrary formula B, there is only a finite number (up to gen-
eralized reversible equivalence) of formulas A such that A < B.

Proof. For the simplicity sake we consider only formulas in prenex form. Let
S be the set of the constants used in B. There is only a finite number of different
(up to reversible equivalence) Boolean formulas made of terms consisting of
predicate symbols from the finite set X, the bounded variables used in B and
the constants in S. Hence the number of formulas in prenex form is also only
finite. The proof in the general case uses the same idea but technically it is more
complicate. X

Theorem 7. For arbitrary formula B which is false in the model M, and for
arbitrary weighting function w, there is a real number eq < 1 such that e-proofs
M]|EB/e cannot exist for e > eq.

Proof. By induction over the number k of quantifiers used in B.

Basis. k£ = 0. Obvious.

k = k41 . Assume that Theorem is true for k or less quantifiers used.
Assume from the contrary that there is a formula B with k + 1 quantifiers such
that it is false in the model M and M |=B/e with arbitrarily high e > 1. Consider
all possible A such that A < B.

-Some of such formulas A are true. Then A = B cannot be proved classically
in the model M. Hence Axiom 3 is not applicable in this case.

-Some of such formulas A have k or less quantifiers, and A is false. Then, by
induction assumption, A/e cannot be proved for high enough values of e. Hence
such an A cannot be used in Axiom 3 to obtain B/e with sufficiently high e.

-Some of such formulas A have the same number k + 1 of quantifiers, and A
is false. By Lemma 2l there is only a finite number of distinct (up to generalized
reversible equivalence) such formulas A. Denote them by Aj, As, ..., A,. How
M|EB/e can be proved for arbitrarily high e < 1 ? Surely, not by Axiom 1. If
the outermost quantifier of B is not V, the proof cannot be by Axiom 2. If the
outermost quantifier of B is V, B is a formula VY F'(z) and it is false, consider a
particular value z = a such that F'(a) is false. F'(a) is a formula with & quantifiers
and , by induction assumption, it cannot be proved for arbitrarily high values of
e. Hence the only hope to prove M|=B/e with arbitrarily high value of e is by
Axiom 3 using M}—A; = B and M|=A;/e; with arbitrarily high values of e;.
Hence for one of A;, A, ..., A, it is needed to prove A;/e for values of e higher
than those described in Axiom 2. However we have no means to do this. X

8 Usefulness

Definition 13. We say that formula A is e-provable by axiom system (2 iff A
18 e-provable by the axiom system {2 in every model M such that A is true in
M.
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This section (and the next one below as well) shows that our axiom system
{Axiomy, Axioms, Axioms} is powerful enough to e-prove the same classes of
formulas which are e-learnable by Theorems Pl and [3]

Theorem 8. Let A be an arbitrary Boolean formula with predicate symbols
Py, Py, andxy, -, Ty, Y1, -+, Yo be variables of the involved predicates. Then
the formula

Yoy -V, Jyr - Fy Az, -, yp)

is e-provable by the aziom system {Axiomq, Azioms, Axzioms}.

Proof. We prove here only a special case of this theorem when the formula is
Va3yP(z,y) and there is a sequence {a1, as, ag, - - -} of natural numbers such that
P(1,aq) is true, P(2,a9) is true, etc. The general case is similar and differs only
in more heavy technical notation. The following sequence of proofs is performed
via our axiom system.

P(1,a;) classically
JyP(1,y) classically
JyP(1,y) Axiom 1

VeIdyP(x,y)/w(1).1 Axiom 2

P(2,az) classically

JyP(2,y) classically
FyP(2,y)Axiom 1
Vo3yP(z,y)/w(l).l + w(2).1 Axiom 2

P(3,as3) classically
JyP(3,y) classically
JyP(3,y) Axiom 1

Ve3yP(z,y)/w(l) + w(2) + w(3) Axiom 2

9 Monadic Predicates

Theorem 9. If f is a first-order predicate logic formula involving only monadic
predicates, then f is e-provable by the axiom system
{Aziomy, Axiomsq, Axioms}.

Proof. For the simplicity sake we consider only formulas in prenex form. We
prove our Theorem by induction. For quantifierless formulas Theorem is obvious.
Assume that Theorem is true for k quantifiers and the target formula f contains
k + 1 quantifiers.

Let Qz be the outermost quantifier of the formula f. Suppose that P, ..., Py,
is a complete list of all monadic predicates in f which contain the variable z. To
simplify the proof, assume that m = 2. The generalization to larger values of m is
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obvious. We define 4 formulae f1, fa, f3, f4 (in general 2™ formulae) derived from
f substituting, respectively, Py(x) =T, Py(x) =T for fi, Pi(z) =T, Pa(x) = F
for fo, Pi(x) = F,Py(x) =T for f3, Pi(z) = F, Py(z) = F for f4. It is impor-
tant that fi, fo, f3, f4 have at most k quantifiers. The target formula is equiv-
alent to Qx((Pr(x)&Pa(x)& f1) V (Pi(x)&—-Pa(x)& f2) V (- P1(z)&Pa(z)& f3) V
(2P (2)& P ()& f4)).

We consider the cases Q = 3 and @ =V separately.

- Assume that f is 3z F(z) and it is true for = 7. Then for = 7 only one
part out of four

Pi(z &Pg(.%‘)&fl)\/

(Pr(z)
\/(Pl( )&ﬁpg(m)&fg)\/
\/(—‘Pl (:C)&PQ ({IJ)&fd)\/
V(=P (2)&Po(x)& f4)

can be true. For instance, if P;(7)&—P2(7), then for = 7 the second part is
true. This implies that fo is true in the model M for all the values of  (because
f2 does not contain ). By induction assumption, M |=f>/e for arbitrarily high
e < 1. Consider Axiom 3 with A = fy and B = VaF(x). We concluded that
the requirement a) of the Axiom 3 is satisfied. Notice that fo < VaF(z) since
f2 contains less quantifiers and not a single constant not in VaF'(z). Hence, the
requirement b) also is satisfied.

Since (fe = JzF(x)) is true in the model M, and our classical proofs of the
validity of formulas in models use all the power of Kleene axiom system, it is
possible to prove M|—(fo = JxF(x)). Hence, by Axiom 3, M|=3zF(x)/e for
arbitrarily high e < 1.

-Assume that f is VF(z). For every x separately (e.g., for x = 7)

X

F(7) = [(PL(T)&P(T)& f1)V
V(P (T)&~Pa(7)& f2)V
V(=P (1) &Pa(7)& f3)V
V(=P (T)&~Pa(T)& f4)]

In the model M three parts are false but F(7) is true. If, for instance, the
part

(P(7)&=P2(7)& f2)

is true, then fo (not containing x) is true, and

M}—(f2 = F(7)).

Axiom 3 is applicable because a), b) and c) are true. By Axiom 2,
MIEF()/e,.... MI=F(k) /e
M|EVYaF(x)/e
for arbitrarily high e < 1. X

(9.1)
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10 Is This Axiom System Complete?

There are at least two natural definitions of completeness of axiom systems for
formula learning with belief levels.

Definition 14. We say that axiom system {2 is absolutely complete for formula
learning with belief levels iff for every correct BFL L , every model M and every
enumeration of elementary facts D € Dy there holds: if f € L(D), then f is
e-provable by 2 in the model M.

It is easy to see that there do not exist absolutely complete axiom systems
for formula learning with belief levels. We referred in our Section[2 Theorem 24
from [BFS97] asserting that no best correct BFL machine is possible. It is easy
to observe that arbitrary axiom system for formula learning with belief levels can
be simulated by a BFL machine such that the machine learns all the formulas
e-provable via this axiom system. An absolutely complete axiom system would
generate a best correct BFL machine which is impossible because of Theorem
24 in [BES97].

Definition 15. We say that axiom system (2 is practically complete for formula
learning with belief levels if every formula which is e-learnable by some BFL | is
also e-provable by the axiom system (2.

We conjecture that our axiom system {Aziom;, Axioms, Axioms} is practi-
cally complete. Theorems ] and [9] (compared with Theorems[2 and [3]) in a sense
support our conjecture.

We conclude with an open problem the solution of which would clarify much
(if not everything) for the solution of our conjecture.

Open Problem. Let two formulas f; and f3 be provably equivalent in the clas-
sical logic. Let f; be e-provable in our axiom system with belief level converging
to 1. Is the other formula f; also e-provable in our axiom system with belief level
converging to 17

We used in the proof of our Theorem [l the fact that provably equivalent
formulas can have very much different maximal belief levels. However this leaves
open possibility that our Open Problem can have a positive solution.
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In this talk we present fast algorithms that find approximate solutions for

a general class of problems, which are called fractional packing and covering
problems. We describe two main lines of research:

— algorithms by Plotkin, Shmoys and Tardos [7],
— algorithms by Grigoriadis, Khachiyan, Porkolab and Villavicencio [1,2].

and new developments.

Furthermore, we discuss several applications of these techniques: scheduling

on unrelated machines [7/4], scheduling of parallel tasks [3], bin packing, strip
packing [6], preemptive resource constrained scheduling and fractional graph
coloring [5].
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Abstract. We consider a few problems connected to the commutation
of languages, in particular finite ones. The goal is to emphasize the chal-
lenging nature of such simply formulated problems. In doing so we give a
survey of results achieved during the last few years, restate several open
problems and illustrate some approaches to attack such problems by two
simple constructions.

1 Introduction

The commutation equation
XY =YX (L.1)

is among the most fundamental equations in any algebraic structure. In the case
of free monoids, that is to say of words, its solution is well known and folklore:
two words commute if and only if they are powers of a common word. In the
monoid of languages over a finite alphabet, even if the languages are only finite,
the situation changes drastically: it is not likely that a complete solution can be
found. This view is supported by the fact that the equation have solutions like,
cf. [3],
X=a+ab+ba+bb and Y =X + X? + bab + bbb

and
X =a+aa+aaa+ab+aba+b+ba and Y = X\ {aa}.

Moreover, from Theorem 3 it follows that the computational complexity of such
solutions can be extremely high.

However, if we fix X and ask Y to be the maximal (but not finite) solution
of (1) the situation changes essentially. Indeed, it was asked more than 30 years
ago by Conway whether such a solution is always rational for a given rational
language X, cf. [5]. Obviously, such a maximal language, referred to as the
centralizer of X, is unique. Thus we formulate:

* Part of this work was done while the author visited LIAFA at Denis Diderot Uni-
versity. Supported also by the grant 44087 of the Academy of Finland.
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Conway’s Problem. Is the centralizer of a rational language rational, as
well?

Amazingly this problem is still unanswered, or in fact it is not even known
whether the centralizer of a rational X is recursive. The restriction to a finite X
does not seem to help to answer these questions. One of the goals of this paper
is to summarize the special cases when the Conway’s Problem is known to have
an affirmative answer.

An interesting case when the solutions of the commutation equation is com-
pletely known is that of polynomials (or formal power series) over a field and
with noncommuting unknowns. In terms of languages this includes a case of lan-
guages viewed as multisets. The characterization proved by Bergman, cf. [1] or
[15], is as follows: two polynomials p, ¢ € K < A > commute if and only if there
exist a polynomial r € K < A > and polynomials h, k € K < b > such that

p=nh(r) and ¢q=k(r),

where K < A > denotes the polynomials over K with A as the set of unknowns,
and K < b > those with the single unknown b. This motivates us to state another
problem:

BTC-Problem. Given a family F of languages. Does the following hold for
all X, Y e F:
XY =YX

if and only if there exist a set V' and sets of indices I and J such that

X =Uie/V" and Y = U, V7. (1.2)

Intuitively, the above asks when the commutation of languages is charac-
terized by a very similar condition than that for words. As we mentioned the
polynomials have such a characterization — this is the source of the abbreviation:
Bergman Typy Characterization. In many cases we require in the BTC-problem
only that X is in F and'Y is arbitrary.

The examples given at the beginning of this section show that the BTC-
property does not hold for all finite languages, it even does not hold when X
contains only four words. The second goal of this paper is to summarize when
the BTC-property is known to hold.

Finally, as the third goal we discuss two simple approaches to attack the
above problems.

2 Preliminaries and a Basic Lemma

Let X be a finite alphabet. We denote by X* (resp. X') the free monoid (resp.
free semigroup) generated by X. The identity of X* is denoted by 1, and referred
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to as the empty word. Elements (resp. subsets) of X* are called words (resp.
languages). We say that a word u is a prefix (resp. suffix) of a word w if we
can write w = ut (resp. w = tu) for some word t. By u=tw (resp. wu™!) we
denote the left (resp. right) quotient of w by u, and these notions are extended
to languages in a natural way. For two words u and v the word u A v is their
maximal common prefix. The set of all prefixes (resp. suffixes) of a language
X C X* is denoted by Pref X (resp. Suf X). Pref(X) denotes the set of all
prefixes of length %k of words in X.

Our basic problem is when certain type of languages X, Y C X* satisfy the
commutation equation

XY =YX.

The languages we consider are either finite, rational or of certain types of codes.
For a finite set X we denote its cardinality by card X. We recall that a code
C C X* is a set satisfying the implication:

T1...Tp =Y1...Ym Wwith z;, y; €C

implies
n=m and x; =y; for i=1, ..., n.

Particular cases of codes are those of prefix codes, i.e. sets where no word is a
proper prefix of another, and w-codes, i.e. sets C' satisfying the above implication
for n = m = oo. It is well known that the monoid of prefix codes under the
operation of the product is free, cf. [13], while the same does not hold for codes
or w-codes.

For a language X C X* we defined its centralizer Z(X), or Z in brief, as
the maximal set commuting with X. Clearly, Z is the union of all languages
commuting with X, and moreover Z2 C Z, in other words, Z is a semigroup.
Actually, to be precise we can define the centralizer as the maximal monoid or
as the maximal semigroup commuting with X. Interestingly, these two notions
are not related, at least in a trivial way. Indeed, for the X in the first example of
Introduction the monoid and the semigroup centralizers are different modulo the
empty word, namely {a, b}* and {a, b}T \ {b}, respectively. In our subsequent
considerations the centralizer means the semigroup centralizer. Consequently, it
is natural to assume that X C ¥+.

Let X C X% be a language and Z its centralizer. Then clearly X"Z = ZX"
for all n > 0, and therefore we obtain simple approximations for the centralizer:

Lemma 1. For any X C X7 its centralizer satisfies
Xt C Z CPref X*NSuf X*. (2.3)

Moreover, if card(X) < oo, then for each z € Z and w € X% the word zw is in
X.

The latter sentence follows from the first one by the Konig’s Lemma.
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The approximations of Z in (3) deserve a few comments. First they are
very easy to deduce. However, to decide whether or not X+ C Z is an open
problem, even in the case when card(X) < oo. On the other hand, to test
whether the second inclusion is proper can be done by checking whether or not
X (Pref X* N Suf X*) = (Pref X* N Suf X*)-X — due to the maximality of Z.
In the case of rational X this can be tested.

In general, to decide whether two languages commute is computationally
difficult. Indeed, we have

Proposition 1 [7]. Given a context-free language L and a two-element set
X, it is undecidable whether L and X commute, i.e. LX = X L.

The proof is based on Theorem 3.

3 A Survey on Conway’s Problem

In this section we give a survey when Conway’s Problem is known to have an
affirmative answer. Despite of being a natural question on computationally very
simple languages it is not likely to be an easy problem. This is illustrated by the
following surprising open problem.

Problem 1. Is the centralizer of a finite set resursive?

It is even more confusing to note that for concrete examples, even for
concrete rational languages, the centralizer can normally be found quite easily,
cf. Section 5. Still we only know that the centralizer is in co-Re — and hence
Problem 1 is equivalent to a question whether the centralizer is recursively
enumerable, cf. [TT].

As positive results we have:

Theorem 1. Conway’s Problem is known to have an affirmative answer in the
following cases:

(i) X is a rational prefix code, cf. [14);

(i1) card(X) <2, c¢f. [3;

(i1i) card(X) =3, cf. [L1];

(iv) X is a finite code which is elementary, synchronizing or contains a word of
length 1, cf. [3];

(v) X is a rational w-code, cf. [8].

The proofs of these results use quite different techniques. Historically the
oldest result is that of (i). Its proof is nothing but a combinatorial analysis of
words, but not at all trivial. It is a challenge to find a simple proof for this nice
result. Actually, even in the case of biprefix sets a simple proof is not obvious.
Note also that, although the monoid of prefix sets is free and thus the tools used
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in the word case are available, the difficultiness remains since the problem asks
the commutation of X with arbitrary sets.

Problems (ii) and (iv) are solved by using Lemma 1 and so-called graph
lemma on combinatorics on words. These proofs are not difficult, and in fact we
give in Section 5 even a simpler solution to (ii).

Problem (iii) is solved by a complicated analysis of certain language equations
of very restricted types. Finally, to solve Problem (v) again a new method is
used, namely unambiguous formal power series, and hence results of Bergman
and Cohn are employed, cf. [1] and [4].

It is also worth mentioning that in most cases when the answer to Conway’s
Problem is known, the centralizer is very simple rational language: in cases (i),
(i), (iv) and (v) it coincides with X (unless in case (ii) it is even simpler,
namely ¢+ for some word t).

As natural open problems we state:

Problem 2. Does Conway’s Problem have an affirmative answer for all finite
sets X7

Problem 3. Does Conway’s Problem have an affirmative answer for all codes
X7

In Problem 3, even the case when card X = 4 is open.

4 A Survey on the BTC-Problem

This section is devoted to the BT C-problem, that is to say to search for families
of languages for which the commutation of languages can be described by a word
type condition (3) of Section 1. Note that in all these cases the assumption is
that only X is from some family, and not that both X and Y are from the
same family. Results are parallel to those — with one exception — presented in
Theorem 1.

Theorem 2. The BTC-property holds in the following cases:

(i) X is a prefiz set, cf. [L4];

(11) card X <2, ¢f. [3];

(i1i) card X =3 and X is a code, cf. [L1];

(iv) X is a code which is elementary, synchronizing or contains a word of length
1, Cf. [3],‘

(v) X is an w-code, cf. [§].

In cases (i), (ii), (iv) and (v) the proofs are based on the fact that the cen-
tralizer of X is X+ and the observation of [I5] that for codes this fact implies
the validity of the BTC-property. Consequently, only in case (iii) we have a
slightly different result than the corresponding one in Theorem 1: here we need
the assumption that X is also a code. The proof is not very easy.
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As in the previous section we have some natural open questions:
Problem 4. Does the BTC-property hold for all finite codes?
Problem 5. Does the BT C-property hold in the case when card X = 37

It follows from the example in Introduction that the bound for card X in
Problem 5 would be optimal. Actually, we conjecture that the answer to Problem
5 is positive, however, to prove it seems to require complicated combinatorial
considerations.

5 Two Technical Approaches

In this section we introduce two methods to attack our commutation problems.

Let X C X+ be finite with card X > 2. We say that a word w € Pref X is
branching if w pref; X C Pref X and that w is eritical if it is branching and not
in X*. We denote these sets by B and C, respectively. Obviously every word in
X7 is branching. Moreover we have:

Lemma 2. Let X C Xt be finite. Then the centralizer Z of X is Xt if and
only if C = ().

Proof. Since the centralizer is a semigroup, for any element z in Z and any =z
in X, the word zx is in the centralizer, and hence by Lemma 1, in Pref XT.
Consequently, any element of the centralizer is a branching point. So the result
follows from the definition of critical points. O

Lemma 2 provides a very simple proof for the case (ii) in Theorems 1 and 2:

Theorem 3. Let X C X7 with card X = 2. Then the centralizer of X is X T
or tT, where t (if exists) is the minimal word such that X C t*, and any set
commuting with X is either of the form .., X* for some I C N, or of the form
Uier t* for some I C N, respectively.

icl

Proof. If there exists a word t such that X C ¢* the result is a simple combi-
natorial application of Lemma 1. In the other case we know that X = {z, y}
satisfies the condition zy # yz, cf. [2]. Consequently, the set

X' = (zy Ayx)"t X(2y Ayz)

is marked, i.e. the words start with different letters. Further, for any X C aX*
and any Y

XY =YX if and only if ¢ 'Xaa 'Ya=a"'Yaa 'Xa,

implying that
Z(a ' Xa) =a" ' Z(X)a.
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It follows that
Z(X') = (wy Nyz) " Z(X)(zy Ay2).
But X’ is marked so that, by Lemma 2, Z(X’) = X', Therefore also Z(X) =
XT.
Now the BTC property follows from an observation in [14], cf. also [B]. O

We believe that this approach can be extended to give a simpler proof for the
nice results of [T4], that is case (i) in Theorems 2 and 3, and for all three-element
sets. However, this seems to lead, especially in the latter case, to complicated
considerations.

As the second approach we introduce a method to define the centralizer as
the mazimal fized point of a mapping, cf. [6] and [10].

Let X C Xt be an arbitrary language. We define recursively

Xo =Pref XTNSuf X+
and
X1 =X\ (X HXXAX X)U(XXAX X)X Y, for i >0,
where A denotes the symmetric difference of languages. Finally, we set
Zo =) Xi.
i>0
Then it is not difficult to show that

(1) Xi+1 Q X’L for all 4 2 O,
(i) X; 2 Z foralli >0,
(iil) XZo = ZoX.

Consequently, we obtain
Theorem 4. The language Zy is the centralizer of X, that is Zy = Z(X).
Note that, by construction, Z; is the maximal fixed point of the mapping
Y = Y\ (X THYXAXY)+(YXAXY)X ).

Unfortunately, however, this approach might give the centralizer only as the
limit, and therefore does not allow a solution to Conway’s Problem, although all
X,;’s are rational whenever X is so.

On the other hand, in practice this method seems to be a way to compute the
centralizer of a rational language. Experiments show that it typically converges
in a finite number of steps to the centralizer, which, moreover, is of one of the
following forms:

(i Xx*
(i) S={we X wX C XX and Xw C XXt}
(iii) Zo =(;»¢ Xi, but different from X and S.

In all experiments the centralizer has turned out to be rather easily definable
rational language.
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6 Conclusions

We have discussed two problems connected to the commutation of languages,
and in particular to that of finite languages. Our goal was to point out that there
are very challenging and simply formulated problems on this field.

The following two general observations can be seen as partial explanations of
the difficultiness of these problems. First the commutation requirement, that is
the fact that a word z is in the centralizer only if two specified local operations
x- and -y~ ! together lead to another element of Z, resembles a computational
step in tag systems of Post, cf. [12]. Second, the requirement is that, for all = in
X, there must exist an y € X such the zzy~! is again in Z. In other words, we
have a problem of V3-type, and such problems are in many cases known to be
difficult.

Despite of the above we would guess that the answer to Conway’s Problem
is affirmative — at least for finite X. Consequently, this problem would be a
splended example of problems, which define something “simple”, but to prove
this seems to be very difficult. Of course, there exist similar “jewels” in the
theory of rational languages. For example, the nonconstructive rationality of
an equality set of two prefix morphisms is such an example, cf. [16]. Another
example is Higman’s theorem stating that for any language its upwards closure
under the partial ordering of “being a scattered factor” is rational, cf. [9] or [2].

Acknowledgement. The author is grateful to M. Hirvensalo and I. Petre for
useful comments.
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Approximating Bounded Degree Instances of
NP-Hard Problems

Marek Karpinski*

University of Bonn

Abstract. We present some of the recent results on computational
complexity of approximating bounded degree combinatorial optimiza-
tion problems. In particular, we present the best up to now known ex-
plicit nonapproximability bounds on the very small degree optimization
problems which are of particular importance on the intermediate stages
of proving approximation hardness of some other generic optimization
problems.

1 Introduction

An interesting approximation hardness phenomenon of combinatorial optimiza-
tion was discovered in [PY91] and [ALMSS92|, to the effect that the bounded
degree instances of several optimization problems are hard to approximate to
within an arbitrary constant. This fact seemed to be a bit puzzling at the time
as bounded degree instances of many optimization problems were known to
have trivial approximation algorithms dramatically improving performances of
the best known approximation algorithms on general instances. An interesting
artifact on their complementary, i. e. dense, instances was also the existence of
polynomial time approximation schemes (PTASs) for them [AKK95], [KZ97],
see [KO1] for a survey. We discuss here explicit approximation lower bounds for
bounded degree instances with a very small bounds on degrees like 3 or 4, and
also the best known approximation algorithms on that instances. These instances
have turned out to be particularly important at the intermediate reduction stages
for proving hardness of approximation of some other important optimization
problems, like Set Cover, some restricted versions of Traveling Salesman Prob-
lem, and the problem of Sorting by Reversals motivated recently by molecular
biology, cf. [F98], [PY91], [PY93], [BK99], [FK99], [E99], [EK(O(0]. We mention
here some interesting new results on asymptotic relations between hardness of
approximation and bounds on a degree of instances [H00], [T0I]. These results do
not yield though explicit lower approximation bounds for small degree instances
needed in applications mentioned before.
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We survey in this paper the best known up to now explicit approximation
lower bounds for the small degree (number of variable occurrences) optimiza-
tion problems, like the problems of maximization or minimization of the sat-
isfiability of systems of linear equations mod 2, MAX-CUT, MAX- and MIN-
BISECTION, MAX-2SAT, MAXIMUM INDEPENDENT SET, and MINIMUM
NODE COVER [BK99], [BKOIb]. We move on, and apply these results to get
explicit lower approximation bounds for the problem of Sorting by Reversals
[BK99], and the Traveling Salesman Problem with distances one and two [EK00].
Finally, we mention recent improvement on approximation ratios of algorithms
for small degree MAX-CUT and MAX-BISECTION problems based on local en-
hancing methods for semidefinite programming [FKL00a], [FKLOOb|, [KKT.00].

2 Bounded Degree Maximization Problems

We are going to define basic optimization problems of this section.

— MAX-EE-LIN2: Given a set of equations mod 2 with exactly k£ variables
per equation, construct an assignment maximizing the number of equations
satisfied.

— b-OCC-MAX-EE-LIN2: Given a set of equations mod 2 with exactly k& vari-
ables per equation and the number of occurrences of each variable bounded
by b, construct an assignment maximizing the number of equations satisfied.

— b-OCC-MAX-HYBRID-LIN2: Given a set of equations mod 2 with exactly
two or three variables per equation, and the number of occurrences of each
variable bounded by b, construct an assignment maximizing the number of
equations satisfied.

— b-OCC-MAX-2SAT: Given a conjunctive normal form formula with two vari-
ables per clause, construct an assignment maximizing the number of clauses
satisfied.

— d-MAX-CUT: Given an undirected graph of degree bounded by d, partition
its vertices into two groups so as to maximize the number of edges with
exactly one endpoint in each group.

— d-MIS: Given an undirected graph of degree bounded by d, construct a maxi-
mum cardinality subset of vertices such that no two vertices of it are adjacent.

We are going to display now approximation preserving reductions which re-
duce from the MAX-E2-LIN2 and the MAX-E3-LIN2 problems. The method
of reductions depends on a new wheel-amplifier construction of Berman and
Karpinski [BK99] designed specially for bounded degree problems. This kind
of amplifier has turned out to be more efficient than the standard expander
amplifiers (cf. e.g., Arora and Lund [AL97]) for small degree, and number of
occurrences, optimization problems.

We start with the following known inapproximability results of Hastad [H97].
Theorem 1. ([H97]) For any 0 < € < %, it is NP-hard to decide whether
an instance of MAX-E2-LIN2 with 16n equations has its optimum value above
(12 — €)n or below (11 + €).
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Theorem 2. ([H97]) For any 0 < € < 3, it is NP-hard to decide whether
an instance of MAX-E3-LIN2 with 2n equations has its optimum value above
(2 — €)n or below (1 + €)n.

In Berman and Karpinski [BK99] the following polynomial time randomized
approzimation preserving reductions were constructed:

— f1: MAX-E2-LIN2 — 3-OCC-MAX-E2-LIN2,
— fo : MAX-E2-LIN2 — 3-MAX-CUT,
— f3 : MAX-E3-LIN2 — 3-OCC-MAX-HYBRID-LIN2,

The constructions for fi, and fo use variants of wheel-amplifier methods,
whereas a construction for f3 uses certain 3-hypergraph extension of it. The
following optimizing properties of f1, fo, and f3 were proven in [BK99).

Theorem 3. ([BK99]) For any 0 < € < %, it is NP-hard to decide whether an
instance of f;(MAX-E2-LIN2) € 3-OCC-MAX-E2-LIN2 with 336 edges has its
optimum value above (332 — €)n or below (331 + €)n.

A similar result can be proven for f5, and the 3-MAX-CUT-problem.

Theorem 4. ([BK99]) For any 0 < € < 1, it is NP-hard to decide whether an
instance of fo(MAX-E2-LIN2) € 3-MAX-CUT with 336 edges has its optimum

value above (332 — €)n or below (331 + €)n.
For f3 and MAX-HYBRID-LIN2 we have

Theorem 5. ([BK99]) For any 0 < e < 3, it is NP-hard to decide whethr an
instance of f3(MAX-E3-LIN2) € 3-OCC-MAX-HYBRID-LIN2 with 60n equa-
tions with exactly two variables and 2n equations with exactly three variables
has its optimum value above (62 — €)n or below (61 + ¢)n.

Theorem 4 can be also used to derive the following bound for 3-OCC-MAX-
2SAT.
Theorem 6. ([BKJ9]) For any 0 < € < 3, it is NP-hard to decide whether
an instance of 3-OCC-MAX-2SAT, with 2016n clauses has its optimum above
(2012 — €)n or below (2011 + €)n.

The 3-OCC-MAX-HYBRID-LIN2 problem and Theorem 5 can be used to
derive lower bounds for 4-MIS problem, and using some more subtle construction,
even for 3-MIS problem.

Theorem 7. ([BK99]) For any 0 < € < %, it is NP-hard to decide whether
an instance of 4-MIS with 152n nodes has its optimum value above (74 — €)n
or below (73 4 ¢)n, and whether an instance of 3-MIS with 284n nodes has its

optimum value above (140 — €)n or below (139 + €)n.

The results above imply the following explicit nonapproximability results.
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Corollary 1. For every € > 0, it is NP-hard to approximate:

(1) 3-OCC-MAX-E2-LIN2 and 3-MAX-CUT to within a factor 332/331 — ¢,
(2) 3-OCC-MAX-HYBRID-LIN2 to within a factor 62/61 — e,
(3) 3-OCC-MAX-2SAT to within a factor 2012/2011 — e,
(4) 4-MIS to within a factor 74/73—e€, and 3-MIS to within a factor 140/139—e.
The best to our current knowledge gaps between upper and lower approx-
imation bounds are summarized in Table 1. The upper approximation bounds
are from [GW94], [BF94], [BE95)], [FG95], [FKL0O0Oa]. The technical results of this
section will be used also later on in our paper.

Table 1. Bounded Degree Maximization Problems

Problem Approx. Upper|Approx. Lower
3-OCC-MAX-E2-LIN2 1.0858 1.0030
3-OCC-MAX-HYBRID-LIN2 2 1.0163
3-MAX-CUT 1.0858 1.0030
3-OCC-MAX-2SAT 1.0741 1.0005
3-MIS 1.2 1.0071
4-MIS 14 1.0136

3 Bounded Degree Minimization Problems

We are going to introduce now the following minimization problems.

— d-Node Cover: Given an undirected graph of degree bounded by d, construct
a minimum cardinality subset of vertices such that each edge of a graph has
hat least one of its endpoints in it.

— MIN-EL-LIN2: Given a set of equations mod 2 with exactly k variables
per equation, construct an assignment minimizing the number of equations
satisfied.

— b-OCC-MIN-EE-LIN2: Given a set of equations mod 2 with exactly k vari-
ables per equation and the number of occurrences of each variable exactly
equal to b, construct an assignment minimizing the number of equations
satisfied.

— MIN-BISECTION: Given an undirected graph, partition the vertices into
two equal halves so as to minimize the number of edges with exactly one
endpoint in each half.
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— d-MIN-BISECTION: Given a d-regular graph, partition the vertices into two

equal halves so as to minimize the number of edges with exactly one endpoint
in each half.

We will specialize now techniques of Section 2 to obtain lower approximation
bounds on bounded degree minimization problems.

We start with a direct application of Theorem 7 towards d-Node Cover prob-
lem. For a given undirected graph G = (V, E), and a mazimum independent
set I of G, V\I is a minimum node cover of G. We take now an instance of
4-MIS with 152n nodes. It is NP-hard, for any 0 < € < %, to decide whether
4-Node Cover has its optimum value above (152 — 73 — €)n = (79 — €)n or below
(152 — 74 + €)n = (78 + ¢)n. Similarly for 3-Node Cover. Thus we have

Theorem 8. For any 0 < € < %, it is NP-hard to decide whether an instance of
4-Node Cover with 152n nodes has its optimum value above (79 — €)n or below
(78 4 €)n, and whether an instance of 3-Node Cover with 284n has its optimum
value above (145 — €)n or below (144 + €)n.

Theorem 8 gives the following approximation lower bounds for 4-Node Cover
and 3-Node Cover problems.

Corollary 2. For every € > 0, it is NP-hard to approximate

1. 3-Node Cover to within a factor 145/144 — €,
2. 4-Node Cover to within a factor 79/78 — .

We turn now to the bounded occurrence minimum satisfiability of linear
equations.

We need the following recent result of Dinur, Kindler, Raz and Safra
[DKRSO0] (see also [DKS9S|, [KSTIT).

Theorem 9. ([DKRS00]) MIN-LIN2 is NP-hard to approximate to within a
factor n¢/!°9l°9m for some constant c.

MIN-LIN2 is equivalent to the well known Nearest Codeword problem (cf.
[ABSS93]). Only very recently the first sublinear approximation ratio O(n/logn)
algorithm was designed by Berman and Karpinski [BKOIH].

We introduce now a notion of an (r,t)-approximation algorithm. For two
functions r and ¢, we call an approximation algorithm A for an optimization
problem P, an (r(n),t(n))-approximation algorithm if A approximates P within
an approximation ratio r(n) and A works in O(t(n)) time for n a size of an
instance.

Berman and Karpinski [BKO1b] proved the following result on the (r,t)-
approximations of the 3-OCC-MIN-E3-LIN2 problem.

Theorem 10. (/BK01b|) There exists a constant ¢ such that if there exists an
(r(n), t(n))-approximation algorithm for 3-OCC-MIN-E3-LIN2, then there exists
an (r(cn), t(cn))-approximation algorithm for MIN-LIN2.
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Theorem 9 entails now

Theorem 11. The problem 3-OCC-E3-LIN2 is NP-hard to approximate to
within a factor n¢/!°9o9" for some constant c.

The 3-OCC-MIN-E3-LIN2 problem is equivalent to the exactly-3 bounded
occurrence 3-ary Nearest Codeword problem (c.f. [KST97]), and therefore we
have

Corollary 3. The 3-ary Nearest Codeword problem with the number of occur-
rences of each variable exactly equal to 3 is NP-hard to approximate to within
a factor n¢/te9tedn for some constant c.

We apply a similar technique for the problem of MIN-BISECTION. Here our
result will be only relative to the approximation hardness of MIN-BISECTION,
the status of which is wide open, and we know currently of no proof technique
which excludes existence of a PTAS for that problem.

Somewhat surprisingly in that context, Berman and Karpinski [BKOID]
proved the following result on approximation hardness of bounded degree version
of MIN-BISECTION.

Theorem 12. ([BK{Th]) If there exists an (r(n), t(n))-approximation algorithm
for 3-MIN-BISECTION, then there exists an (r(n3),t(n?))- approximation al-
gorithm for MIN-BISECTION.

The best currently known approximation algorithm for the MIN-
BISECTION is O(log?n) due to Feige and Krauthgamer [FK00]. Any asymptotic
improvement on approximation ratio 7 for 3-regular graphs, say r = o(log®n),
will entail, by Theorem 11, an improvement on an approximation ratio for the
general MIN-BISECTION.

A similar technique can be also used to prove approximation hardness re-
sult for the general planar MIN-BISECTION of the planar MIN-BISECTION
problem on 3-regular graphs.

4 Some Application

We are going to apply our previous results for some other generic optimization
problems. The first problem is one of the most important problems in analy-
sis of genome rearrangements, and it is being recently also motivated by other
algorithmic problems of computational molecular biology.

— MIN-SBR (Sorting by Reversals): Given a permutation, construct a mini-
mum length sequence of reversals (see for definitions [BP96]) which trans-
forms it to the identity permutation.

We refer also to some other variants of Sorting by Reversals problems studied
in [C99], called MSBR and Tree SBR (see the definitions there).
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The proof technique used in [BK99] to prove explicit approximation lower
bound of Theorem 7 for 4-MIS can be adapted to prove for the first time the in-
approximability of MIN-SBR, and, in fact, also giving an explicit approximation
lower bound for that problem.

Theorem 13. ([BK99]) For every e > 0, it is NP-hard to approximate MIN-
SBR within a factor 1237/1236 — .

Caprara [C99] has used the above result to prove inapproximability of the
both beforementioned problems, MSBR, and Tree SBR, and to compute the first
explicit approximation lower bounds for those problems.

We turn now to another application of the results of Section 2. We denote
by (1,2)-TSP the Traveling Salesman Problem with distances one and two, and
its asymmetric version by (1,2)-ATSP (cf. [PY93], [V92]).

Engebretsen and Karpinski [EK0O0] has used recently the result on 3-OCC-
MAX-HYBRID-LIN2 of Theorem 5 to prove the following explicit inapproxima-
bility result for (1,2)-ATSP problem.

Theorem 14. ([EK00]) For every ¢ > 0, it is NP-hard to approximate (1,2)-
ATSP within a factor 321/320 —e.

The construction used by Engebretsen and Karpinski [EK00] could be also
adapted to yield an explicit result for (1,2)-TSP.

Theorem 15. ([EK00]) For every ¢ > 0, it is NP-hard to approximate (1,2)-
TSP within a factor 743/742 — e.

5 New Upper Approximation Bounds

The intricacy of proving the first explicit approximation lower bounds for small
degree optimization problems, and the resulting huge gaps between upper and
lower approximation bounds has stimulated research on improving approxima-
tion ratios for those problems as well as for some other generic problems.

The first gap for 3-MAX-CUT (and 3-OCC-MAX-E2-LIN2) was improved
recently by Feige, Karpinski and Langberg [FKL0Oa|, see Table 1. The technique
of [FKL00a| is based on a new local enhancing method for semidefinite programs.

Theorem 16. ([FKL00d]) There exists a polynomial time algorithm approxi-
mating 3-MAX-CUT within a factor 1.0858.

We note that the best approximation ratio currently known for MAX-CUT
problem on general graphs is 1.1383 ([GW94]), and the best known approxima-
tion lower bound is 1.0624 [H97]. We note also that for the semidefinite relaxation
of MAX-CUT used in [GW94], the integrality gap is at least 1.1312, even for
2-regular graphs. Thus the bound of Theorem 16 beats the integrality bound
even for 2-regular graphs.

We turn now to the special case of regular bounded degree graphs, and will
investigate approximation algorithms for the MAX-CUT and MAX-BISECTION
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(partitioning of a graph into two halves so as to maximize a number of the edges
between them).

Rd-MAX-CUT and Rd-MAX-BISECTION are the MAX-CUT and MAX-
BISECTION problems, respectively, restricted to d-regular graphs.

Feige, Karpinski and Langberg [FKLO0O4], [FKLOOb| were able to improve
the best known approximation ratios for both bounded degree problems, Rd-
MAX-CUT, and Rd-MAX-BISECTION. The best known approximation ratio
for MAX-BISECTION on general graphs is 1.4266 [HZ0Q].

Theorem 17. ([FKL00d], [FKLOOH/) There are polynomial time algorithms
that approximate R3-MAX-CUT and R3-MAX-BISECTION problems within
factor 1.0823 and 1.1991, respectively.

Using an additional local adhancement method, Karpinski, Kowaluk and
Lingas [KKLO00], have further improved approximation ratios of the low degree
Rd-MAX-BISECTION problems.

Theorem 18. ([KKLO(]) There exists a polynomial time algorithm approxi-
mating R3-MAX-BISECTION within a factor 1.1806.

Interestingly, the first improvements on approximation ratios of MAX-
BISECTION on low degree planar graphs undertaken in [KKLOO] has lead to
design of the first PTASs for the general planar MAX-BISECTION as well as
for other geometrically defined classes of graphs (see [JKLSO0T]).

On the lower bounds side, we note that the techniques of [BK99] yield also
the best up to now explicit approximation lower bounds for R3-MAX-CUT, and
R3-MAX-BISECTION problems equal to the lower approximation bound for
3-MAX-CUT problem of Section 2.

6 Summary of Approximation Results on Bounded
Degree Minimization Problems

We present here (Table 2) the results of Section 3 and 4 on bounded degree mini-
mization problems and the best to our knowledge gaps between upper and lower
approximation bounds on those problems. The upper approximation bounds are
from [BF94], [BF95], [BKO01b], [FKO00], [BHKO1], [V92], [PY93].

7 Open Problems and Further Research

An obvious open problem is to improve on both the lower and upper approx-
imation bounds of bounded degree optimization problems, especially on those
with the very small degree bounds. The essential improvements on the explicit
lower bounds for these problems might be of paramount difficulty though, but
same time they are also of great interest. Any such improvement would have im-
mediate effects on the explicit lower bounds for other optimization problems, as
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Table 2. Bounded Degree and Weight Minimization Problems

Problem Approx. Upper Approx. Lower
3-Node Cover 1.1666 1.0069
4-Node Cover 1.2857 1.0128
3-OCC-MIN-E3-LIN2 O(n/logn) n€(1)/loglogn
3-MIN-BISECTION O(log®n) Equal to MIN-BISECTION
MIN-SBR 1.375 1.0008
(1,2)-TSP 1.1667 1.0013
(1,2)-ATSP 1.4167 1.0031

indicated in this paper. Perhaps somewhat easier undertaking would be improv-
ing on upper approximation bounds. Here essential improvements were already
achieved on the problems like a small degree MAX-CUT, and MAX-BISECTION
mentioned in Section 5. How about improvements on other bounded degree op-
timization problems?
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Abstract. This paper considers interrelations between universal alge-
bra, algebraic logic, geometry and computer science. The key idea of the
paper is to show that problems, coming from computer science, require
introducing of highly non-trivial mathematical structures. On the other
hand, algebraic models in computer science give deeper understanding
of problems essence.

This general idea is illustrated on the example of knowledge bases. Theo-
rems concerning the knowledge base equivalence problem are formulated.

1 Introduction

Universal algebra had been started from the clear desire to illuminate the com-
mon core of various classical algebraic structures, that is to distinguish the com-
mon features of groups, semigroups, rings, and others. The development of uni-
versal algebra gave rise also to its own new problems, which have been inspired
by the ties with logic and category theory.

At the meantime the progress of universal algebra is determined, to great
extent, by its computer science ties. In particular, computer science applications
motivate the use of operations with arbitrary arity and a special attention is paid
on multysorted algebras. Computer science also extends the application area of
algebraic logic.

Algebraic models in computer science are intended to give better explanation
of the essence of the problems. This general rule works in the database theory,
in knowledge theory and also in the theory of computations.

On the other hand, computer science stimulates the appearance of new ideas,
problems and constructions in universal algebra. This exchange essentially en-
riches algebra and category theory (see for example [1], [2], [3], [4], [5], [6], 8],
).

It should be underlined specially that the interrelations between algebra and
computer science assume heavy use of advanced algebraic structures, which are
far from simple algebraic notions.

These general statements we will illustrate on the example of knowledge
bases. We will formulate two theorems concerning the knowledge bases equiva-
lence problem. These theorems produce an algorithm for processing of such an
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equivalence. They can be used in practice ignoring all algebraic difficulties of
their proofs [7], [§].

In the next section we give all necessary preliminary notions.

2 Knowledge

We consider elementary knowledge, i.e., knowledge represented in the First Order
Logic (FOL).

We assume that there are three components of knowledge:

1) The description of the knowledge.

It is the syntactical part of the knowledge, written out in the language of the
given logic. The description reflects, what we want to know. In knowledge bases
(KB) it is a query.

2) The subject of the knowledge which is an object in the given field of
application, that is, an object for which we determine knowledge.

3) Content of the knowledge (its semantics). This is a reply in KBs.

The first two components are relatively independent, while the third one is
uniquely determined by the previous two.

The following example explains this approach. Let R be a field of real num-
bers. Consider it as a subject of knowledge. Knowledge is described by a system
of equations T of n variables with real coefficients. Content of knowledge is the
locus in the space R™ given by the system of equations T'.

We will consider also a situation when the system 7' contains not only equal-
ities, but arbitrary formulas of FOL. In other words, we describe knowledge in
some logical language and interpret its content as a geometrical image. This is
the starting point for further considerations.

3 Algebra

In the subsequent three sections we give background on algebra, logic and ge-
ometry.

Fix a variety of algebras @, reflecting knowledge type. It is given by a system
of operations {2 and a system of identities controlling operations action. For
example, we have a variety of all boolean algebras or a variety of automata.

An important fact is that every variety contains free algebras. Elements of
a free algebra W = W(X) for a set X are terms (or ©-terms, or @-words).
They are built from the elements of the set X with the help of operations of the
system {2 and the rules of the variety ©. The main property of these W can be
expressed by formula

X 5 W
v\ b
G



Universal Algebra and Computer Science 37

id - embedding of X in W = W(X)

v - calculates the value of variables in an arbitrary algebra G € @

i - calculates the value of terms in G

1 is a homomorphism of algebras, extending the mapping p. It is fully deter-
mined by id and v.

Along with algebras we consider also models. A system of symbols of relations
@ is fixed. The symbols are realized in the algebras G from ©. In the model
(G, ®, f) the function f realizes every symbol ¢ € @ in the given algebra G. If a
symbol ¢ is a symbol of n-ary relation, then f(y) is a subset in the space G™.
Further we will regard such functions f as instances of a KB.

In the sequel the models (G, @, f) represent subject of knowledge.

In order to compare KBs we need a notion of multimodel (G, ®, F'), where F'
is a set of admissible realizations f. We write KB = KB(G,®, F).

A reply to a query to a KB is a subset in some G", G € 6. Cartesian
powers G™ we consider as affine spaces of points. Elements of G™ are points
a=(ai,...,an), a; € G. Thus a reply to a query accepts a geometrical meaning
and therefore the geometrical approach starts.

Another presentation of an affine space G™, more suitable in our case, is the
set Hom(W(X),G) of all homomorphisms p : W(X) — G for the set X =
{z1,...,z,}.

A bijection

ax : Hom(W(X),G) = G"
is determined by the rule ax (1) = (u(x1),. .., pu(2,)). This rule allows to con-

sider the set Hom(W (X), @) as an affine space. Now the points are homomor-
phisms p: W(X) — G.

4 Logic

We have to deal not with a pure logic but with logic in a given variety ©. Fix
a variety @, a set of symbols of relations @, and a finite set of variables X.
Consider a set of symbols of logical operations

Lx=L={V,A,~, 3z, z € X}

We describe knowledge with the help of a set (algebra) of formulas, denoted by
LW (X), X is finite. The set LW (X) consists of atomic formulas of the form

w=w, and p(wi,...,wy,), ¢ €D, w,w wy,..., w, € W(X).

and arbitrary formulas which are built from atomic ones using operations from
the signature L.

Along with algebra of formulas, we consider another algebra in the same
signature L, denoted by Bool(W(X),G). It consists of all subsets of the affine
space Hom(W (X),G). Boolean operations V, A, = are defined in the usual way.
Let us define quantifiers. For A C Hom(W (X), G) we set

pe€IrA & e dA:uly) =v(y) Vy#z.
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This definition exactly reflects the geometrical meaning of the existential quan-
tifier.

In order to obtain content of knowledge by its description, let us define the no-
tion of the value of a formula. Denote by Val(u), v € LOW the value of a formula
for a model (G, @, f). Here Val(u) is a subset of an affine space Hom(W (X), G).
Define the value of atomic formulas:

) p:W—=GeVadw=uw) & w=uv" in G.

2) peVale(w,...,w,)) < (wf,...,w") € f(p).

Values of arbitrary formulas are defined by induction, using the rules:
Val(uy Vuz) = Val(uy) UVal(us),

Val(uy Aug) = Val(uy) N Val(usz),
Val(3zu) = FazVal(u).

Here, for example, uy V ug is a formal description of knowledge, while Val(u) U
Val(uz) is its content.

It follows from the definitions above, that the value of the formula
p(x1,...,2,) on the model (G, P, f) determines the instance f of the model,
namely

OzXValf(LP((xla s 7-73n)) = f(SO)

Consider a correspondence between the description of the knowledge and
its content. Let T be a set of formulas of L®W, determining description of
knowledge. Let us define content of knowledge T for the subject of knowledge
(model) (G, ®, f) by the rule

T/ = ﬂ Val(u).

ueT

From the geometrical point of view the knowledge content T is an algebraic
variety of points in the affine space Hom(W, G), or locus. In the next section we
will consider geometrical nature of such content of knowledge.

5 Geometry

According to the approach above, one can look at knowledge content as at ge-
ometric object, namely, an algebraic variety in the corresponding affine space.
Algebraic variety turns to be a geometrical object if we consider it in the frames
of some special category. Denote by Kgo(f) a category of algebraic varieties
for the given model (G, ®, f). Objects of this category are pairs (X, A), where
A is an algebraic variety in the space Hom(W, G). Morphisms (X, A) — (Y, B)
are given by homomorphisms of algebras s : W(Y) — W(X). To every s it
corresponds a map of affine spaces

5: Hom(W(X),G) = Hom(W(Y),G)
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defined by the rule: for the point v : W(X) — G we set §(v) =vs: W(Y) — H.
In order to define morphisms we take those s for which 5(v) € B for every point
v € A. These s are considered as morphisms in the category Kgo(f). Such
morphisms give connections between algebraic varieties. In particular, for every
object (X, A) morphisms (X, A) — (X, A) are tied with the movement inside
given A.

This is the first occurrence of geometry in A. Another dynamics in A relates
to the group of automorphisms of the model Aut(f), also acting in A and giving
the second occurrence of geometry. The third one is appeared as the system of
all subvarieties in the given algebraic variety.

6 Category of Knowledge

Category of knowledge is defined for the model (G,®, f) and is denoted by
Knowge(f). Its objects (knowledge) are denoted by (X,T, A). In addition to
the content of knowledge A we fix its description 1. Morphisms

S (X,Tl,A) — (Y,T27B)

are given like in the category Kgeo(f). It is proven that they connect not only
content of knowledge but also its description.

7 Algebraic Logic

Construction of algebraic model of knowledge base requires replacement of the
pure logic by algebraic logic.

Every logical calculus assumes that there are some definite sets of formulas
of the calculus, axioms of logic and rules of inference. This is the base to de-
fine the syntactic equivalence of formulas, well correlated with their semantical
equivalence. The transition from logic to algebraic logic is grounded on treating
logical formulas up to such equivalence which gives compressed formulas.

This transition leads to various special algebraic structures. Boolean algebras,
associated with the propositional turns to be the free boolean algebra. Similarly,
Heyting algebras, associated with intuitionistic propositional calculus turn to
be the free Heyting algebras. However, for FOL the corresponding algebraic
structures are not free.

The construction of logical calculus usually assumes some fixed infinite set of
variables. Let us denote it by X°. It looks better to substitute this universal X°
by the system of all its finite subsets X. This leads us to multisorted logic and
multisorted algebraic logic. Every formula here has its sort X. In particular, we
come to multisorted Halmos algebras, defined further. This gives some new view
of the algebraization of FOL. Besides, let us note that the logic here is related
to a fixed variety of algebras © (compare [5]). We need all this for universal
algebraic geometry and applications in knowledge science.
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We fix here some variety of algebras ©. This assumes a signature {2 = 2(0)
and a system of identities Id(©).

Further we define Halmos categories for the given ©.

First we define existential quantifiers for a given Boolean algebra B. These
are the mappings 3 : B — B with conditions

1. 30=0

2. a<3da, a(da) =a

3. J(anTb)=Fa AT, 0,a,b€B
Quantifiers V : B — B are defined dually:

1. Vi=1

2. a>Va

3. V(a AVB) =Va AVb

Let now B be a Boolean algebra and X a set. We say that B is a quantorian
X-algebra if for every x € X we have a quantifier 3x : B — B and for every two
x,y € X it holds the equality Jz3y = Jy3z.

One may consider also quantifier X -algebras B with equalities over W (X).
In such algebras to each pair of elements w,w’ € W(X) of it corresponds an
element w = w’ € B satisfying the conditions

1) w = w is the unit in B

2) (wy = Wi A AW, =w) < (wr. .. wpw = W .. whw) where w is an
operation in (2.

Now for the given variety © we consider the category ©° of all free in ©
algebras W = W(X), where X is an arbitrary finite set. Morphisms here are
homomorphisms in ©. The category ©° plays an important role in equational
geometry.

The same role in the geometry in FOL plays the category Halgeg of formulas
in FOL. This category Halgo are connected with the category ©°. An arbitrary
Halmos category H for every finite X fixes some quantorian X-algebra with
equalities H(X). These are objects in H.

The morphisms in H are connected with morphisms in ©°. For every s :
W(X) — W(Y)in ©° we have a morphism

sy =s:H(X)— H(Y).

These are all morphisms in H.
We assume that
1) The transitions W(X) — H(X) and s — s, constitute a (covariant)
functor ©° — H.
2) Every s.: H(X) — H(Y) is a Boolean homomorphism.
3) The coordination with the quantifiers is the following:
3.1) s13dwa = s93xa, a € H(X) if sy = say for every y € X,y # .
3.2) sdza = I(sz)(sa) if sx =y € Y and y = sz does not lie in the
support of sz’,x’ € X, 2’ # .
4) The following conditions describe coordination with equalities
4.1) su(w =w') = (sw = sw') for s: W(X) = W(Y), w,w’ € W(X).
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4.2) staA(w=w') < s%,a for an arbitrary a € H(X), z € X, w,w’ €

W(X), and s%:W(X) — W(X) is defined by the rule: sZ(x) = w,sy = y,y €
X, y#u.

So, the definition of Halmos category is given.

Suppose now that all finite X are subsets of some infinite universum X°.
In this case the Halmos category can be considered as a multisorted Halmos
algebra.

Multisorted Halmos algebra is an algebra of the form

H=(H(X),XcX?

where every H(X) is an object of the category H with its algebraic structure
and morphisms of the category are considered to be algebraic operations on the
algebra H.

Multisorted Halmos algebras determine a variety which is denoted by Halg.

The principal examples of Halmos algebras and categories have the form
Halg(®) and Halg(G), where @ is a set of symbols of relations and G is an
algebra in the variety ©. The algebra Halg(®) is the algebra of compressed
formulas. The algebra Halg(G) is defined by

Halg(G)(X) = Bool(W(X), G)
and for every s : W(X) — W(Y) in ©° we have
s = 84 : Bool(W(X),G) — Bool(W(Y),QG),

in Halo(G).
For every model (G.9, f) there is a homomorphism of Halmos algebras

Valf : Halg(@) — Hal@(G)

This homomorphism computes values of the formulas.

8 Knowledge Bases

We do not give here a formal definition of a knowledge base as a mathematical
structure. Instead, we provide a kind of descriptive definition that uses the main
ingredients of the formal one.

Knowledge base is defined for a fixed multimodel (G,®,F), G € ©. The
variety of algebras @ is fixed. As a logical ground of knowledge bases we take
the Halmos algebra Halg(®).

Take T'C Halg(®)(X) and A C Halo(G)(X). For f € F we set

T/ =A= ﬂ Valys(u)

ueT

Al =T = {u|A C Valy(u)}
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The set T is considered as knowledge description. This is a query to knowl-
edge base.

The set A = T/ is a content of knowledge, i.e., the reply to a query. By
definition, a reply to a query is an algebraic set and it is an object of the category

Koo (f)-
The set T = Af is a filter of the boolean algebra Halg(®)(X). The factor
algebra by this filter is an invariant of the algebraic set A.

9 Isomorphism and Equivalence of Knowledge Bases

Let two multimodels (G1, P, F1) and (Ga, P2, F>) be given. Denote the corre-
sponding knowledge bases by K B; and K Bs. In order to compare them, let us
define the notion of isomorphism of knowledge bases.

Definition 1
Knowledge bases KBy and K By are isomorphic, if #1 = &3 = @ and

1. There is a bijection o : F} — F5,
2. For all f € Fy there is an isomorphism of categories

vs: Koo (f) = Koo (f*)

i.e., vy 48 a bijection on the objects, preserving all links,
8. For all T it holds
(T =17, feF.

The notion of equivalence is much weaker. First, &1 = &5 is not required,
and, second, knowledge bases meet only two conditions.

Definition 2
Knowledge bases KBy and K By are equivalent, if

1. There is a bijection o : F; — Fb,

2. For all f € Fy there is an isomorphism of categories

vr: Kao(f) = Ka,o(f*).

It is proven that such a definition of equivalence exactly reflects the idea of
informational equivalence of knowledge bases.

10 Main Results

Definition 3

Multimodels (G1,®, F1) and (G2, P, F») are isomorphic if there is a bijection
a: Fy — Fy such that the models (G1, P, f) and (Ga, ®, f*) are isomorphic.
Theorem 1

Knowledge bases KB1 and KBy with the finite G1, Go are isomorphic if and
only if the corresponding multimodels are isomorphic.

Definition 4
Models (G1,P1, f1) and (G2, Pa, f2) are automorphic equivalent if
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1. Algebras G1 and G are isomorphic,
2. Groups of automorphisms Aut(f1) and Aut(fs) are conjugated by some iso-
morphism § : Gy — Gy, i.e., Aut(fy) = 6L Aut(f1)d.

Definition 5

Multimodels (G1, 1, F1) and (Ga,Pa, F3) are automorphic equivalent if there is
a bijection o : Fy — Fy for which the models (G1,®1, f) and (Ga, P2, f) are
automorphic equivalent for all f € Fy.

Theorem 2
Knowledge bases KBy and K Bs with finite Gy, G2 are equivalent if and only if
the multimodels (G1,P1, F1) and (Ga, P2, F») are automorphic equivalent.
These two theorems allow to build an algorithm of verification of knowledge
bases isomorphism and equivalence.
Proofs of these results are based on a special Galois-Krasner theory which is
built for this particular situation.

Ezample

There are a lot of automorphic equivalent but not isomorphic boolean models,
that certifies that isomorphism is much more strict condition for informational
equivalence. For example, let an arbitrary boolean algebra B be given. Consider
a ternary symbol of relation ¢ which is realised on B in two ways: for a,b,c € B

(a,b,c) € filp) & aVb=c,
(a,b,c) € falp) < aAb=c.

Denote the corresponding models (B, ¢, f1) and (B, ¢, f2). They are not iso-
morphic. Indeed, let these models be isomorphic with the isomorphism §. Then,
from a V b = ¢ it follows, from the one hand, d(a) V §(b) = d(c), but from the
other hand é(c) = d(a) A §(b). Contradiction.

However Aut(f1) = Aut(B) = Aut(f2). Groups Aut(f;) and Aut(fs) are
conjugated by an identical automorphism of the algebra B. This means that
these models are automorphic equivalent and the corresponding knowledge bases
are informationally equivalent.
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Quantum computers are the only model of computing to credibly violate the
modified Church-Turing thesis, which states that any reasonable model of com-
putation can be simulated by a probabilistic Turing Machine with at most poly-
nomial factor simulation overhead. This is dramatically demonstrated by Shor’s
polynomial time algorithms for factorization and discrete logarithms [I2]. Shor’s
algorithm, as well as the earlier algorithm due to Simon [I1] can both be cast
into the general framework of the hidden subgroup problem (see for example [9]).
Two recent papers [T0J8] study how well this this framework extends to solving
the hidden subgroup problem for non-abelian groups (which includes the graph
isomorphism problem).

Indeed, there are very few superpolynomial speedups by quantum algorithms
that do not fit into the framework of the hidden subgroup problem. One example
is the recursive fourier sampling problem [I], which provided early evidence about
the power of quantum algorithms. Very recently, van Dam and Hallgren give a
polynomial time quantum algorithm for solving the shifted Legendre symbol
problem [3]; the algorithm does not appear to fit into the HSP framework.

There is another class of quantum algorithms that have their roots in Grover’s
search algorithm, which gives a quadratic speedup over brute force search. There
is a matching lowerbound [2], thus showing that it will be hard to find polynomial
time quantum algorithms for NP-complete problems.

Finally, last year an intruiging new paradigm for the design of quantum al-
gorithms by adiabatic evolution was introduced [B]. Encouraging results from
numerical simulations of this algorithm on small instances of NP-complete prob-
lems appeared in the March issue of Science [6]. Very recently, a few analytic
results about this new paradigm have been obtained [4] — first, adiabatic quan-
tum computing is truly quantum, since it gives a quadratic speedup for general
search. Secondly, there is a simple class of combinatorial optimization problems
on which adiabatic quantum algorithms require exponential time.
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Abstract. The superposition (or composition) problem is a problem
of representation of a function f by a superposition of "simpler” (in a
different meanings) set {2 of functions. In terms of circuits theory this
means a possibility of computing f by a finite circuit with 1 fan-out gates
{2 of functions.

Using a discrete approximation and communication approach to this
problem we present an explicit continuous function f from Deny class,
that can not be represented by a superposition of a lower degree functions
of the same class on the first level of the superposition and arbitrary
Lipshitz functions on the rest levels. The construction of the function f
is based on particular Pointer function g (which belongs to the uniform
AC®) with linear one-way communication complexity.

1 Introduction

In complexity theory the superposition approach provides a new proof of the
separating of monotone NC* from monotone P [KaRaWi]. In classic mathematic
the problem of representation of functions by functions of ”simpler” (in some
sense) quality has a long history and is based on the following problem. It is
known that a common equation a1z™ 4+ asx™ 1+ -+ + anx + Gnt1 =0forn <4
can be solved over radicals. In terms of the superposition problem this means
that the roots of the equation can be represented by a superposition of arithmetic
operations and one variable function of the form /a (n = 2, 3) of coefficients
of the equation. Galois and Abel proved that a common equation of the 5-th
order can not be solved in radicals (can not be represented as a superposition
of this special form). Hilbert [Hi|, formulated the 13-th problem the problem of
representing a solution of a common equation of the 7-th order as a superposition
of functions of two wvariables. The importance of the 13-th Hilbert problem is
that it demonstrates one of the points of growth of function theory: it motivated
an investigation of different aspects of the superposition problem.
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Arnold [Ar] and Kolmogorov [Ko| proved that arbitrary continuous func-
tion f(x1,...,7x) on [0,1]¥can be represented as a superposition of continuous
functions of one variable and sum operation:

2k+1 k

flxr, . ap) = Z fi Zhi]’(ﬂﬁj) (1.1)

Note that the functions h;; are chosen independently from f and as it is proved
in [Ld], the functions h;; belong to Holder class.

Vitushkin made an essential advance in the investigation of the superposition
problem. Let }"]f denote the class of all continuous functions of k variables which
has restricted continuous partial derivatives up to the p-th order. Vitushkin (see
a survey [Vi]) proved the following theorem

Theorem 1. There ezists a function from .7:;,“ which can not be represented by
a superposition of functions from .7-'5 if% > g.

Later Kolmogorov gave a proof of Theorem [ that was based on compar-
ing complexity characteristics (entropy of discrete approximation of functional
spaces) of classes ,7-"5 and .7-';. Kolmogorov’s proof shows that the classic su-
perposition problem has a complexity background. The notion of entropy of
functional spaces that was introduced by Kolmogorov was a result of the in-
fluence of Shannon’s ideas. Note that Kolmogorov’s and Vitushkin’s proofs show
only the existence of the functions of Theorem [ and do not present an example
of a function from .7-"5 that can not be represented by a superposition of functions
from F{. See the survey [Vi] and [Lo] for more information on the subject.

Further advance in presenting “constructive” continuous function which is
not presented by certain superposition of simpler functions (“hard continuous
function”) was made in the paper [Ma]. It was proved that a function fg € F
that is defined by a most hard (in terms of general circuits complexity) boolean

function G can not be represented by a superposition of functions from .7-"; if
k

e 5. Remind that almost all boolean functions are hard, but an explicit
example of hard boolean function is not known, yet.

In this paper we generalize results of [Ab| where first example of explicit
“hard continuous function” has been presented. We use a discrete approxima-
tion of continuous functions and the communication complexity technique for
the investigation of the superposition problem. Using certain Pointer boolean
function g from the uniform AC? with the linear one-way communication com-
plexity we define an explicit continuous function that can not be represented by
a superposition of a lower degree functions of the same class on the first level of
the superposition and arbitrary Lipschitz functions on the rest levels.

The proof method of this result based on the following. Having continuous
function f we suppose that it is presented by a superposition S of some kind of
continuous functions. We consider their proper discrete approximations df and
DS and compare the communication complexity Cqs and Cpg of df and DS
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respectively. By showing Cps < Cg4r we prove that f can not be presented by
the superposition S.

The theoretical model for the investigation of communication complexity of
computation was introduced by Yao [Yao]. We refer to books [Hr/KuNi] for more
information on the subject.

2  The Function f, ,

We define explicit continuous function f,, 4 of k& arguments on the cube [0, 1]*by
explicit boolean function g (more precisely sequence g = {g,, } of explicit boolean
functions). Informally speaking our construction of f, , can be described as
follows. We partition cube [0,1]*to the infinite number of cubes (to 2*" cubes
for each n > ng). We encode each of 2*" cubes by binary sequences of the length
kn. Boolean function f,, 4 over kn arguments determines the behavior of f,, , in
each of 2*" cubes.

Now tern to the formal definition of f, ;. We consider n = 29 — 1, j > 1
throughout the paper in order not use ceiling and floor brackets. Let I,, =

[ni_l, n+1] be a closed interval, I¥ = I, x---x I, and I* = U1 I*. Let
—_———

k
¥ = {0,1}. We consider the following mapping a : X* — [0,1]. For a word

v =01...0, we define

1 - iy 1
a(v) = T (1—1—2@2 z+2n+1>~
=1

Denote A,, = {a(v) : v € X™}. For a number a(v) € A,, denote

1 1
I,(a(v)) = [a(v) e o TEaE a(v) + (TLHW} :

a closed interval of real numbers of size (n) From the definitions of

A, and I,,(a(v)) it holds that:

1. For a(v), a(v') € A, and a(v) # a(v') segments I, (a(v)), and I,(a(v"))
can intersect only by boundary.
2. Ua(’u)eAn Iﬂ(a(v)) =1,

Let us define the function ¥, ,(,)(x) on the segment I,(a(v)), a(v) € A, as
follows

_ 1
= arzn -

1+%(m—a(u)), a(v) — —)g < a(v)
Unaw)(7) = { 1= 525z — a(v)), av) <z <a(v) + 22 (2.2)

0, else

From the definition it follows that the function ¥, ,(,)(z) reaches the max-
imum value 1 in the center of the segment I,,(a(v)), a(v) € A, and value 0 in
the border points of this segment.
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For a sequence v = (v1,...,v;), where v; € X" 1<i<k, denote
I¥(b(v)) = I,(a(vy)) x --+ x I,(a(vy)) a k-dimension cube of size §(n), where
b(v) = (a(v1), ..., a(vg)).

Consider the following continuous function ¥, y.,)(z) inside each cube
I¥(b(v)), v=(v1,...,0%) € Sn, b(v) = (a(vy),...,a(vy)).

k
Wn,b(v)(x) = H Wn,a(vi)(‘ri)a

i=1

Function ¥, 3,y () has following important properties: it reaches the maxi-
mum value 1 in the center of the cube I¥(b(v)); for all border points x of cube
I%(b(v)) it holds that W, y(,(z) = 0.

Let g = {gn(v)}, where

gn X" x oo x X" —{0,1}
—_———
k

be the sequence of the following Pointer boolean functions. For a sequence v =
(v1,...,0), where v; € Y™ 1 <4<k , we will consider the following partition
pat(n, k): each word v; of the sequence v is divided into two parts: the beginning
u; and the end w; of length I(n,k) = n — d(n,k) and d(n,k) = [(logkn)/k]

respectively. We will write v = (u,w) and call u = (uy,...,u;) the first part of
the input sequence v and w = (wq, ..., wy) the second part of the input sequence
.

Function g,(u,w) =1 iff (ord(wy ...wg) + 1)-th bit in the word uy ... uy is
one (ord(c) denotes the integer whose binary representation is 6. The numer-
ation of bits in the words starts from 1). We will use both notation g,(v) and
gn(u,w) for the boolean function gy,.

The function g,, can be formally described by the following formula:

kd(n,k)

gn(u7 U)) = \/ /\ y;n A Lord(a)s
=1

o
0<ord(o)<|u|—1
where y; (z;) is the j-th symbol of the sequence w (u) in the common numer-
ation of its elements. Clear that g is in the uniform class Xy (ACY).
Let w(d) be a continuous function such that lims_,ow(d) = 0. Define a con-
tinuous function f,, , on cube [0,1]* as follows:

fog@) =D D (2ga(v) = Dw(8(n))¥, by (@), (2.3)

n=2i_1, vVED"
jzk

3 The Result

Remind definitions from functions theory. Denote C to be a class of continuous
functions of & > 1 variables which are defined on closed cube [0, 1]¥. It is known
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that functions from C are uniformly continuous. Following functions theory for
each f(z1,...,z,) € C define modulus of continuous wy(d). That is, wy(J) is a
least upper bound of |f(z) — f(2')|, for all z,2’ € [0,1]* such that |z — 2’| =
maxi<;<g |x; — xf| < 4.

We use the following standard definitions. Denote

Ho ={f €C:ws(d) < Mw(d), for some M > 0},
Denote ’}:Zw an essential subset of H,,. That is,
Ho={f €C: Mw(8) < ws(6) < Mow(d),

for some My, Ms > 0. The following classes are known as Holder classes in
functions theory:

Hy={fe€C:ws(d) <M, for M >0} (ve(0,1])).

The following properties are known as classic properties:

1. Hy CHy Iy <.

2. Well known class F C C of continuous functions which have continuous
derivatives is a proper subclass of . The class H; is known also as Lipschitz
class.

3. Class ‘H., — is a class of constant functions if v > 1.

More general class of functions

1
D= 2 i d)log = =
{feC 5%wf( ) 0g 5 ()}
is known as Deny class. Deny class contains Holder classes properly.
Let p>1,a=1/(elt!), and

1/(In1/0)? if 0<z<a
p(é):{l/(lnl/a)p if > a,

Class H,,, is a subclass of Deny class D.

Let {2 be some set of functions. We define the superposition of functions of
{2 as a function computable by a leveled circuit with a constant number of 1
fan-out gates from the set (2.

Theorem 2. Function f,, 4(x) over k > 4 wvariables belongs to the class ’g’j:)
and is not represented by a following superposition of functions:

1. Superposi@ contains on the first level functions of t, t < k, variables from
the class H, .

2. Superposition contains arbitrary continuous functions from Hy on the re-
maining levels of superposition.
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Below we present more general theorem [3I Theorem [ is a corollary of it.
Let A?, B® be some classes of continuous functions of ¢ and s variables. Define
SpF[At, B?] class of continuous functions of k variables that can be represented
by a superposition of the following form

F(ha(zy,. .. x0), . hs(2f, .., 2)

where F(y1,...,ys) is a function from class B®, and {h;(z1,...,z;)
1<i<s}CAL

From the definition it holds that for modules of continuous wi(d), w2(0)
it holds that the function w(d) = wa(w1(d)) is a modules of continuous and
&)k[HfuNHiJz] g Hf}

Theorem 3. Let wi(§) be an increasing function such that MT@ does not in-
crease when § increase and

oty o (o)) o

Then fors>1, M > 0,7 € (0,1], wa(d) = M7, w(d) = wa(w1(d)) function
fu,g(@) belongs to HE\SpF[HE, ,HE,].

The proof of general theorem Bl we present in the next section.

Proof of theorem [2} First. Function w,(d) satisfy the conditions for the
wy of theorem [3] for arbitrary constant ¢ > 0 and especially for ¢ = 1 — %, t < k.
Next. Superposition of arbitrary functions from the class H; is again a function
from H;. From theorem [3] results the statement of theorem Pl O

4 The Proof

The proof of the fact that f, , € ’}QE results from the following property.
Property 1. For the function f, 4 it holds that

1. In each cube I¥(b(v)) € I* function f,, , gets its maximum (minimum) value
w(d(n)) (—w(d(n))) in the center and value zero in the border of the border
of the cube I¥(b(v)).

2. If in addition function w(4) is such that @ does not increase when J increase
then for modules of continuous wy of the function f,, 4 it holds that

2) w(d(n)) < ws (5(n)) < 2k (3(n).
b) for arbitrary § wy(d) < 2kw(9).
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Proof. The proof use standard technique from functions theory. It will be
presented in a complete paper. ]

The proof of the second part of the theorem [3] use communication complexity
arguments and is based on computing communication complexity of discrete
approximations of the function f, 4.

Let f be an arbitrary continuous function defined on the cube [0, 1]¥. Denote

a(n) = min{f(z) : € IF = [L,2]¥} and B(n) = max{f(z) : z € I} =

[ 21F )
Definition 1. Let f(x1,...,x1) be a continuous function on the cube [0,1]*.
Call a discrete function df : X" x -+ x X" = [a(n), B(n)] an e(n)-approzimati-

| ——

k

on of the function f(x1,...,xy), if for arbitrary v = (vy,...,vE) € X" X+ - x X"
it holds that

|f(b(v)) — df (v)] < e(n).

We will use the standard one-way communication computation for computing
the boolean function g,, € g. That is, two processors P, and P,, obtain inputs in
accordance with the partition pat(n, k)of input v. The first part u = (uq,...,ug)
of the input sequence v is known to P, and the second part w = (w1, ..., wy) of
v is known to P,.

The communication computation of a boolean function g, is performed in
accordance with a one-way protocol ¢ as follows. P, sends message m (binary
word) to P,. Processor P, computes and outputs the value g, (u,w). The com-
munication complexity Cy of the communication protocol % for the partition
pat(n, k)of an inputs v = (vy,...,v;) is the length |m| of the message m.

The communication complexity C, (pat(n,k)) of a boolean function g, is
min{Cy, : ¢ computes g, }.

Lemma 1. For the boolean function g, € g it holds that
Cy, (pat(n, k)) > k(n — 1) — log kn.

Proof. With the function g, (u,w) we associate a 2F(F) x 2kd(.k) commu-
nication matrix CM,, whose (u,w) entry is g, (u, w).
Using the fact that C,, (pat(n, k)) = [lognrow(CM,, )], where nrow(CM,, )

is the number of distinct rows of communication matrix CM,, (see [Yao]) and
1)

the fact that for the g,, it holds that nrow(CM,, ) = 2k/("Fk) > % we obtain

the statement of the lemma. O

We will use the same one-way communication computation for computing
a discrete function df (v). Let pat(n,k)be a partition of input v, v = (u,w).
Let P, and P, be processors which receive inputs according to pat(n, k). Let
@(pat(n, k)) be a one-way communication protocol, which compute df (u, w). The
communication complexity Cy of the @(pat(n,k)) is the total number of bits
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transmitted among processors P, and P,. et The communication complexity
Car(pat(n, k)) of a discrete function df we define as follows

Caf(pat(n, k)) = min{Cy : ¢(pat(n, k)) compute df (v)}.

Definition 2. Define a communication complexity Cy(pat(n,k),e(n)) of an
e(n)-approzimation of the function f as follows:

Cy(pat(n, k),e(n)) = min{Cgy(pat(n,k)) : df(v) — e(n)-approzimation of
f}-

Lemma 2. Fore(n) <w(d(n)), for arbitrary e(n)-approzimation df of the func-
tion f, g it holds that

C, (pat(n, k)) < Cy(pat(n, k), =(n)).
Proof. Suppose that
Cy., (pat(n, k)) > Cr(pat(n, k), e(n)). (4.5)

This means that there exists an e(n)-approximation df of the function
f(x1,...,21) such that for 2K(mk) x 2kd(m:k) communication matrices CM,,, and
CMygy of functions g, and df it holds that

nrow(CM,, ) > nrow(CMgy).

From the last inequality it follows that there exist two inputs v and v’ such
that two rows row,, (u) and row,, (u’) are different but two rows rowgs(u) and
rowgy(u') are equal. This means that there exists an input sequence w for which
it holds that

gn (U, w) # gn(u', w), (4.6)
df (u,w) = df (u', w). (4.7)

Let gn(u,w) =1, go(u',w) = 0. Let us denote v = (u,w), v = (v, w).Then
form the definition of the f, , we have:

fu,g(b(v)) = w(d(n)),

fu,g((V)) = —w(d(n)). (4.9)

From the definition of the e(n)-approximation of the f, , and the property ()
it holds that

|fuo.g(b(v)) — df (v)
[fg(b(v)) — df (V)
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From our conjunction that df (v) = df(v'), from (48], (@9), (£10), and

we have that

20(0(n)) = |fu.g(0(v) = fug (b(v')] <

< fug(b(v)) = df (V)] + [ fuo,g (b(0")) — df (v)] < 2w(6(n)).
The contradiction proofs that df (v) # df (v'). O

Let dh; : X" x - x X" — Z, 1<i<t, be a discrete functions and DF :
—_—
t
X x oo x X" — Z here Z denote the set of real numbers, be a following
S —

k
discrete function:
DF = F(dhy(vi,...,v}),...,dhs(vi,...,v%)),
where function F(yi,...,ys) is an arbitrary continuous function.

Lemma 3. For a discrete function DF (vq,...,vy)it holds that

Cpr(pat(n,k)) <> Can, (pat(n, k))

i=1

Proof Communication protocol ¢*(pat(n,k)) for the function DF consists
of processors P and P. Given an input u, w ¢*(pat(n, k)) simulate in parallel
protocols ¢1(pat(n,k)), ¢2(pat(n,k)),..., ¢s(pat(n,k)) which computes dhq,
dha, ..., dhs, respectively. The processor P, on received a message from P and
the input w computes outputs yi,. .. ,ys of protocols ¢1 (pat(n, k)), ¢2(pat(n, k)),

.. ¢s(pat(n, k)) and then computes and outputs a value F(y), y = (y1,..,¥s). O

Lemma 4. Let functions wi,ws satisfy conditions of the theorem [3 and let
w(d) = wa(w1(9)). Let the function f, 4(x1,...,x5) can be represented as a su-
perposition of the form

F(h(zy,...,x0), .. ho(2f, .. 1)),

where F € 1S, and {hi(z1,...,2¢):1<i<s}C '7':[\5)1
Then there exists an &' (n) < w(d(n)), such that

Cy, ,(pat(n, k),&'(n)) = o(n).

Proof. We will denote f our function f, 4 in the proof of the theorem.
Let e = w1 (6(n)) /log (J(H . Consider arbitrary function h € {hy,..., hs}.

Let a(n) = min{h(z) : z € I} = [L,2]"}, and B(n) = max{h(z) : x € I}, =
[, 2]}, Let

7?/e(n) =AU {ﬁ(n)}v
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where
A= {a,»:a,» = a(n) +e(n)i, i€ {0,1,...,L%J}.

Due to selection of the value e(n), from the condition ([B3:4)) of the theorem 3]

and from the equality d(n) = m we have that:

1—t/k)

|Re(n)| = 2o(n (412)

Or [R.(n)| < 2". This means that there exists an e(n)-approximator dh of
continuous function h,

dh:EnX--~X2n—>R€(n).
—_—
t

For the prove of the statement of the lemma we show that the discrete func-
tion
DF(vi,...,v,) = F(dhi(vl,...,v}),...,dhs(v5,... 05))

is the &’(n)-approximation of the function f and
Cpr(pat(n,k)) = o(n). (4.13)

Let v = (vy,...,vg) € X"X---x X" First we prove that for some ¢’(n) < w(d)
it holds that
F(b(0)) = DF(vs, ..., )] < '(n). (1.14)

Denote = = (x1,...,2x) = b(v) = (a(v1),...,a(vg)). Due to the fact that
for each ¢ € {1,2,...,s} function dh; is e(n)-approximation of the continuous
function h; it holds that

‘hl(xlla cee 7$;) - dhl(vi’ s U§)| < g(n)

As function w(d) decreases when ¢ decreases then we have
|F (hl(x%, sz he(as ,xf)) —
F(dhy(v,...,00), ... dhs(vi,...,v5))| <

(1M) (w1 (6(n)))" =€'(n).
08 L))

From some ng for n > ng it holds that

<wr(e(n)) <

g'(n) < w(d(n)).

Last inequality proves ([{.14]).
Consider now an arbitrary discrete function dh from {dhy, ..., dhs}.

It is sufficient to prove that

Can(pat(n,k)) = o(n) (4.15)
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Then using lemma [B] the (£13]) results.
With the function dh we associate a 21(%%) x 2td("-F) communication matrix
CMgp(n) whose (u,w) entry is dh(u,w).
Can(pat(n, k),e(n)) = [log nrow(CMgp(n))]. (4.16)
Clearly we have that

td(n,k)
nrow(CMgp(n)) < min {Qtl(”’k), |R6(n) ’2 }

or
otd(n,k)

nrow(CMan(n)) < |Regm)| . (4.17)
From the definition of the partition pat(n,k) we have that d(n,k) = (logk”kl.

Using ([17), (@12)) for the equality (Z16]) we obtain inequality (@I5). O

Finally combining statements of lemmas [ [2, and [[] we obtain the proof of
the theorem Bl

5 Concluding Remarks

The communication technique in this paper gives a clear information explanation
of the statements of theorems 2 and [3. That is, functions h from the class H!,
which satisfies the condition ([B4)) of the theorem Bl can be approximated by
discrete functions dh with small communication complexity o(n) (see (&IH])).
Such discrete functions dh on the first level of superposition “can mix” some
different inputs during transformation and no functions on the remaining levels
can reconstruct this information.

We conclude with open problems. Whether using discrete approximation to-
gether with communication technique is possible to present an explicit function

(i) from H% which could not be presented by a superposition of functions
from H} if ¢ < k;

(ii) from fz’f which could not be represented by a superposition of functions
from Fj, if £ > L?
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Abstract. In this paper we introduce a model of a Quantum Branching
Program (QBP) and study its computational power. We define several
natural restrictions of a general QBP model, such as a read-once and a
read-k-times QBP, noting that obliviousness is inherent in a quantum
nature of such programs.

In particular we show that any Boolean function can be computed deter-
ministically (ezactly) by a read-once QBP in width O(2"), contrary to
the analogous situation for quantum finite automata. Further we display
certain symmetric Boolean function which is computable by a read-once
QBP with O(logn) width, which requires a width £2(n) on any deter-
ministic read-once BP and (classical) randomized read-once BP with
permanent transitions in each levels.

We present a general lower bound for the width of read-once QBPs,
showing that the upper bound for the considered symmetric function is
almost tight.

1 Introduction

Richard Feynman observed in 1982 ([7]) that certain quantum mechanical effects
cannot be simulated effectively on a classical computer. This observation led to
the general idea that perhaps computation in general could be more efficient in
some cases if it uses quantum effects. During the last decade the area of research
and developing of such algorithms that use different theoretical quantum compu-
tational models became an intensively growing area. Shor’s quantum algorithm
for factoring [10] that runs in polynomial time is well known.

As it is mentioned in [4] quantum computers may have two parts: a quantum
part and a classical part with communications between these two parts. In that
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case, the quantum part will be considerably more expensive than the classical
part. Therefore, it will be useful to make the quantum part as simple as possible.
This motivates the study of restricted models of quantum computations.

During the last decade different restricted quantum computational models
have been investigated. In particular quantum finite automata has been intro-
duced and first investigated by Kondacs and Watrous [9], see [6] for more infor-
mation on the subject. It has been shown that one-way quantum finite automata
with bounded error cannot accept arbitrary regular languages [9]. But Ambainis
and Freivalds [4] presented certain regular language which can be presented by
quantum finite automata with bounded error much (exponentially) cheaper than
by the classical randomized finite automates.

In the paper we introduce a model of quantum branching programs. A
branching program is a very convenient model for implementing different re-
stricted variants of the computational model. Leveled oblivious permutation BPs
are well known in complexity theory, their computational power is strong enough
(deterministic leveled oblivious permutation constant width BPs have the same
power as logn depth circuits [5]). Next, from our point of view branching pro-
grams are very natural model for comparing computational power of quantum
models with the deterministic ones.

Note that from quantum point of view deterministic leveled oblivious per-
mutation BPs model of BPs are a particular case of quantum BPs.

In the paper we investigate the properties of the important restricted compu-
tational variant — quantum read-once BP. We first show that read-once exact
quantum BPs (noting that obliviousness is inherently in a quantum nature of
such programs) can compute arbitrary Boolean function. Next we display cer-
tain symmetric Boolean function which is computable by read-once QBP with
O(logn) width, which requires width {2(n) on any deterministic read-once BP
and (classical) randomized read-once BP with permanent transitions in each lev-
els. We present a general lower bound for the width of read-once QBPs, showing
that the upper bound for the considered symmetric function is almost tight.

2 Preliminaries and Definitions

Consider a d-dimensional Hilbert complex space H?¢ with a norm ||.||. That is,

for 2 € HY 2z = {z1,...,2a}, ||2]| = \/Z?Zl |2i|2. Denote C? a sphere of radius
1 of the space H¢, C* = {z : ||z|| = 1}.

Recall some basic notations from quantum mechanics. A pure quantum state
(or superposition) of a quantum system QS with d stable states {1,...,d} (d-
state QS) can be expressed by associating an amplitude z; (complex number) to
each state ¢ of QS. Quantum mechanics uses for this the following notations. Con-
sider quantum basis states {|1),...,|d)} where {|i)} is the set of d-dimensional
orthogonal basis vectors of C? where |i) denotes the unit vector with value 1 at
7 and 0 elsewhere. A pure quantum state or configuration of QS can be specified
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as
d
) = Z zi4)
i=1
or just [¢) = (z1,...,24) where [¢)) € C%. The specific notation |¢) is so called
Dirac notation for expressing column-vector (z1,...,z4). Element z; of |[¢) is
called amplitude of the basis state |i) of QS, and |z;|? is the probability of
finding QS in the state ¢ when QS is measured.

Time evolution of configurations of QS in discrete steps is reversible and
conveniently expressed using Heisenberg’s matrix mechanics. That is, if in a
current step a configuration of QS is [¢) then in the next step a configuration
of QS would be [¢') where ') = Uly) and U is d x d unitary matrix.

Now we formally define a quantum transformation as follows. Let X =
{z1,...,z,} be a set of Boolean variables. Define quantum transformation (d-
dimensional quantum transformation) on |¢)) € C? as a triple (j,U(0),U(1))
where j is the index of variable z; € X and U(0),U(1) are reversible transfor-
mations of C? presented by unitary d X d matrices. Quantum transformation
(4,U0(0),U(1)) of |¢) acts as follows: Uly) = |¢). If x; = 1 then U = U(1) else
U =U(0).

2.1 Definition of a QBP

A Quantum Branching Program of width d and of length I ((d,1)-QBP) based
on QS is defined by a

P = (T, [¢o), F)

where T is a sequence (of the length 1) of d-dimensional quantum transformations
of d-state QS:

T = ((ji, Us(0), Ui(1)))}—y,

[1)(0)) is the initial configuration of P. F' C {1,...,d} is the set of accepting
states. We define a computation on P for an input o = o1,...,0, € {0,1}" as
follows:

1. A computation of P starts from the superposition [¢)p). On the i-th step,
1 <i <, of computation P transforms superposition |¢) to a superposition
9"} = Ui(o,) i)

2. After the [-th (last) step of quantum transformation P measures its config-
uration |¢,) where |¢,) = Ui(04,)Ui—1(04,_,) ... Ur(oi, ) |o) . Measurement
is presented by a diagonal zero-one projection matrix M where M;; = 1 if
i€ Fand M;; =0if i ¢ F. The probability pgccept(0) of P accepting input
o is defined by

paccept(o') = ||M|1/)U>||2

Denote by kQBP a QBP with the restriction that each variable z €
{z1,...,2,} occurs in the sequence T of quantum transformations of P at most
k times.
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2.2 Function Presentation

— A QBP P is said to compute (compute with an unbounded error) a Boolean
function f, : {0,1}" — {0,1} if for all 0 € f~!(1) the probability of P
accepting o is greater than 1/2 and for all o € f~1(0) the probability of P
accepting o is at most 1/2.

— A QBP P computes f,, with bounded error if there exists an £ > 0 such that
for all o € f~1(1) the probability of P accepting o is at least 1/2 + ¢ and
for all o € f~1(0) the probability of P accepting o is at most 1/2 — . We
call € the margin and say that P (1/2 + ¢)-computes f,.

— We say that a QBP P exactly computes f,, if P computes f,, with the margin
1/2 (with zero error).

3 Computational Properties

First we show that bounded error read-once QBPs are powerful enough to com-
pute arbitrary Boolean function. In contrast, we notice that one-way quantum
finite automata when accepting with bounded error can only accept a proper
subset of regular languages [9]. See also [6] for the last results on complexity
properties of quantum finite automata.

Property 1. For arbitrary Boolean function f,,, there exists (2", n)-1QBP that
exact computes f,.

Proof: The proof is evident. For example, the following (2",n) — 1QBP P is a
QBP satisfied the proposition. All possible configurations of P are trivial. That
is, a configuration |¢)) of P contains exactly one 1 and all the rest components
of |¢) are 0. An initial configuration of P is [¢g) = (1,0,...,0). P reads input
variables in order x1,Z2,..., Ty, .

In each step i,1 < ¢ < n , P reads input o; and transforms its current
configuration |¢) as follows. If o; = 0 then |¢) does not changed. If o; = 1, then
the 1 of the configuration |) is “moved” to 2"~% positions to the right in the
next configuration [¢').

For an input sequence o = o1, ....0, denote [, the number of position of 1
in the final (after reading o) configuration of P. Clearly we have that I, # I,
iff o #£ o',

Now determine the set of accepting states F' of P as follows: if f(o) = 1,
then q;, € F. If f(o) =0, then q;, & F. a

Let the class EP-QBP.,,s: be the class of all Boolean functions exactly
computed by constant width and polynomial length (in the number of function
variables).

Property 2. For the complexity class NC? it is holds that

NCl C EP'QBPconst-
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Proof: Proof is evident since known result of Barrington [5]. Having width 5
permutation deterministic branching program P which computes Boolean func-
tion f, it is easy to construct a (const, poly)-QBP P’ which exact computes f,,. O

Consider the following symmetric Boolean function f, , : For an input o =
01,...,0n € {0,1}™ we have f,, (o) =1 iff a number of ones in o is divisible
by pn, where p, is a prime and p, < n/2.

Theorem 1. The function f, p,, can be presented by a read-once (O(log py,),n)-
1QBP with one-sided error € > 0.

The proof of this theorem will be presented in the section below. We have
clearly that any deterministic OBDD for f, ,, needs £2(p,) width.

Note that f,,, is based on regular language L, considered in [4]. For
a prime p language L, over a single letter alphabet defined as follows.
L, = {u : |u] is divisible by p}. In [4] it is proved that for any € > 0, there is a
QFA with O(log p) states recognizing L,, with probability 1 — e.

We clearly have that any finite deterministic automaton for L, needs at least
p states. In [4] it was shown that constant bounded error finite probabilistic
automata also need at least p number of states to recognize L,. The proof of this
lower bound use the Markov chain technique (finite probabilistic automata over
single letter alphabet is exactly a Markov chain). But for probabilistic OBDDs
it is not the case (probabilistic transitions on the different levels of OBDD can
be different). Therefore we can not use directly the proof method of [4] for
general probabilistic OBDD case. But in a particular (known enough) case when
the transitions (for 0 and 1) in each level are the same we can use Markov
chain technique for proving linear (in p,) width for presentation f, ,, in such
probabilistic OBDDs.

3.1 Proof of the Theorem [I]
We construct a QBP P accepting inputs o € £, (1) with probability 1 and

n,Pn

rejecting inputs o € ;’117" (0) with probability at least 1/8. Consider (2, n)-1QBP
Pk for k € {1,...,p, — 1}. Quantum program P* = (T* |f), F¥) based on 2-
state quantum system. Here T% = ((i, U*(0), U*(1)))"_, where

ke (10 koqy [ cos(2mk/py,) —sin(2nk/py,) o [ 1 k
Ut0) = <O 1) URL) = (sin(27rk/pn) cos(2rk /pr) 1v6) = o) = {1
Denote by I(0) a number of 1-s in the sequence o, I(0) = Y 1| 0;.

Lemma 1 ([]). After reading an input o = o1, ...,0, the superposition of P*

1) = cos (27;(")’“) 1) + sin (W) 12).

n n

Proof: The proof is omitted. It is similar to that of in [4]. O
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If the number of ones in an input o is divisible by p,, then 27 l(o)k/p, is
a multiple of 2, cos(27rl(a)k/pn> =1, sin<27rl(a)k/pn> = 0 . Therefore all
QBP P* accept inputs o € f, 5 (1) with probability 1.

Following [4] call P* ”good” for input o € f,1 (0) if P* reject o with
probability at least 1/2.

Lemma 2. For any o € f, 1 (0), at least (p, —1)/2 of all P* are “good”.

Proof: According to the Lemma [I] after reading an input ¢ = oy,...,0, the
superposition of P* is
2w i(o)k 2 l(o)k
) = cos (7T(U)> 1) + sin <7T(‘7)) 12).
Pn Pn
Therefore, the probability of accepting the input o € f,} (0) is
COS2(27TI(U)]€/pn>. cos2<27rl(0)k/pn) < 1/2 iff ‘cos(27rl(0)k/pn> < 1/V2.

This happens if and only if (27rl(a)k/pn> is in [7/4 + 274,37 /4 + 27j] or in

(57 /427, T /4+27j] for some j € N. (27rl(0)k:/pn) € [n/4+2mj, 3 )4+ 2]

iff (27r (I(o)k mod pn)/pn) € [r/4,37n/4]. py is prime, [(0) is relatively prime
with p,. Therefore, I(c) mod p,, 2l(c) mod p,,..., (pn — 1)l(c) mod p,, is
1,2,...,p, — 1 in different order. Consequently, it is enough to find the power
of aset I = {i1,...,4} C {1,...,p, — 1} such that 27 ; /p, € [7/4,37/4] or
2mi; [pyn, € [5m/4,Tr/4]. A straightforward counting show that |I| > (p, — 1)/2.

O

Following [4] call a set of quantum programs S = {P% ..., P%} “good” for
o € fi5.(0)if at least 1/4 of all its elements are “good” for this o.

Lemma 3. There is a set S of 1QBPs with |S| =t = [8lnp, | which is “good”
for all inputs o € ;1 (0).

n,Pn

Proof: The proof is omitted. It is similar to that of in [4]. O

We construct a 1QBP P accepting inputs o € f- 11)(1) with probability 1
and rejecting inputs o € f, ] (0) with probability at least 1/8 as follows. The
1QBP P consists of "good” 1QBPs { P, ..., P}, which work in parallel. In the
starting superposition of P all these programs represented with equal amplitudes.

Inputs o € f, Il,n(l) are always accepted with probability 1 because all P*s
accept them. For any input o € f, 1 (0), at least 1/4 of all Pk € S reject it with
probability at least 1/2 and the total probability of rejecting any o € f, 1 (0) is
at least 1/8.

Using the technique of the paper [4] it is possible to increase the probability
of correct answer to (1 — €) for an arbitrary € > 0. In this case the width of
1QBP will be O(logpy,). ]
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4 Lower Bounds

Below we present a general lower bound on the width of 1QBP and compare it
with the width of deterministic OBDD presenting the same Boolean function.

Theorem 2. Let e € (0,1/2). Let f,, be a Boolean function (1/2+ €)-computed
(computed with margin €) by 1QBP Q. Then it is holds that

. - log width(P)
width(Q) = 12 <log log width(P)>

where P is a deterministic OBDD of minimal width computing f,.

Next theorem presents more precise lower bound for a particular margin € of
computation. This lower bound show that the result of the Theorem [I] is tight
enough

Theorem 3. Lete € (3/8,1/2). Let f,, be a Boolean function (1/2+¢)-computed
(computed with margin €) by 1QBP Q. Then it is holds that

width(Q) = 2 ( log width(P) >

2log(1+1/7)

where P is a deterministic OBDD of minimal width computing f, and
T:\/1+2€—4 1/2 —e.

Proofs of theorems are presented in the section below.

4.1 Proofs of Theorems [2] and 3]

Proofs of theorems 2] B] use the same idea. We construct a deterministic OBDD
P that presents the same function f,, and

9\ 2width(Q)
) (4.1)

Proofs of theorems [2] Bl differ only in estimating parameter § > 0 depending
on €.

A Deterministic OBDD-Presentation of a 1QBP. Let d = width(Q).
Let m = {i1,42,...,in} be an ordering of variables testing of Q. From now we
consider that input sequences o € {0,1}" are ordered in the order 7 determined
by (. We define a deterministic OBDD IQ) based on @ as follows. LQ use the
ordering 7 of variables testing and presented by the following labeled complete
binary tree.
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— The initial node of I is marked by intial configuration [i¢g) of Q. Two
outgoing vertices of the initial node are marked by x;, =1 and x;, = 0.

— Two nodes of IQ) on the level 1 are marked by configurations [i;(0)) and
|11(1)) of @ where |tp1(01)) is the configuration after the first step of com-
putation after reading z;, = o7 for o1 € {0,1}.

Vertex x;, = o1 leads from the node [1)g) to the node |11 (o1)) iff |[¢1(01)) =
Ui (o1)[to). A

— Consider a level j of LQ. 27 nodes of I() of the level j are marked by
configurations {|¢;(c1...0;)) €W :01...0; € {0,1}7} where [¢;(0 ...0;))
is a configuration of @) after reading the first part oy ...0; of input o €
{0,1}".

Vertex (market by m;,,, = o0j31) from the node [i;(o1...05))
leads to the node |’¢j+1(0’1 e UjO'j+1)> iff |’l/)j+1(01 . O'jdj+1)> =
Ujsi(oj41) (o1 ... 05)).

— Consider the last level n of L. We mark 2™ nodes of 1) on the level n by
configurations [, (01 ...0,)) € ¥ : (01...0,) € {0,1}" and in addition we
mark them by 0 and 1 as follows. We mark node |, (01 ...0,)) by 1 if for
configuration |¢, (o1 ...0y)) it is holds that paccept(01...0n) > 1/2+¢. We
mark node |1, (o7 ...0y,)) by 0 if for configuration |¢,, (01 . ..0,)) it is holds
that peccept(01 ... 0n) <1/2 —¢.

Property 3. A deterministic OBDD L@ presents the same Boolean function f,
as Q.

Proof: Evident and follows from the construction of LQ. a

A metric Automaton Characterization of LQ. We view on OBDD LQ with
the ordering 7 of variables testing as a following metric time-variant automaton
that reads its input sequences o € {0,1}" in the order 7:

LQ = <{07 1}7W7 {5j}3'1:1v |¢0>7-7:s>

where {0, 1} is the input alphabet, ¥ = {|1)} is a set of states (set of all possible
configurations of @) during its computations on inputs from {0,1}"). That is,
¥V = U7_g¥; where ¥; is the set of states of LG on the level j. Automaton
transition function d; : ¥;_; x {0,1} — ¥; determines transitions on the step j,
1 <j<mn, (d;is defined in according of transitions of L@ on the level j — 1).
Finally [1o) is the initial state and F. = {|¢)) € ¥, : ||[M|¥)||*> > 1/2 + €} is the
accepting set of states of LQ).

For j € {1,...,n} denote A; : ¥;_1 x{0,1}" =71 — ¥, automaton transitive
closer of the sequence §;,...,d, of transition functions. That is,

AJ(|’¢>,0’J .. -Un) = 6n( .. (§j(|’(/J>7O'j), .. .,O'n).
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Lemma 4. Let f,, be a Boolean function (1/2 + €)-computed by LQ. Let 6 > 0
and for arbitrary |1) € F. and arbitrary |¢) € W,\F. it holds that

) = [¥") [ = 6.

Then, there exists a deterministic OBDD B which computes f, and
2\ 24
width(B) < (1 + 9> .

Proof: Recall known notions of metric spaces we need in the proof (see for
example [3]). A Hilbert space Hq4 is a metric space with a metric defined by
the norm || - ||. Points p,u" from H,4 are connected through 6-chain if there
exists a finite set of points p1, pa, ... , iy from Hg such that py = p, iy, = i/
and ||p; — pit1]| < 0 for i € {1,... ,m — 1}. For H, its subset C is called 6-
component if arbitrary two points u, ' € C are connected through #-chain. It
is known [3] that if D is a finite diameter subset of a subspace of Hy (diameter
of D is defined as sup, ,ep{[lp — #'[|} then for § > 0 D is partitioned to a
finite number ¢ of its #-components. Set ¥ of states of IQ) belongs to sphere of
radius 1 which has center (0,0,...,0) in H4 because for all |¢)) € ¥ it holds that
I[e) || = 1. For each j € {0,...,n} Denote by [¥;] = {C1,...,C},} the set of
f-components of ¥; C H,.

From the condition of the lemma it follows that subset F. of ¥,, is a union
of some #-components of ¥,,. Transition functions §;, 1 < j < n, preserves the
distance. That is, for arbitrary |¢) and |§) from ¥; and arbitrary v € {0,1} it
holds that

1) = 1) 11 = 116;(1), ) = 85 (1€} M- (4.2)

From (E2) it holds that for C' € [¥;] and for v € {0, 1} there exists C" € [¥;44]
such that §,(C,~) = C’. Here §;(C,~) is defined as 9,(C, ) = U|w>ec§j(|w>,’y).

Now we describe deterministic OBDD B in terms of time-variant finite au-
tomaton that computes f,.

B= <{0, 1}, [WL {6j}?:17 Co, F>

where [W] = UT_o[¥;] is a set of states of B (remind that [¥;] is a set of states
on the step j of computation of B);
0+ [¥;-1] x {0,1} — [¥;] is a transition function of B on the step j;
an initial state Co = {|1o)} is a one-element §-component of ¥y; finite set F' of
B defined as follows F = {C; € [¥,,] : C; C F.}.

From the construction of B we have that OBDD B and L@ compute the
same function f,,. The width width(B) of B is t = max{to,...,tn}.

Let ¢t = t; We estimate the number ¢ of f-components (number of states of
B) of ¥; as follows. For each #-component C select one point |¢) € C. If we draw
a sphere of the radius 0/2 with the center 1)) € C then all such spheres do not
intersect pairwise. All the ¢ these spheres are in large sphere of radius 1 + 6/2
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which has center (0,0, ...,0). The volume of a sphere of a radius r in H,4 is cr??
where the constant ¢ depends on the metric of H,4. Note that for estimating the
volume of the sphere we should take in account that H4 is d-dimensional complex
space and each complex point is a 2-dimensional point. So it holds that

) C(l + 0/2)2d B g 2d
width(B) < Ty 02 = (1 + 9> .
O

Below we present a technical lemma that estimates the number of components
of ¥ for different .

Lemma 5. Let an LQ (1/2+¢)-computes function f,. Then for arbitrary |) €
F. and arbitrary |¢') & F. it holds that

L) = 9"} || = 61 = ¢/v/d and

2 [ [6) — [¢) | = 0 = /1 +2c —4/T2 <.

Proof: For the simplification we denote a configuration ) = z1|1) + - - - + z4|d)

just by ¥ = (21,...,2q4). Let ¢ = (21,...,24) and ¢’ = (2{,...2}). Consider a
norm ||.||; defined as ||¢]|; = Z?Zl |2i]-

1. From the definition of L@ it holds that
2 < Y (Jal* = 1417 = D Uzl = 2D (12l + 121]) <

s, €EF s, €F
<2 (lal =12 <2 ) lai — 2] <2/l — ¢'|h
s;EF s;EF

Using an inequality

a1by + agbg + ... + agby < \/a% +a3+ ...+ afl\/b% + b3+ ... + b2, (4.3)
for by = by = ... = by = 1 we get that ||¢]|; < V/d|[¢)||. Therefore,
2e < 2l[u — /|1 < 2Vl — |

Finally, we have

1% =4I| = e/Vd.
2. Consider now the next variant of a lower bound for |[¢p —v/||.
d d
1 =Wl = \| D l2i = 22 2 4| D (il = =1)% =

i=1 i=1
d d d

= |2 lal + DA =2 lalle] >
i=1 i=1 i=1

> D lalP+ Yo 1R =2 ) Jaillzl =2 ) Jaill#)

s;€F si¢F s;€F $i¢F
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From the definition of LQ we have that 3 _p|2i]* > 1/24+¢, 35, op 12])° >
1/2 + e. Now from the above we get that

I =[] > \/1/2+8+ 1/2+e=23 lallzl =2 Y Jallzjl.

s;€F si&F

Using inequality ([E3) we get from the above that

=l > |1+2e=2 > |2 [D IR =2 [ a2 D 122

s, €F s, €F si¢F si¢&F

Using the property 3, op|2i]* < 1/2—€, 3, cp[2i]? <1/2—¢, 3 |a]* <1,
and Y- [#j]* <1, we finally get that

\|w—w’|\z\/1+25_4 12— ¢ =0,

O

Note that the lower bound above for |]tp — ¢’|| is nontrivial (posi-

tive) if e € (a,1/2) where a is about 3/8. For ¢ € (0,a] it holds that

142 —44/1/2 — £ < 0. In this case the lower bound ||«) — ¢'|| > ¢//d is more
precise.

Now we turn to formal estimation of the lower bounds of Theorems Pland Bl

Proof of Theorem [2t From Lemma [4] and Lemma [5 it follows that

2d
£

or logt = O(dlogd). From that we get that

Proof of Theorem [3t From lemma Bl and lemmal[d it follows that

< 1+3 2d
> 92

or 2d > logt/log(1 + 2/63). From this we have that

d logt
~ 2log(1+41/62)"
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Efficient Computation of Singular Moduli with
Application in Cryptography

Harald Baier*
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Abstract. We present an implementation that turns out to be most
efficient in practice to compute singular moduli within a fixed floating
point precision. First, we show how to efficiently determine the Fourier
coefficients of the modular function j and related functions s, f2, and 7.
Comparing several alternative methods for computing singular moduli,
we show that in practice the computation via the n-function turns out
to be the most efficient one. An important application with respect to
cryptography is that we can speed up the generation of cryptographically
strong elliptic curves using the Complex Multiplication Approach.

Keywords: class group, complex multiplication, cryptography, elliptic
curve, Fourier series, modular function, ring class polynomial, singular
modulus

1 Introduction

Modular functions are studied for a long time by the number theory community.
The most famous modular function is the j-function, which is holomorphic on
the upper half plane h and which has a single pole at infinity. However, given an
element 7 € h the computation of the value j(7) is in general a challenging task.
In this paper we show how to efficiently compute j(7) in practice within a given
floating point precision F. To be more precise, we compute a complex number
jr such that |j, — j(7)| < 107, and we equate j(7) and j,.

We compare several alternative methods to compute j(7) using the cube root
2 of j, the Weber function fs, and Dedekind’s n-function, respectively. To be
able to compare the running times of alternative approaches for computing j(7)
we first have to determine the Fourier series of these four functions. For the
determination of the Fourier coefficients of j and v, we make use of efficient
algorithms due to Mahler [Mah76]. Furthermore, in the case of fo and 7 we
develop efficient formulae in Sect. Bl

Efficient computation of j(7), v2(7), and f2(7) has an important applica-
tion in cryptography: The generation of cryptographically strong elliptic curves

* supported by FairPay, a project funded by the German Department of Trade and
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© Springer-Verlag Berlin Heidelberg 2001
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via Complex Multiplication (CM) ([AM93|, [LZ94], [BB0O]). The general CM-
method requires the computation of a ring class polynomial R, which is in general
the most time consuming step of the CM-method. Hence speeding up the com-
putation of R yields a significant speed up of the CM-method. In Sect. 2] we
present the relation between efficient computation of R and fast computation of
singular moduli j(7). Thus our approach of efficiently computing singular moduli
yields a significant speed up of generating elliptic curves using the CM-method.
Furthermore, our most efficient approach of computing singular moduli has the
advantage that no precomputation or no storage of any coefficients is needed.

We tested our algorithms on two platforms: First a SUN UltraSPARC-IIi
running Solaris 2.6 at 333 MHz and having 512 MByte main memory. Second
a Pentium IIT running Linux 2.2.14 at 850 MHz and having 128 MByte main
memory. All algorithms are implemented in C+-+ using the library LiDIA 2.0
([LiDIA]) with libI as underlying multiprecision package and the GNU compiler
2.95.2 using the optimization flag O2. Sample tests indicate that running times
on the Pentium are about a quarter of the timings on the SUN.

The paper is organized as follows: We first review the connection between
modular functions and the CM-method in Sect. Rl Furthermore, we define the
functions mentioned above. Then Sect. Bl presents efficient algorithms to compute
the Fourier series of these functions. Finally, in Sect. [ we compare different
methods to compute singular moduli.

2 The Ring Class Polynomial and Singular Moduli

Let us review some basic facts on class groups and ring class polynomials. Ring
class polynomials play a crucial role in generating elliptic curves for crypto-
graphic purposes using the CM-method. A ring class polynomial R only de-
pends on an imaginary quadratic discriminant A, that is we have A < 0,
A = 0,1 mod 4. Each imaginary quadratic discriminant A uniquely determines a
set C(A) = {(a,b,c) € U : ¢ = b24_aA,gcd(a, bye)=1,p| <a<eb>0if b =
aor a = c}. C(A) is called the class group of discriminant A. The class group
is a finite set whose cardinality h(A) is the class number. Furthermore we set
hp(A) = #{(a,b,c) € C(A) : b > 0}. An element @ of the class group is called
a reduced representative.

With each reduced representative @ = (a, b, c) of the class group C(A) we

associate an imaginary quadratic number 7o : We set 79 = _b+;7;/@ with the
imaginary unit 7. Obviously we have 7 € f for all Q € C(A).

We next define the Dedekind n-function, the Weber function f3, the function
72, and finally the modular function j. For 7 € h we set ¢ = ¢?™*". Then we have

oo

- [Ta-q" (2.1)

||
NH

n=1
fa(r) = Vg [T+, (2.2)
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. f2(7)24 + 16
L G

J(r) = 72(1)* . (2.4)

We fix the discriminant A and set K = Q(+v/A). The First Main Theorem
of Complex Multiplication ([Cox89], Theorem 11.1) states that all values j(7g)
are conjugated over K and hence have the same minimal polynomial over K :
The ring class polynomial R. Thus we can write R = [[co(a) (X — (7)) It
turns out that R is an irreducible polynomial in Z[X]. The values j(7g) are
called singular moduli. Hence efficient computation of the singular moduli yields
a fast algorithm to compute R. In Sect. we will estimate the range of the
coefficients of R; this leads to a formula for the floating point precision F' to
compute R in practice.

(2.3)

3 Efficient Computation of Fourier Series

In this section we discuss algorithms to compute the Fourier series of the func-
tions j, 72, n, and fa, respectively. These series will be used in Sect. @l

3.1 The Fourier Coefficients of the j-Function

We determine the Fourier series of the modular function j. As mentioned above
the j-function is defined on the upper half plane . As j is holomorphic on
and invariant under the action of SL(2,7Z) it is periodic with period 1. Thus
there is a unique Fourier series with j(7) = > % _ ¢, - ¢". Furthermore, as j
has a single pole at infinity we have ¢, = 0 for n < —2 ([Cox89], Theorem 11.8,
p.225).

To compute the coefficients ¢, we make use of recursive formulae due to
K. Mahler. Setting 0 for an empty sum we have for all n € IN ([Mah76], p.91,
equations 46):

C2 —c, n—1
Cin = Cop+1 + 2 B + Z CkCon—k (35)
k=1

2 2
Cn+1 — Cn+1 Cop, + Can

Con41 = Copt3 — CoCop + B 9 (36)
n 2n—1 n—1
. 71 k—1
+ CkCon—k+2 (—1)" “cpcan—k + CkCan—4k
k=1 k=1 k=1
n
Cin+2 = Con42 + E CkCon—k+1 » (3.7)
k=1
C%n+1 — Can+1
Cant3 = Contd = C2Cont1 = — 5 (3.8)
n+1 2n n

k—1
+ E CrCon—k+3 — E (=) crCan—kt2 + E ClCin—A4k+2 -

k=1 k=1 k=1
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However, to make use of the formulac (B.H) - (38), we have to know the
coefficients c_1, cg, c1, 2, 3, and c5 : Obviously, for n = 1 the equations depend
on ¢y, ...c3. However, [B.0) yields c¢5 = ¢5 in this case, and we have to know c;
before using Mahler’s equations.

Thus we first determine these coefficients by evaluating the representation of
j by the normalized Eisenstein series F4 and Eg of weight 4 and 6, respectively:

j(r) =1728- %ﬂiw For a definition of the Eisenstein series we refer to

[Kob93|. The Fourier coefficients of the Eisenstein series can easily be computed.
We refer to [Bai0ll] for details. Finally making use of Mahler’s equations (B.5)
- B8) we compute the values of ¢, up to n = 50000 and store them in a
file of size 38.7 MByte. The running time on the Pentium III was 9.87 hours.
We have ¢c_1 = 1, ¢g = 744, ¢; = 196884, co = 21493760, cg3 = 864299970,
cq = 20245856256, and c5 = 333202640600.

We are now able to estimate the range of the coefficients of the ring class
polynomial R for a discriminant A. As in Sect.2set ¢ = €*™7@ with Q = (a, b, c).
We first remark that for (a,b,c) and (a,—b,c) the respective values of ¢ are
conjugate complex numbers. Hence if (a, b, ¢) and (a, —b, ¢) are both in C(A) the
Fourier series of j shows that we have j(7(4,—p.c)) = J(T(a,b,c))- Thus computing
J(T(ap,e)) yields j(T(a,—p,c)) for free in this case. We can therefore restrict to
reduced representatives (a, b, ¢) with b > 0. Furthermore, we have |¢g| = e~ W\/am.
Hence, for fixed A, |g| only depends on a, and using the Fourier series of j we

. 1 '"\/W . .
get |j(1Q)| =~ |5| = e o . Thus the constant term of R is up to sign of order

of magnitude e”mz(w@ecw) . In most cases the constant term of R is up
to sign the biggest coefficient. Hence the floating point precision

Fosy A TVIAL 3 ! (3.9)

4 log 10

a
(a,b,c)eC(A)

as proposed in [[LZ94] is in practice sufficient to compute R. The correction term
5+ # takes into account both the approximation |j(7g)| ~ |$| and the fact
that the constant term of R may not be up to sign the biggest coefficient. We
computed dozens of polynomials R, and we are not aware of any counterexample
where F' does not yield a right result.

We remark that there is another efficient method to compute the Fourier
coefficients of j due to M. Kaneko ([Kan]), who extends work of D. Zagier. We

refer to his paper for details.

3.2 Computing the Fourier Coefficients of ~,

For 7 € h one can easily derive the formula ~,(7) = ¢~ 5 - > o 9ng™. As in the
case of the modular function j, we present recursive formulae due to Mahler to
compute the Fourier coefficients g,.

However, Mahler takes a slightly different representation: He multiplies the

term ¢~ % into the sum and writes Y2 (1) = g+ Yoo b3n+2q3n3+2. Hence we
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have go = 1 and g, = bs,,—1 for n > 1. If we set 0 for an empty sum we have for
all n € Ny (|[Mah76], p.115, equations 79):

n—1

bi2nt2 = beny2 + Z b3k+2b6n—3k—1 , (3.10)
k=0

2 2
b3ny2 = bsnt2 | Dgnqa + ben2

bian+s = ben+s — baben+2 + 5 5 (3.11)
n—1 2n—1
+ Z b3ky2ben—3k+2 — Z (—1) L baptobion—sk+2
k=0 k=0
n—1
+ > bakrobion-12k4
k=0
= b3, 0 — b3nto
bion+s = bents + Z b3ky2b6n—3k+2 + % ) (3.12)
k=0
bgn+5 - b6n+5 =
b12n+11 = b6n+8 - b2b6n+5 — f + Zb3k+2b6n73k+5 (313)
k=0
2n n
- Z(_l)k_lb3k+2b12n—3k+8 + Z bak+2b12n—12k+2 -

k=0

Evaluating these equations for n = 0 we have by = by, b5 = bs, bg = b5 +
(b% — bg)/z and b11 = bg — b2b5 — (bg — b5)/2 + b2b5 + bgbg + b% Hence b2
and b5 uniquely determine all coefficients b,,. The defining equation of the g,
vields j(7) = v3(7) = ¢~ - (1 + 3g1¢ + 3(9} + 92)¢*> + O(¢?)). Thus comparing
with the Fourier series of the j-function we get g1 = ¢o/3 and g2 = ¢1/3 — g3,
hence g1 = 248 and gy = 4124. Using g, = b3,—1 for n > 1, we computed the
coefficients g, up to n = 50000. The memory to store these coefficients is 22.3
MByte. The computation took us 5.23 hours on the Pentium III.

3.3 Computing the Fourier Coefficients of the n-Function

We next determine formulae to compute the Fourier coefficients of the n-function.
We first make use of a result due to Euler, which states

n(r) = g% 3 (~1)ng T (3.14)

neZ

Multiplying qﬁ into the sum and using some properties of the Jacobi symbol
(6n+1)
(+), we get (1) = 3 ez (—1)"q =% (2) g5
Equation (BI4l) shows that we can define a sequence (en)nenN, by 7n(7) =
qﬁ Yoo o eng™. We prove the following result:
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Proposition 1. Let e, be as defined above. Then we have for all n € INg

0, if 24n+1 is not a square in Z,
ey = (\/ﬁﬁ)’ if 24n+1 is a square in 7.

Proof: The representation of the n-function by the Jacobi symbol and the def-
2 24n41

inition of the e, yield Y0 | (12) g5t =>>° je,q 21 . Comparing the coeffi-

cients, we get e, = (\/ﬁﬁ) ,if m?2 = 24n + 1, and e, = 0 otherwise. O

Proposition [l shows that we have e,, € {—1,0,1}. Furthermore, as the expo-
nents in (B.14)) grow quadratically coefficients e, # 0 are rather sparse. Making
use of proposition Mwe computed e, up to n = 5000000, which took us 16.3 sec-
onds on the Pentium III. The memory to store these coefficients is 9.54 MByte.

3.4 Computing the Fourier Coefficients of the Weber Function f»

The main task in computing the coefficients of the Fourier series of fy is to
determine the representation of the infinite product in ([2:2) by a power series in
q. Obviously this product can uniquely be written as a Fourier series ZZOZO frna™.

Making use of the equations (EZ1]) and [2) one easily sees f2(7) = v/2- 717((2:)) In

Sect. we derived the formula 7(7) = g oo o eng™. As the n-function does
not vanish on h we use the Fourier series of fo and 7 to get

dend®™ =Y fad" Y end" =) (Z fkenk> v (3.15)
k=0

n=0 n=0 n=0 n=0

Hence, making use of eg = fy = 1, equation (3.15)) yields for n € IN

fu = {Zz:é lclen—k, if 21in,
€z — o frln—ks if 2|n.

This yields an algorithm for computing the coefficients f,. According to our
experience this is the most efficient way in practice to compute the Fourier
coefficients of fo. As in the case of the j- and the yo-function we determined all
coefficients f,, up to n = 50000, which took us 22 minutes on the Pentium III.
The necessary amount of storage is 5.48 MByte.

4 Efficient Computation of Singular Moduli

This section deals with comparing alternative methods to compute singular mod-
uli. First let an imaginary quadratic discriminant A and a reduced representative
Q@ € C(A) be given. Furthermore, fix a floating point precision F. We show that
in practice the computation of j(7¢g) within precision F' using an efficient repre-
sentation of the n-function is by far the most efficient alternative. Furthermore,
we present running times for all alternatives we make use of. We conclude that
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the computation of a ring class polynomial of degree 200, which may be explored
for cryptographic purposes, takes about 5 minutes on the SUN.

The formulae and relations of Sect. 2lmake the following proceeding plausible:
As the functions j, 72, and f2 can be expressed in terms of Dedekind’s n-function,
we first compare three different approaches to determine the value 7(7g). Next
we explore alternatives of computing fo(7g) by its product formula (22)), its

Fourier series from Sect.[34], and finally by the term fa2(7g) = \/ﬁ%; in the

last expression we make use of our results on the n-function. Similarly we deal
with v and j.

4.1 Efficient Computation of the n-Function

Section yields three different methods for computing 7n(7) : Making use
of the product formula g¢21 - [[02,(1 — ¢™), evaluating the Fourier series
qﬁ ZZOZO enq", or using the Euler sum (BI4). These tasks are performed by
our algorithms computeEtaViaProduct, computeEtaViaFourierSeries, and
computeEtaViaEulerSum, respectively. In this section we show that using
computeEtaViaEulerSum turns out to be in practice the most efficient way for
computing n(7) for a given floating point precision F'.

Input of all three algorithms is a complex number 7 in the upper half
plane h and a floating point precision F' that we use in our computations.
Each algorithm returns the value 7(7) within the precision F. Both the first
and second algorithm are straightforward. Hence we only explain our algorithm
computeEtaViaEulerSum(7, F'). We have

g7 Yy () F T =g (1 + 31" (¢ +q32+>> :

ne n=1

2 —
We split the sum in two partial sums and set N_(n_) = 3n*2 "~ respectively

Ni(ng) = 3'&% Hence N_ respectively N are the exponents of each partial
sum. The difference of two exponents is N_(n_ + 1) — N_(n_) = 3n_ +1
and Ny(ng +1) — Np(ny) = 3ny + 2, respectively. Depending on whether the
current value of N_ respectively N, is the minimum of {N_, N} we compute
the appropriate power of ¢ and adapt the value of N_ respectively N. It is easy
to see that we always have N_ # N,.

Running times on the SUN of our three algorithms for all reduced repre-
sentatives of discriminant A = —21311 are plotted in the appendix. A is the
maximal discriminant of class number 200. Further timings for discriminants
of class numbers up to 500 can be found in [Bai(I]. The results indicate that
computeEtaViaEulerSum(rg, F) is the most efficient of our algorithms to com-
pute n(7q) for a high precision F, i.e. F' > 2000. We remark that the runtime
benefit of computeEtaViaFulerSum becomes more definitely for growing a, hence
with growing ¢, which is the important case for computing ring class polynomials.
However, we tested our algorithms for low precisions and got similar results.
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computeEtaViaEulerSum(r, F)

Input: A complex number 7 € b.
A natural number F serving as floating point precision.
Output: The value n(7) within the floating point precision F.

n_ < 2;ng + 2;
N_ +5; Ny + T7; // to store the exponents of ¢ in the partial sums
1+ 2; // to store the previous used exponent of ¢

2mwiT,

g e D gn — ¢ // qn stores the values ¢"
n < 1 —q— gn; // n stores the current approximation of n(r)/qﬁ
while true do

s <« 1; // s stores the sign

if N_ < N4 then

Gn < qn-q" 74
if 2/ n_ then
s+ —1;
end if
<+ N_;
N_+— N_43n_+1;n_+n_+1;
else

Gn < qn - ¢V h
if 2¢n, then
s+ —1;
end if
|+ Ny
N+ %N++37’L++2; ny —ngy + 1
end if
nN<nN+S-qn;
if |gn| < 1077 then
return( qﬁ “n);
end if
end while

4.2 Efficient Computation of the Weber Function f,

We now turn to the Weber function f. Our three approaches to compute f2(7g)
are already mentioned in the beginning of Sect. Hl and are similar to the case
of the previous section. The task of determining the value f2(7g) is performed
by our three algorithms computeF2ViaProduct, computeF2ViaFourierSeries,
and computeF2ViaEta. We will see that using computeF2ViaEta is in practice
the most efficient approach.

Input of all three algorithms is the same as in the case of the n-function.
Each algorithm returns the value fo(7) within the precision F. The algo-
rithms computeF2ViaProduct and computeF2ViaFourierSeries are straight-
forward. However, computeF2ViaEta makes use of the equation fo(1g) =

V2 777]((2:5)). Then the main observation is that we can compute numerator and

denominator of this expression simultaneously; this is an obvious consequence
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of q(2r) = ¢ Hence we get our algorithm computeF2ViaEta(r,F) from
computeEtaViaEulerSum(7, F') if we change the following lines (7 stores the
current approximation of 7(27)/q12):

’ computeEtaViaEulerSum ‘ computeF2ViaEta ‘
n1—q—gn; N l-g—qn m1-0—aq;
1041+ 5 Gus NN+ gny e pts-og
return( ¢2s -7 ); return( v/2¢2s - )

Obviously computeF2ViaEta returns the value f2(7) within the precision F.
We compare the running times of all three algorithms for the reduced repre-
sentatives of C'(—21311) in the appendix. Further practical results are listed in
[BaiO1]. As in the previous section computeF2ViaEta seems to be the most ef-
ficient of our algorithms to compute f2(7¢g) for high precision F, i.e. F' > 2000.
However, according to our experiments the same holds for low precisions.

4.3 Efficient Computation of the Functions v, and j

Next we turn to the computation of the functions v, and j. The result of the
previous two sections is that we have to compare the running time of the compu-
tation of v by its Fourier series of Sect. [B.2]to the computation via the defining
equation (23) using the algorithm computeF2ViaEta. This yields our algorithms
computeGamma2ViaFourierSeries(7, F') and computeGamma2ViaEta(r, F'), re-
spectively. The input of the algorithms is the same as in the previous sections;
both algorithms return the value 42 (7) within the precision F. Furthermore, their
implementation is straightforward. Practical results for C'(—21311) are plotted
in the appendix. It turns out that computeGamma2ViaEta is more efficient in
practice.

Finally we regard the computation of singular moduli. As in the case of
the function v, we take two approaches into account: First we use algorithm
computeJViaFourierSeries(r, F'), which implements the computation of j(7)
by its Fourier series of Sect. Bl Second we make use of the definition (2:4)
and algorithm computeGamma2ViaEta(r, F'); this approach yields our algorithm
computeJViaEta(r, F'). The input of both algorithms is as above. The run-
ning times for the class group of discriminant A = —21311 can be found
in the appendix. Further practical results are listed in Table [[I Obviously
computeJViaEta is more efficient in practice. We remark that computeJViaEta
does not need any precomputation and storage of coefficients. Furthermore, it
only requires a small amount of main memory.

We conclude that the computation of the ring class polynomial of A =
—21311 using our efficient algorithm computeJViaEta takes about 5 minutes
on the SUN; hence the generation of elliptic curves suitable for use in cryptog-
raphy and having an endomorphism ring of class number 200 is feasible even
when using ring class polynomials. This is in contrast to the opinion in the cryp-
tographic community that using singular moduli does not yield an algorithm
for generating elliptic curves having complex multiplication by an order of class
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Table 1.

Total running times on the SUN of the two alternatives to compute all

hp(A) values j(T(qp,)) for (a,b,c) € C(A), b > 0. t, denotes the running time of
computeJViaEta, ¢y the running time of computeJViaFourierSeries.

l A ‘ h(A) ‘ hp(A) ‘ F ‘ t, in s ‘ tyin s ‘ ty/ts ‘
-21311 200 101 2234 290.10 486.86 0.59585918
-30551 250 126 2837 594.02 1068.57 0.55590181
-34271 300 151 3288 935.46 1765.62 0.52981955
-47759 350 176 3982 1808.78 3663.97 0.49366671
-67031 400 201 4809 2907.84 6235.32 0.46634976
-75599 450 226 5331 3792.89 8371.53 0.45307011
-96599 500 251 6104 5623.53 12827.73 0.43838855

number 200 and having reasonable practical running times. This becomes more
evident when realizing that our SUN platform is far from being high-end.
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A  Running Times

We present running times on the SUN for all our algorithms of Sect. ll to com-
pute the values 7(7q), f2(7q), ¥2(7q), and j(7g) for all reduced representatives
Q = (a,b,c) of C(—21311) with b > 0. We choose A = —21311 as A is the max-
imal imaginary quadratic field discriminant of class number 200. Namely, for
cryptographic purposes the German Information Security Agency [BSIO0] rec-
ommends to use imaginary quadratic field discriminants of class number > 200.

As explained in Sect.[3-I]the running time to compute the value for a reduced
representative (a, b, ¢) mainly depends on a. Hence we plot the running time as
a function of a. We use the floating point precision F' = 2234, which comes from

formula (3.9).
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Abstract. An algorithm given by Ambainis and Freivalds [1] constructs
a quantum finite automaton (QFA) with O(log p) states recognizing the
language L, = {a’| i is divisible by p} with probability 1 — ¢ , for any
€ > 0 and arbitrary prime p. In [4] we gave examples showing that the
algorithm is applicable also to quantum automata of very limited size.
However, the Ambainis-Freivalds algoritm is tailored to constructing a
measure-many QFA (defined by Kondacs and Watrous [2]), which cannot
be implemented on existing quantum computers. In this paper we modify
the algorithm to construct a measure-once QFA of Moore and Crutchfield
[B] and give examples of parameters for this automaton. We show for the
language L, that a measure-once QFA can be twice as space efficient as
measure-many QFA’s.

1 Introduction

For a background on quantum finite automata (QFA) and quantum computa-
tion in general, see Gruska’s monograph [B]. Roughly, two models of quantum
automata are current, the measure-once model due to Moore and Crutchfield
[2] and the measure-many model due to Kondacs and Watrous [2]. Essentially,
the former differs from the latter in that the quantum measurement is done
once only at the end of the processing of an input string. Though the limitation
to a single measurement limits the processing power of the automaton, it also
saves computing space - an essential practical advantage, considering that the
quantum computers of today have no larger than a few bits register. In this
spirit, the present paper investigates the space efficiency of QFA’s recognizing
the languages L, = {a’| i is divisible by p} where p is a prime integer. Our point
of departure is an algorithm given by Ambainis and Freivalds [I] to construct
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a measure-many quantum finite automata with O(logp) states recognizing the
language L, with probability 1 — ¢, for any € > 0. In [4] we showed by exam-
ples that the algorithm is applicable to quantum automata of very limited size,
though in general not small enough to be implemented on existing quantum com-
puters. In this paper we modify the algorithm to construct a measure-once QFA
of Moore and Crutchfield [3] recognizing L, and give examples of parameters for
this automaton. We show in particular that the language L, can be recognized
twice as space-efficiently by a measure-once QFA than by measure-many QFA’s.

2 Measure-Once One-Way QFA

A measure-once 1-way QFA [2] is a tuple U = (Q, X, 6, qo, F') where Q is a set
of states of finite cardinality n with a singled out starting state o € @ and a
subset F' C @ of accepting states, X is finite input alphabet with left end-marker
symbol ¢ and right end-marker symbol $ and § = 6(q, o, ¢’) is a unitary transition
function

0:QxXYxQ—C

representing the probability density amplitude that flows from state ¢ to state
¢’ upon reading a symbol o; the unitarity of ¢ is understood as the unitarity
of the n x n matrix T, defined by §(q, 0,q¢)q,qcq for every o € X. An input
string x = x129...2, € Y™ is read left to right; we assume all input ends
with the end-marker $, the last symbol read before the computation terminates.
At the end of a computation, the automaton measures its configuration and
outputs a probability of acceptance of the input string. The computation and
measurement are done as follows. The matrices T, act on n-dimentional com-
plex unit vectors |¥) € CU, the configurations of U. In the orthonormal basis
{la)},eq corresponding to the states g € Q of U,one writes [¥) =3 5 aq - |q),
quQ |04q|2 = 1, saying that |¥) is a linear superposition of (pure) states ¢ € Q.
The coeflicient oy is interpreted as the probability density amplitude of U being
in state g. Then, if U is in configuration |¥) and reads symbol o, it moves into
a new configuration

TO' |y7> - Z Qq - 6(Q7Ua q/) : |ql> 5

q,9'€Q

and hence, after starting in the state gy and reading a string x = z1xs ... Ty, its
configuration becomes |¥,) = T, T, _,...Ts |qo). The measurement is then
performed by a diagonal zero-one projection matrix P with P, = 1 if and only
if ¢ € F'; the probability of accepting the string z is defined as

pu(x) = (T| P|%,) = [|P|%,)]*.
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3 The Ambainis-Freivalds Algorithm for Measure-Once
Automata

Let p be a prime integer and consider the language L,, consisting of all words in
a single letter a of length divisible by p.

Theorem 1.1 For any € > 0, there is a QFA with O(logp) states recognizing
L, with probability 1-c.

Theorem 1.2 Any deterministic 1-way finite automaton recognizing L, has at
least p states. Generally, 1-way probabilistic finite automata can recognize some
languages with the number of states being close to the logarithm of the number
of states needed by a deterministic automaton; see [2] and [3]. However, this is
not the case with L.

Theorem 1.3 Any 1-way probabilistic finite automaton recognizing L, with prob-
ability % + ¢, for a fired € > 0, has at least p states.

Corollary 1.1 There is a language L, such that the number of states needed
by a probabilistic automaton is exponential in the number of states needed by a
1-way QFA. Complete proofs of the theorems are given in [1]. In this paper we
only relate the algorithm by which the automaton in Theorem 1.1 can be con-
structed and which was used to find examples given bellow. First, we construct
an automaton accepting all words in L, with probability 1 and accepting all
words not in L, with probability at most 7/8.

Let Uy, for k € {1,..,p — 1} be a quantum automaton with a set of states

= {90, Yacc}, @ starting state |go), F = {qacc}- The transition function is
defined as follows. Reading a maps |gg) to cos ©|qo) + @ sin ¢|¢ace) and |gaee) to
isin @|qo) 4 o8 ©|gace) Where ¢ = 27;#. The superposition of Uy, after reading a’
is cos( 7Tjk)|qo> + sm(Q’” %)|¢ace). Therefore, the probability of U, accepting a

is cos (27;)]]“) If j is divisible by p, then 27;;’“ is a multiple of 27, cos (27;3]“) 1
and, therefore, all automata Uk accept words in L, with probability 1. For any
word @’ not in Ly, at least == L of all Uy, reject aJ with probability at least 1
We call such Uy, “good”.

Next, we consider sequences of [8Inp] k’s. A sequence is good for a? if at
least % of all its elements are good for a’. There is a sequence, which is good for
all j € {1,..,p — 1}. This sequence is good for @’ not in L, with j > p as well
because any Uy returns to the starting state after o and, hence, works in the
same way on a’ and /™0,

Now, we use a good sequence k1, ..., k[ginp] to construct a quantum automa-
ton recognizing L,. The automaton consists of Uk, Uka , ... ;Uk[gmp) and a
distinguished starting state. Upon reading the left endmarker ¢, it passes from
the starting state to a superposition where |qo) of all Uy; have equal amplitudes.
Words in L, are always accepted because all Uy, accept them. Words not in L,
are rejected with probability at least %. Finally, we sketch how to increase the
probability of correct answer to 1 — ¢ for an arbitrary ¢ > 0. We do it by in-
creasing the probability of correct answer for each Uj. Namely, we consider an
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automaton U, with 2¢ states where d is a constant depending on the required
probability 1 — . The states are labeled by strings of 0’s and 1’s of length d :
Qo...00 , qo....01 and so on. The starting state is the state gg...gp corresponding to
the all - 0 string. The transition function is defined by

d
6(qzl...a:d7 a/) le...yd) = H 5(%01 bl a/) qyl )

Jj=1

The only accepting state is gp...go. The amplitude of |go) ® ... ® |g0) = go...00 in
this superposition is cosd(y). If j is a multiple of p, then this is 1, meaning
that words in L, are always accepted. For a’/ not in Ly, we call U}, § - good if it
rejects a/ with probability at least 1 — 8. For a suitable constant d, at least 1 —6
of all Uy, are good. Taking 0 = 5 and choosing d so that it satisfies the previous
condition completes the proof.

The idea of the proof may be visualised geometrically as follows. We mark
amplitudes of |gp) on one axis and amplitudes of |¢;) on another. The automaton
starts in superposition |qo) (see Fig. @ a°). As the letter a is read, the vector is

q

sin 3l _____ a’

ale-12
' a’ i

Fig. 1.

rotated by angle ¢, where ¢ = 2%’“. After rotation the end of vector is located
at point a'. Reading next letter a new rotation is performed and a? is reached
and so on. It is easy to see that the vector returns to starting state after reading
p a’s, hence, the automaton works in the same way on a’ and a/™°% and we
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can consider j € {0,..,p — 1}. The amplitudes of |qo) and |¢;) after reading a’
equals to vector projections onto the axes ¢g and ¢; respectively (Fig. O, dotted
line). Every input word is accepted with probability cos?(jp). It equals to 1, if
Jj is a multiple of p, and is less than 1 otherwise. So in the abstract L, can be
recognized even with one Uy, however, in fact ¢ approaches 0 as p grows and for
more and more j’s the number cos?(j¢p) is close to 1.

The main idea of the algorithm is thus to take several ki, ko, .., k, counter-
vailing bad cases of one another. In the instance shown in Fig.[2 k1 =1,k = 2
and p = 5. We can see that the input word a' will be accepted by U, with large
probability (a® in brackets) and will be accepted by U; with small probabil-
ity (a® without brackets). And vice versa with a® - Uy will accept it with large
probability, but Us with small. Using the two automata at a time, they mutually
correct “bad” probabilities and performs better than each of them individually.

qt

a? {al)

al(ah) O

a’ (at)

at (a?)

Fig. 2.

4 Examples of Parameters

Assuming the largest quantum computer built has seven bits of memory, none
of our examples may have more than 27 = 128 states. To implement each Uy
two states are needed - one accepting and one simple working state. Additionally
one starting state is necessary common for all Uy’s. So, if we arbitrary choose a
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sequence of [8Inp|Uy, as described before, then [8Inp]<128/2 = 64 and it follows
that p can not be greater than 2971.

However, we can choose shorter sequences of Uy and still obtain good results.
We denote by ¢ = 2?“ the smallest angle by which the rotation can be performed
after reading an input symbol /a/ and take it for unit angle.

1 2 p-1
2 4 2%(p— 1)y modp
p-1 2*(p—-1)modp {p— 1P modp
Fig. 3.

Let us examine tables of products modulo p, i.e. tables containing numbers
(i * ) mod p, where i is a number of row and j is a number of column. The k"
row of the table corresponds to automaton U and the j** column of the k"
row shows, by how many units the vector is turned away from the starting state
after j input symbols are read. Le. the 27"% row describes automaton which
superposition vector rotates by angle 21 = 22?“ (by 2 units) after reading every
input symbol /a/, and the 37"% column in this row shows that after reading 3
symbols /a/ the vector is rotated by angle 32 = 627” (6 units). For any language
L, (for any p) we aim to find a combination of automata Ug1, Uks, ..., Uks, such
that:

1. a number of automata in combination is as small as possible;

2. a probability of giving correct answer is as big as possible.

So we search for a sequence of rows 71,79, .., 7, in table such that the greatest
sum Ei:ln cos?(¢) * r;;) - the probability of accepting a word not in L, - is as
small as possible (r;; is the j** element of the i*" row, j € {1,...,p —1}).

To ease the search the table can be reduced as follows.

1. As (p—1i)-(p—j) =p? —ip—jp+ij =ij(mod p) the table is symmetrical
for center, and this means that rows ¢ and (p — ) are mirror displaying each
other.

Additionally, i(p — j) =ip — ij = —ij(mod p) so a; =p — ap—;.

ay a .- Ap.3 Apt
dy 1 dyp.z - =1} iy

Fig. 4.



Ambainis-Freivalds’ Algorithm for Measure-Once Automata 89

2. Since operation of multiplication is commutative, the table is also symmetri-
cal with respect to main diagonal and 1% assertion is also right for columns.
3. It is possible to notice in figures given above that U, accepts input words a;

and a,_; with equal probabilities. Indeed, cos%%) = cosQ(—2T,erj) =

M) Thus we can replace all the numbers greater than % by numbers

cos?(
\p
p—17.
4. Tt follows form statements 1 and 2 that the ¥ and the (p — i)™ rows will
be identical after replacement, and the same can be said about the columns.
For example, for p = 11 the table looks as shown in Fig. [

—_
ARRINS =] KRR =R

—_
~l| WO | M| g —| 0| &

—
OO WO ~N=®

—ry
O~ W 2o N
| = ~J| P D] W] O ) D

QW0 ~ D W) N =

—
PO = AN O W]~

W DWW =~ OM g
= MW kMO ~0OO0

[SIENELIEA Y IS ENES)
= nw B W K=

W M| = &&= MW

Bl W= AN O] =) W] R

| =[N W] o] =,

1 — | B RN W M =

Pl = AN =) W]

W NN = = Dgw

R W == W &N

= MW g W) R =

—_
K| & | 0 O] =| W | ~|w

Fig. 5.

So it is enough to consider the part of the table with row and column numbers

ranging from 1 to 1’2;1. We tint cells in the matrix, containing numbers r;; that

11 2| 3] 4 5

2| 4] 5 3 1

3| 5] 2] 1] 4

4| 3 1] 5 2

5/ 1] 4| 2| 3
Fig. 6.

we consider “bad”, i.e. having | cos(r;;1)| greater than some fixed constant J,
and search for combinations of rows, containing no columns with number of
tinted cells greater than % of number of rows. This guarantees that a sufficient
number of Uy’s gives the right answer with good probability after any number
of letters read.

It is very important to choose right constant J. If it is too big, amount of

check variants increases unnecessary, if the constant is too small - it becomes
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impossible to find any combination meeting the initial demands. In addition,
small § does not guarantee that the combination found will be successful, and it
is possible that taking greater ¢ allows finding a better combination.

Take, for example, p = 23 and § = 0.9. Taking k; = 1, ks = 2, k3 = 6 and
k4 = 10, the words not in L,, are accepted with probability at most 0.62579395.
If 6 = 0.8, this combination turn impossible, because 1*¢ column contains 3
"bad” cells. We construct a new automaton from 4 Uy’s, by adding a common
starting state to them. And since words not in L, are accepted with probability
greater than 1/2, even if p is as small as 23, we add another new state to our
automaton, so as word is rejected with some probability without reading any
letters. Thus the automaton accepts words not in L,, with probability less than
1/2, but words in L, - with probability greater than % So altogether we need
4%2+1+1 =10 states. The greatest p for which L, can be recognized with
deterministic or probabilistic automaton having at most 10 states is 7. However
a QFA can be constructed for much greater p’s.

Fig. 7.

For every prime p we search for a combination of 4 automata Uy, Uge, Ugs,
Uk4, represented by their numbers ky, ko, k3 and k4 such that the greatest
sum Z?:l cos? (¢ * k; x 7) (j € {1,...,257}) is as small as possible. The values
were calculated by computer. Results are shown in Fig. [8 In the first column
of table the values of p are given, the next 4 columns contain values chosen for
k1, k2, ks and k4, and the last - probability of getting a correct answer from the
new automaton. So every row of the table means: ”If prime p is given, then
to recognize language L, 4 automata Uy should be taken. The first automaton
rotates by kq units after reading every input symbol, the second - by ks units, etc.
The automaton constructed in such way recognizes language L, with probability
given in last column.”

Example, if p = 23, then the automaton composed from Uy, Us, Ug and Uy,
will accept words in Loz with probability 0.687103025 and will reject words not
in Loz with probability at least 0.687103025. We can notice that as p grows, as
probability of correct answer decreases. Enlarging a number of U} s can increase
it. The table shown in Fig. @lis analogical to that in Fig. 8, though now six Uy’
are combined. We can see that the probability of the correct answer is greater
that in case of 4 k’s, but the amount of states needed is increased and we need
6*2+2 = 14 states instead of 10. To show better the relationship between number
of states and the probability, we use following characteristic. If n rows are chosen
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P | ki | k2 | ks | ki | Probability
23 | 1| 2 | 6 | 10 | 0.687103025
41 | 1] 3| 8|18 065570011
47 | 3 | 4 |16 | 21 | 0.653772575
53 | 2 [ 18| 22| 23 | 0.648914555
61 | 3 | 7 | 22| 30 | 0.640072135
67 | 2 | 8 | 9 | 31 | 0.639009085
71 | 8 [ 10| 33| 34 | 0.63593091
73 | 3| 7 | 8| 30| 0633975595
79 | 26 | 34 | 36 | 39 | 0.628642435
101 | 4 | 6 | 17 | 49 | 0.620153905
239 | 119]117 [ 100 65 | 0.586297676
541 |270] 11 | 29 [122| 0.56089205
1223|611 8 | 69 | 188| 0.54200882

Fig. 8.

from the table and we select an arbitrary column in these rows, then the rows
corresponding to numbers in column, contain all the same combinations as initial
rOwsS.

p k1 kg k3 k4 k5 kﬁ Probablllty
41 1 2 6 9 |13 | 18 0.69159491
47 1 6 8 |10 | 13 | 22 0.68688036
79 1 |23 27 | 31 | 36 | 38 0.6716339
2391 3 | 116|104 | 39 | 105 | 82 0.63069038

Fig. 9.

Example, p = 23, we choose rows 1,2,6 and 10. Then we select any col-
umn, let’s say 7t". The column contains numbers 1,4,7 and 9. Now, if we take
15t 4" 7" and 9*" row, that the columns contain the same combinations as
rows 1,2,6 and 10 (Fig. [10)).

Thus we can get % different automata, which have the same probability
of correct answer but have different “worst” words. It is possible to construct
a new automaton as combination of two such automata. The new automaton is
two times bigger, but has better probability.

Example. p = 1223. We use for combination the example given above, and
after that make the combination from result of the first. Thus we make an au-
tomaton with 18 states from two automata having 10 states each, and then an

automaton having 34 states from two automata with 18 states. Automata con-
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1 304 6178|9101
2 Bl 8|10 187|531
G115 | 1|7 |1004]|2|8]9]3
w3764t |MM2|8]|5
1M 2 3 50 6] 7| 8] 8| 10] M
40 8] 1 3l 1] 5 9|10
Tl 9] 2| 5 11 4| 3/ 10| 6
al 5 1o 1 8 g 311y 2 7
Fig. 10.

structed in such way are far from being optimal, but this method is easy to use
and it gives certain improvement of probability. Overall these examples show,

8 | 69| 128 611 0.54200882
8 | 69| 128 | 253 | 266 | 379 | 553 | 611 0.598063209
B |30 a1l | 69 | 159 | 188|233 | 266 | 273 | 379 | 471 [ 480 | 497 | 504 | 253 | &1 0651735868

—

Fig.11.

that, by increasing number of states, it is possible to construct a quantum au-
tomaton giving the correct answer with large probability. On the other hand,
if we acquiesce in a smaller probability, we can reduce the size of automaton
notably. And finally, all the examples show that quantum automata can be very
space-efficient. The automaton in last example has 34 states, and it recognizes
L1223 with probability 0.65173586. At the same time, any deterministic or prob-
abilistic automaton recognizing this language has at least 1223 states.

We can see also that the measure — once quantum finite automata is about
2 times more space efficient than corresponding measure — many automaton
because of its simple construction. Indeed, every Uy for measure — once has 2
states while for measure — many automata 4 states are needed.
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Abstract. A mathematical model of a knowledge representation
system (KR-system) is proposed. Its prototype is the concept of an
information system in the sense of Z. Pawlak; however, the model is,
in fact, a substantial extension of the latter. In our model, attributes
may form an arbitrary category, where morphisms represent built-in
functional dependencies, and uncertainty of knowledge is treated in
terms of category theory via monads. Several notions of simulation
are also considered for such KR-systems. In this general setting, the
semiphilosophical problem mentioned in the title, still open, is given a
precise meaning.

Keywords: complete information, fuzzification, knowledge representa-
tion system, simulation, uncertainty

1 Introduction

1. Z. Pawlak introduced his notion of information system in late 70’ies [L3].
Various versions of this notion has been given other names; probably, the best
known terms are ‘attribute system’ and ‘knowledge representation system’ (see
[12]2]). We choose here the traditional term and adopt the later one for our
general systems in the subsequent section.

A deterministic information system is a system of the form (Ob, At, Val, f),
where

— Ob is a non-empty set of objects,
— At is a set of their attributes,
— Val is a family (Val,,a € At) of sets: each Val, is considered as the set of

values of a,
— fis a function Ob x At — |J(Val,: a € At) such that f(o,a) € Val,; it is
called the information function.

Supposing that the information function here might be of type
Ob x At — U(Po(Vala): a € At)

and satisfy the condition f(o,a) C Py(Val,), where Py(X) stands for the set
of nonempty subsets of X, we come to a wider class of information systems

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 94-{105] 2001.
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which contains also nondeterministic ones. Formally, any deterministic informa-
tion system can be regarded as a complete system of this kind with each f(0,a) a
singletone. With this in mind, we shall further discuss only these general systems.

2. Now a question can be posed as to whether there exist essentially indetermin-
istic information systems. The easy answer is negative; however, it makes sense
to state the problem more formally and to examine some details of its solution.

Let S := (Ob, At,Val, f) and S’ := (O, At',Val’, f') be two information
systems. Intuitively, S’ contains more information than S if the objects of S
can be modelled by those of S in the following sense: there are

— a mapping m: Ob — Py(OV’) representing each object from Ob as a (fusion
of a) collection of objects of S’.

— a function I: At — At’ which codes each attribute of S by an attribute of
S,

— a family X of functions A,: Val’I(a) — Val, which interprets in S values of
these codes in S’,

such that, for all o € Ob and a € At
flo,a) = {\(v): v € f'(0,I(a)) for some o € m(o)} . (1.1)

In particular, if At C At/, Val,, C Val,, and T and )\, are all the identity
mappings, then (L) amounts to

flo,a) = J(#'(d,a): o' € m(o)) .

We could consider a more general concept of modelling, where I interprets
At into Py(At’) and each A, is a function of type [[(Valj: b € I(a)) = Val,.
Alternatively, the subsets of attributes we are interested in could be included in
At as additional elements (“complex attributes”); in doing so, some structure
on At should be introduced. This is the way we proceed in the next section, but
these refinements are not relevant to the present discussion.

Our problem can now be stated as follows:

are there information systems that cannot be modelled by a deterministic
one?

As we noted above, the answer is negative. Indeed, let S = (Ob, At, Val, f) be an
information system. Put Ob’ to be the set of all maps ¢: At — |J(Val,: a € At)
such that ¢(a) € V, for all a € At, and define the function [ on Ob x At
by f(p,a) := ¢(a). Then 8’ := (O, At,Val, f') is a deterministic information
system. Given an object o € Ob, denote by m(o) the subset {¢ € OV ¢(a) €
f(a,0) for all @ € At}. If I and all A, are the identity selfmaps on At and Val,
respectively, then the triple (I, A\, m) shows that S is modelled by S’.
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3. Our aim in this paper is to call attention to this “determinability” problem
in a maximally general setting, in which case it could have a negative answer as
well. Towards this end, we propose a rather general concept of an information
system (renamed below a knowledge representation, or KR-system), which is
described in terms of category theory. Consider At as a discrete category, Val as
an At-shaped diagram in the category of sets 8, and Ob as an object of §. For
each a € At, the function f induces a family f* of mappings f,: Ob — Py(V,)
by fu(o) := f(o,a). Then (At,Val, Ob, f*) is an extremely simple example of
an extended knowledge representation system. The basic definition (Def. [) is
motivated even by likewise rearranged deterministic information systems.

Aside from this introduction, the paper consists of three sections. In Sect.
2, we introduce the concepts of a (deterministic) KR-system over an arbitrary
category C and a simulation for these systems, and show that KR-systems form
a category if simulations are taken for morphisms. We also discuss here the
intuitive meaning of our abstract definitions. KR-systems admitting uncertainty,
or fuzzy (in a wide sense of the term) systems are considered in Sect. 3. Formally,
they are deterministic KR-systems over the Kleisli category of C w.r.t. some
monad, and uncertainty becomes apparent only when they are reinterpreted
relatively to Citself. At last, Sect. 4 contains a precise statement of the mentioned
problem and some related preliminary results.

In this introductory paper we primarily tried to elaborate the very concepts
of a (model of) knowledge representation system and simulation. The presented
results, all without proofs, are mainly technical or illustrative. The reader is
supposed to be familiar with the basic notions of category theory, such as a
functor, a natural transformation, a (co)limit of a functor, a monad, and is
referred to [BI1I15] for further information on these matters.

2 Knowledge Representation Systems

1. Let C be some category.

Definition 1. By an knowledge representation system, or just KR-system (rel-
atively to C) we mean a quadruple S := (A, V, S, II), where

— A is a small category (with the object set |A|),

— V is a contravariant functor from A to C that respects colimits (i.e. take
them into limits in V(A)),

— S is a C-object, and

IT is a cone (m,: S — V(a)),a € |A]) in C to the base V.

Let us shortly discuss the intuitive meaning of this formal scheme.

Intuitively, the objects of A are attributes which the system S “recognises”,
and V assigns to every attribute a a C-object V, := V(a) interpreted as the
stock of possible values of a. An arrow from a to b in A indicates that a depends
on b (see below). If b € A is the colimit of some diagram D in A, then we may
think of the attribute b as a complex attribute “consisting” of the nodes of D
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as interconnected components. It is, then, natural to regard that the value of b
is completely determined by the values of these components. This is why V was
required to respect colimits of A.

As usual, attributes in A are thought of as attributes of certain objects or
(to avoid misunderstanding of the term ‘object’ in the present context) entities.
Following the tradition of Pawlak’s information systems, the object S should
be considered as the object of these entities. We prefer a somewhat different
interpretation; namely, we call S the object of knowledge states, each state being
considered as representing a more or less complete description of an entity. Ac-
cordingly, each value, attached to the corresponding attribute, is then thought
of as a restricted piece of knowledge admitting a direct access “by name”. To
put this another way, the possible queries to a KR-system are supposed to be of
the kind “What is the value of this attribute?”.

In this paper we do not discuss relations between a KR-system and the world
of entities. In particular, the question whether the chosen system of attributes
is sufficient to separate entities does not concern us here; we avoid entities from
the following discussions at all (the only exception is at the beginning of the
final section).

The projection 7, provides the potential value of a (the answer to the query)
in a given state of the system. Since IT is a cone, if « is an arrow from a to b,
then values of a can be calculated from those of b in virtue of the corresponding
C-morphism & := V(a): V;, = V,.

What about the possibility to get to know values of several attributes simul-
taneously? Let us call a set A of attributes compatible if there is an attribute
b and a set of coordinated arrows to b from each a € A: then the values of all
a’s can be consistently calculated from the values of b. More precisely, if A4 is
the embedding functor of the full subcategory of A spanned on A into A, then
A is compatible if and only if there is a cone from A, to b (some authors call
such cones cocones). We postulate that the query ”What are the values of at-
tributes in A?” does not make sense for the given KR-system if the set A is
not compatible in the system. Thus the category of attributes should to be rich
enough.

We call the attribute category A (finitely) saturated if every (finite) compat-
ible set of attributes is presented by a complex attribute, i.e. if every functor
A, with A (finite and) compatible has the colimit. In particular, then A has an
initial element.

2. This informal semantics becomes very suggestive in the case when C is the
category of sets. However, the described interpretation of A-arrows then actually
brings about the restriction that each morphism set A(X,Y") should contain at
most one arrow (see (Z2)) below), i.e. that A should be merely a preordered set.

Suppose that S := (A, V,S,IT) is a KR-system relatively to 8. A (full) de-
scription is defined to be a function d on |A| that assigns an element of V, to
every attribute a so that

d(a) = G (d(b)) (2.2)
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for every arrow a: a — b. We can associate with any state s € S the description
ds defined by ds(a) := m,(s); thus, the cone P might be replaced by the family
(ds: s € S). Conversely, any family (d¢: ¢t € S”) of descriptions gives rise to a
KR-system (A, V, S, IT"), where 7}, (t) = di(a).

Now let K := {(a,u): a € |A|,u € V,} be the set of all pieces of knowledge
directly available in S (see above). We say that a piece (a,u) is less informative
than (b,v) (in symbols, (a,u) < (b,v)), if there is an arrow a: a — b in A with
u = W (v). The relation < is a preorder on K; for the sake of the simplicity we,
however, assume in this informal discussion that it is an order. We are going to
show that, under certain natural conditions, the poset K can be endowed with
a kind of entailment relation in the sense of [3]; the details, however, will be
omitted.

Some authors call a poset a domain if it is finitely bounded complete, i.e.
if every finite subset of it bounded from above has the least upper bound. The
empty subset is not excluded; so a domain has the bottom L. Now, if A is finitely
saturated, then the poset K is a domain. We assume that it is the case.

Let as define the forcing relation |- on S x K is by

s|F(a,u) = ms(a) =u .

A simple axiom checking shows that then the pair (S, |I) is a possible world space
for K in the sense of [3]. Hence, the relation |= naturally defined by

(b,v) = (a,u) iff Vs(s|F(b,v) = s|H(a,u))

is an entailment on K (see [3, Proposition 3]).

If A is even saturated, then the domain K is bounded complete, hence, a
meet semilattice, and can be equipped with the knowledge revision operation
along the lines of Sect. 6 in [3].

3. Next we describe the concept of simulation for our abstract KR-systems.

Definition 2. Let S := (A, V,S,II) and S" := (A, V', S'I") be two KR sys-
tems. A simulation of S into S’ is a triple m := (I, A\, m), where

— I is a functor A — A’ that preserves existing colimits,
— X is a contravariant natural transformation V'I — V| viewed as a family of
C-morphisms

()\G:VI/(a) — Va, a € |A|)

such that every arrow a:a — b from A yields the identity
Vi) Ay = A V'(I()) (2.3)
— m is C-morphism S — S’ such that
Ta = Xa Mgy M (2.4)

for alla € A.
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We say the S’ simulates S if there is a simulation of S into S’, and that the
systems are equivalent if each of them simulates the other. Of course, equivalent
systems need not be isomorphic.

Proposition 1. KR-systems and their simulations make up a category, the
composition of simulations being defined componentwise.

We denote this category by KR(C), or just KR if misunderstanding is not
likely. Given a subcategory X of KR, we call a KR-system S from X

— reduced in X if the cone II is separating: any two parallel K-morphisms ¢
and v to S coincide whenever m,p = w1 for all a € |A|,
— undversal in X if every KR-system from X is simulated by it.

Note that a universal system in this sense may be not universal in the sense of
category theory: it need not be a terminal object of K. One reason for this is
that a terminal KS-system is always reduced. However, all universal systems are
equivalent.

4. We are now going to isolate certain interesting subcategories of KR in which
the definitions of a KR-system and simulation can be considerably simplified.
(Some special categories of Pawlak’s information systems are studied in [14].)

A frame over C is defined to be a pair (A, V) satisfying the two first axioms
of a KR-system. In particular, the pair consisting of the first two components of
a KR-system S is said to be the frame of S. Clearly, every frame is the frame
of an appropriate KR-system.

We denote by KR[A, V] the full subcategory of KR consisting of all KR-
systems having a fixed frame (A, V'), and of those simulations in which I is the
identity functor and X is the identity transformation. Then (2.3)) holds trivially.
We may regard the objects of KR[A, V] to be just pairs (S, IT) satisfying the last
two axioms of a KR-system, and morphisms to be just C-morphisms m satisfying
the correspondingly reduced version of (2.4)), i.e. the condition 7, = 7/, m. The
following simple category-theoretic observation is useful.

Proposition 2. The following statements are equivalent for a KR-system S :=
(S,II) from KR[A,V]:

(a) S is terminal,
(b) S is universal and reduced,
(¢) S is a limit of the functor V, and II is the corresponding limiting cone.

Therefore, if the category C is small-complete, then each KR[A, V] has a ter-
minal system. For example, if C = 8 and (ds: s € S) is a family of all descriptions
(relatively to (A, V)), then the KR-system (S, IT), where each 7, is defined by
7a(8) := ds(a), is terminal.
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3 Uncertainty in KR-Systems

1. KR-systems, as they were defined in the preceding section, seem to be de-
termined: every state completely determines values of all attributes. We shall
show in this section that KR-systems with uncertainty nevertheless fall under
the same formal scheme.

To this end, we fix some monad F := (F,n,u) over C. The functor F' is
interpreted as fuzzification (in a wide sense of the term). Thus, if C is the category
of sets, the object F'(X) consists of “fuzzy subsets” of X interpreted as available
“vague pieces of information” about, or “vague specifications” of, elements of X,
while the function F'(¢), where ¢ itself maps a set X into Y, transforms a vague
specification of, say, an element = € X into the corresponding vague specification
of p(x) € Y. The function nx := n(X): X — F(X) associates with each element
of X a “crisp specification” of this element; so such a specification is a particular
case of vague ones. At last, the function px := u(X): F(F(X)) — F(X) provides
completeness of F'(X) in the sense that a “vaguely specified vague specification”
over X always is a vague specification over the same X.

A useful derived notion related to monads is that of an extension map. Given
a C-morphism ¢: X — F(Y), its extension ¢*: F(X) — F(Y) is defined to
be the composition py F(y). Conversely, F(¢) = (ny¢)* and px = (ep(x))*,
where ey stands for the identity morphism of Y. One may view a C-morphism
p: X — F(Y) as an X-indexed family of specifications over Y, and a vague
specification over X as a specification over this family. Then (* converts such
a vague specified member of the family into a specification over Y. Thus the
extension map f is a counterpart of yu; in fact, the monad could be replaced by
the triple (F,n, ), where F is now treated merely as an object map.

This interpretation of monads is detailed, and an appropriate general math-
ematical theory of fuzzy sets is developed, in []. In particular, it is shown in
Sect. 1 of [8] that crisp, probabilistic, possibilistic and Zadeh’s fuzzy set theories,
as well as some other models of uncertainty, all come under this pattern. The
main result of [9] is that so does the theory of Goguen’s L-fuzzy sets. These ideas
come back to [1]; a brief account of them is given in the review [7]. See, however,
Sect. 7.2 of [5] for some criticism on, and modification of, this approach.

Following [8, Def. 4.4], we call the monad F consistent if the functor F' is
faithful or, equivalently, if all the morphisms 77x are monomorphisms. A monad
is interesting as a tool for fuzzification only if it is consistent (in 8, if F is
inconsistent, then no object F(X) contains more than one element). Accordingly,
in what follows we assume that F is consistent.

A morphism from X to F(Y) in C may be interpreted also as a fuzzy relation
between X and Y. Any morphism y: X — Y gives rise to such a relation x* :=
Ny @. We recall that the Kleisli category of F is the category Cp with the same
object class as C and morphism classes Cp(X,Y) := C(X, F(Y)). Composition is
given in Cp by 9 o ¢ := 9ty . Clearly, Cg reduces to C if I is the trivial monad.
There is a simple functor b: C — Cp defined by

H(X) =X, b(x):=x". (3.5)
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It follows from [6, Theorem V.6.2] that the functor preserves colimits, for it has
the left adjoint #: Cg — C which takes any Cp-object X into F(X) and each
Cg-morphism ¢ into ¢* ([6, Theorem VI.5.1]).

2. Now we turn to the category KR(Cp). Its objects, KR-systems over Cp, will
be reinterpreted as generalised KR-systems over C. This means, first of all, that
we still shall regard V,, rather than F'(V,) to be the stock of values for a. While a
KR-system in the previous sense (i.e. an object of KR(C)) can be regarded as as
a system with complete information, there are two different ways in which un-
certainty may appear in such a generalised system S := (A, V, S, IT). First, each
Ta, being a C-morphism S — F(V,), now provides vague information about the
values of the attribute a; this might mean that knowledge states in S, generally,
do not contain full information about entities (another possible explanation is
discussed in the next section). Second, values of a need not be completely de-
termined any more by those of b when there is an arrow from a to b: instead of
crisp functional dependencies between attributes fuzzy dependencies now may
appear.

For all that, this vagueness is apparent in some cases, as every KR(C)-system
T := (A, U, S, P) can be identified with the KR(Cg)-system T” := (A,bU, S, P"),
where bU is the composition of U with the functor b defined in (3H), and P’
is the cone (p*: S — bU(a)) (see Theorem [ below). Recall that b preserves
colimits; hence, so does bU as well, and T” is indeed a KR-system.

Definition 3. A KR(Cp)-system S is said to be (information) complete if it can
be presented as T° for some T from KR(C), and incomplete if otherwise.

3. We now give an example of an extended KR-system which was studied in
other connection in [I§].

Let Py be the (weak) powerset endofunctor of 8 defined as follows: If M is
a set, then Py(M) stands for the set of non-empty subsets of M, and if f is a
function M — N, then Py(f) stands for the mapping Py(M) — Po(N) defined
by

Po(f)(X) == {f(z):z € X} .
In fact, this endofunctor induces a monad P* := (Py,n, i), where 1y takes
every element x of M into the singleton {z}, and ujs takes a non-empty set U
of non-empty subsets of M into the union of U.

Let X and Y be nonempty sets, and let X* and Y* be the set of all words
(finite strings) over X, resp. Y. We first consider X* and Y* as posets, where
p < g means that the word p is an initial segment of ¢q. Hence, X* may be viewed
as a category in the usual fashion. This gives rise to a functor V: X* — 8, the
set Y() of all words from Y* of the same length as p being assigned to a word
p, and the mapping ini}: Y@ — Y(® guch that inif(b) is an initial segment of
b, to an arrow p — q.

A sequential ND-operator over [X,Y] (see [16], Def. I1.4.3]) is defined to be a
mapping ¢: X* — Py(Y™*) subject to the axioms
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- (Vg€ X*)p(q) CY@,
—(WpeX*)(Vacpp)(Vge X*)(p<qg=(IbeY")(a<b&bec v(q)),
-~ (Vge X*)(Vbep(q))(VaeY")(a<b= (Ipe X*)(p<q&a € p(p))).

According to Theorem II.4.1 in [T6], every such an operator characterises be-
haviour of an appropriate initial non-deterministic automaton (and conversely).
Let (ps, s € S) be a family of sequential ND-operators, and assume that, for each
g € X*, the function 74: S — Py(Y?) is defined by mq(s) := ¢s(q). The family
1T of all such functions is a cone from S to the functor Py V in the category of
sets. Now, the system (X*,V,S,IT) is a knowledge representation system with
respect to the monad Fy. It can be shown that this notion is equipollent with
that of non-deterministic automaton with a fixed subset of initial states. Note
that its attribute system X* is finitely saturated (in fact, even saturated).

4. The notion of simulation has also extended in KR(Cp). Indeed, related back
to C, a simulation of S into S’ consists of a functor I: A — A’, a natural C-
transformation A\: V'I — FV, and a C-morphism m: S — F(S’). Then the
identities (23)) and (Z4)) characterising simulations take the form

V()N = AV (I(0)) and  mq = A,* W/I(a)ﬁ m ,

respectively. We are now going to pick out some simulations of a special type.

Let S := (A,V,S,II) and S’ := (A",V', S, II') be two KR-systems from
KR(Cp). Suppose we are given a triple n. := (I, 5, n), where I is a functor A — A’,
2 is a contravariant natural transformation V'I — V and n is a C-morphism
S — §'. Suppose, furthermore, that A = »” (i.e. A, = s, for all a € |A|) and
m = n°. Then \ is a contravariant natural C-transformation V'I — FV and m
is a C-morphism S — F(S). We denote the derived triple (I, A\,m) by n”. Note
that due to consistency of F, the triple m is uniquely determined by n’.

Definition 4. The simulation m := (I, A\, m) is said to be strict if it can be
presented as n’ for some triple n.

It follows that S is simulated by S’ iff S is strictly simulated by the system
S = (A, V', F(S"), 1I'"), where IT'"* stands for the family (ﬂ',’lﬁ,a eA).

The following technical lemma gives a useful independent characteristic of
strict simulations. We note that the consistency of F is essential for the ’if’
direction in it.

Lemma 1. n’ is a simulation of S into S’ if and only if
V(a) s = F() V'(I(@) and 74 = F(5%a) Tygyn - (3.6)
For example, every KR(C)-simulation induces a strict KR(Cp)-simulation.
Suppose that T := (A, U, S, P) and T’ := (A’,U’, 8", P') are KR-systems from
KR(C) and that m := (I, 5, n) is a simulation of T into T". Then it follows from
the lemma that the triple n® is a strict simulation of T into T". Every strict
simulation between complete KR-systems arises this way.

Observe that strict simulations constitute a subcategory of KR(Cy) with the
same object class. Let us denote it by KRy(Cp).
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5. We sum up a part of the above discussion as follows.

Theorem 1. (a) Complete KR-systems and their strict simulations make up a
subcategory KR.(Cr) of KRs(Cp).

(b) The transformations T + T’ n — n’ yield a faithful functor KR(C) —
KRs(Cr). In fact, it is an isomorphism of KR(C) onto KR.(Cp).

To underline the described reinterpretation of the category XR(Cp) as the
category of fuzzy KR-systems relatively to C, we rename it into KR]F(C). More-
over, the category C will be supposed to be fixed in the rest of the paper, and
we usually shall omit the reference to it in notation of this kind at all.

We retain the previous definitions of a reduced, universal and terminal sys-
tem and a frame. Needless to say, all the observations made at the end of the
preceding section hold true in KRY. As to the available pieces of knowledge (when
C = 8), there are good reasons to consider now the wider set

K" :={(a,0): a € |A|,0 € F(V,)}

rather than K. In the light of the short discussion on K in Sect. 2.2 , investigating
the structure of K¥ seems to be of interest.

4 Is an Incomplete KR-System Substantially Incomplete?

1. In general, there is a suggestive analogy between KR-systems, on the one
hand, and quantum systems on the other: observables of a quantum system are
replaced by the attributes in a KR-system, and the probabilistic distributions
on the value set of an observable is a kind of vague specifications on the set.
Such an analogy between automata and quantum systems has been noticed as
early as in [10]; see also [4I17/18].

The famous hidden variables problem in quantum mechanics arises from at-
tempts to interpret quantum systems classically. The indeterminateness of such
a system could be explained this way: its states are thought of as probability
distributions on some hypothetical set of sharp, or deterministic, states, each of
which completely determines values of all observables. The essence of the prob-
lem, then, is to show that it is always possible to find additional parameters (the
hidden variables) which could operationally describe these deterministic states
and, hence, help to restore classical physics. It is known that the hidden vari-
able problem in quantum mechanics is solved negatively. See, e.g., [I7] for more
information.

One could try to explain incompleteness of a particular KR-system after
the same fashion. Our experience with Pawlak’s information systems in Sect. 1
shows that it may well be that an entire class of KR-systems admits a uniform
way to introduce “hidden variables”. On the other hand, experience of quantum
mechanics holds us back from being too optimistic in this respect. Moreover,
we should take into account the possibility that a KR-system with uncertainty
(traditionally called incomplete) is, in fact, complete in the sense that each of its
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states provides maximally full information about the corresponding entity: they
could be the entities themselves which actually have uncertain values of their
attributes.

2. We now move from this informal discussion to more precise formulations.

Let X be some subcategory of KR'. When speaking on simulation of a K-
system, we shall always have in mind its K-simulation (i.e., by another X-system,
and via a simulation from X).

Definition 5. A KR-system from X is said to be weakly complete in X if it is
simulated by a complete system. We say that K has enough complete systems,
or is uncertainty-free if every KR-system in X is weakly complete.

For example, the category of Pawlak’s information systems has enough com-
plete systems. Now we can state our principal question as follows.

Problem 1. Has the category KRY enough complete systems?
If it is not the case, then two other problems arise:

Problem 2. Characterise the uncertainty-free subcategories of KRY.

Problem 3. Find interesting examples of subcategories of KR that have not
enough complete systems.

The following observation on categories with universal systems is helpful
when C is small complete.

Proposition 3. If the category K has universal systems at all, then it is uncer-
tainty-free if and only if it has a complete one.

A bit more can be said about the category of KR-systems generated by a
frame.

Let (A, V) be some frame relatively to Cp. We assume that there is also a
frame (A, U) relatively to C such that V = bU. Obviously, this condition is nec-
essary and sufficient in order that KRF[A, V] could have complete KR-systems.
Note that a system S is universal in KRF[A, V] iff S is (see the paragraph just
after Def. 4 for this latter notation).

Theorem 2. The following holds for the category KR¥[A, V]:

(a) if KRY[A, V] has enough complete systems, then it has an universal system
if and only if so does KR[A, U],

(b) if 8 and T are universal systems in KR¥[A, V] and KR[A, V] respectively,
then KR]F[A,V] has enough complete systems if and only if S is equivalent
to T°.
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Best Increments for the Average Case
of Shellsort

Marcin Ciura

Department of Computer Science, Silesian Institute of Technology,
Akademicka 16, PL.-44-100 Gliwice, Poland

Abstract. This paper presents the results of using sequential analysis
to find increment sequences that minimize the average running time of
Shellsort, for array sizes up to several thousand elements. The obtained
sequences outperform by about 3% the best ones known so far, and there
is a plausible evidence that they are the optimal ones.

1 Shellsort

A well implemented Shellsort is among the fastest general algorithms for sorting
arrays of several dozen elements, and even for huge arrays it is not prohibitively
slow. Moreover, it is an adaptive method that runs faster on “nearly sorted”
arrays that often occur in practice. Published by D. L. Shell in 1959 [11], it is
one of the earliest sorts discovered, it can be easily understood and implemented,
yet its analysis is difficult and still incomplete.

Shellsort for N elements X0, ..., N—1] is based on a predetermined sequence
of integer increments 0 < hg,...,ht—1 < N, where hy = 1. In general, the
increment sequences can change with N, but customarily initial elements of
some infinite sequence are used for simplicity.

The algorithm performs t passes over the array: one pass for each increment
from h;_1 down to hg. The pass number ¢t — k sorts by straight insertion all the
subarrays that consist of elements hy apart: X[0,hg,...,.X[1,hr +1,...],...,
X[hi —1,2h;, — 1,...]. This way each pass involves sorting subarrays that are
either small or nearly in order, and straight insertion sort performs well in these
circumstances.

The number of operations made by the algorithm depends on the incre-
ment sequence, and indeed many sequences have been proposed and used. Ref-
erences [7I10] contain broad surveys of previous research on Shellsort. Theoreti-
cal analysis of its running time is, however, confined to worst case. The average
running time was susceptible to analysis only in cases that do not cover the
sequences used in practice [2J514]. Also, sequences of increments that minimize
the average running time of Shellsort were not known so far.

2 Sequential Analysis

Sequential analysis is a method of verifying statistical hypotheses developed by
Abraham Wald in the 1940s [I3]. Whereas classical statistical criteria fix the

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 106-[I17 2001.
© Springer-Verlag Berlin Heidelberg 2001
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size of the random sample before it is drawn, in sequential analysis its size is
determined dynamically by analyzing a sequentially obtained series of data.

Sequential analysis has been employed in fields, where sampling is costly,
for example drug investigation and destructive qualification testing of goods.
We use it to determine in reasonable time the best increments for the average
case of Shellsort. For example, suppose that we are interested in minimizing
C, the number of comparisons made by a five-increment Shellsort when sorting
128 elements. A good fairy tells us that there are only a few dozen sequences,
for whose the average number of comparisons EC' is less than 1005, and the
distribution of C for all of them, being inherently discrete, can be approximated
by the normal distribution with a standard deviation SC & 34. After all, EC <
1005 surely causes SC to be < opax = 40.

Using this information, we can construct a sequential test that acts like a low-
band filter and allows to shorten the time of computations by a factor of thou-
sands. We are willing to accept a good sequence when its EC < 6y = 1005 and
reject a bad one when, say, EC' > 6; = 1015. We consent to accidental rejecting a
good sequence with probability o = 0.01 and accidental accepting a bad one with
probability § = 0.01. With each sequence probed, we are running Shellsort on
randomly generated permutations and summing c¢;, the number of comparisons
made in the ith trial. We prolong the test as long as

o2 ﬁ 90+91 r 1-8  6o+6,
max 1 max 1
k= Oé z:: — 60, —

k = Tk.
91—90 — « + 2 "k

If the sum is less than ay, the sequence is accepted; if it is greater than rg, the
sequence is rejected; if it is between ap and 1, k gets incremented, ay and 7y,
are adjusted, and another trial is made.

The sequences that passed the test have biased estimate of the average num-
ber of comparisons, so it has to be evaluated again on some number of indepen-
dent permutations, but the vast majority of sequences (those with large EC) is
rejected in the test after just a few trials. Fig. 1 shows the mean and standard
deviation of the number of comparisons made by Shellsort using 790 sequences
that passed the test described above, evaluated subsequently in 10000 trials.

To make the sequential test fast, it is essential to choose 8y near the actual
minimal EC'. To estimate EC and SC of the best sequences in default of a fairy,
we can use a random sample of sequences that begin with increments known to
be good (more on good increments below).

If our assumptions are true, we should have missed no more than 1% of se-
quences with EC < 1005. In fact, the distribution of the number of comparisons
is not normal, but skewed (see Fig. 2 for a typical example). In an attempt to
compensate this asymmetry, the chosen value of op,,x is greater than the actual
standard deviations. Moreover, by the Central Limit Theorem, the sum of ¢;’s
obtained in independent trials tends to the normal distribution.

This reasoning can seem fallacious, as it involves knowing in advance, what
we are looking for [I], but in fact it is not. If there exists a sequence with EC' < 6,
and SC > o, the probability that it was accidentally rejected is less than 1/2
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in the symmetrical distribution model, and still less than one for any skewed
distribution. Therefore, when the search is independently run several times, the
sequence should pass the test at least once. It never happened in author’s search:
the standard deviation of the best sequences was always similar.

3 The Dominant Operation in Shellsort

Almost all studies of Shellsort treat its running time as proportional to the
number of element moves. It is probably because the number of moves can be
expressed in terms of the number of permutation inversions, and there are known
techniques for inversion counting. These techniques give satisfactory answers for
algorithms like insertion sort, where the ratio of the number of comparisons to
the number of moves approaches 1 quickly.

In Shellsort, the picture is different. Figures 3 and 4 show the average num-
ber of computer cycles per move and per comparison for 10 < N < 108.
They concern Knuth’s implementation of Shellsort for his mythical computer
MIX and several increment sequences: Hibbard’s (1,3,7,15,...) [3], Knuth’s
(1,4,13,40,... | 2hy < N) [7], Tokuda’s (hy = [(9()* — 4)/5] | Fhx <
N) [12], Sedgewick’s (1,5,19,41,...) [9], Incerpi-Sedgewick (1,3,7,21,...) [,
and (1,4,10,23,57,132,301,701) (up to N = 4000) [see below]. Knuth’s discus-
sion assumes that the running time can be approximated as 9 x number of moves,
while Figures 3 and 4 show that for each sequence the number of key compar-
isons is a better measure of the running time than the number of moves. The
asymptotic ratio of 9 cycles per move is not too precise for N < 108, and, if some
hypothetical sequence makes @(N log N) moves, it is never attained. Analogous
plots for other computer architectures would lead to the same conclusion.

Treating moves as the dominant operation leads to mistaken conclusions
about the optimal sequences. Table 1 leads us to believe that the move-optimal
sequence is Pratt’s one (1,2,3,4,6,8,9,12,...) = {237} [§], with @(log2 N)
passes. However, the best practical sequences known so far are approximately
geometrical, so they make @(log N) passes. Also, a recent result [6] is that if
there is a sequence that yields Shellsort’s average running time ©(N log N), it
has to make precisely ©@(log N) passes.

Compare-optimal sequences seem to make @(log N) passes. It is illustrated
in Tables 1 and 2 that show the best sequences of various length for sorting
128 elements, obtained in the above described way with respect to the average
number of moves and comparisons. In Table 1, there are no empirical sequences
with more than 12 increments, since finding them would take too much time,
but hopefully the point is clear. In Table 2, the difference between the last two
lines is within possible error; sequences with more than six increments do not
improve the results.

In fact, concentrating on the number of moves, we can obtain sequences that
are good for practical purposes, but we have to guess an appropriate number
of passes for a given N, lest they be too ‘stretched’ or too ‘squeezed.” When
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Table 1. Move-optimal sequences for sorting 128 elements

Increments Moves Comparisons MIX time
1 4064.0 4186.8 37847

18 1280.2 1506.2 13958

1417 762.80 1090.69 10422.4
14924 588.25 1018.74 9956.9
1371535 506.56 1032.39 10256.0
137122051 458.18 1071.99 10761.8
1341015 28 47 427.43 1151.14 11625.6
125713223356 405.20 1220.71 12393.3
1346111826 35 56 389.36 1308.48 13323.4
1235812182741 75 375.70 1390.80 14301.2
1235812182738 59 84 365.83 1440.45 14717.1
1234611141827376286  357.63 1545.17 15793.3
12346891216 18...96 108 338.08 2209.59 22700.4

Table 2. Compare-optimal sequences for sorting 128 elements

Increments Comparisons Moves MIX time
1 4186.8 4064.0 37847
19 1504.6 1280.7 13945
1417 1090.69 762.80  10422.4
14938 1009.75 598.90 9895.0
1492485 1002.22 538.06 9919.9

1492485126 1002.25 535.71 9933.2

working with comparisons, at least choosing the number of passes too high does
no harm.

4 Further Enhancements to the Method

The investigations were begun for small NV and a broad range of sequences with
2 < h; <10and 1 < hg/hr—1 < 4 for k > 1. It turns out that the best
sequences had hy € {4,5} and hy/hr—1 € (2,3), for k > 0; except perhaps
the last increments, where a larger value of hy/hg_1 is sometimes better. Also,
having hy4+1 mod hy = 0 is always a hindrance.

The smallest increments are stable among the best sequences with a maximal
t for various N. Indeed, for N greater than a few dozen, the best sequences are
(1,4,9,...), (1,4,10,...), (1,4,13,...), (1,5,11,...). A few other beginnings are
also not bad, yet consistently worse than these four. The increment h3 crystal-
lizes when N = 100, and the top sequences are (1,4,9,24,...), (1,4,9,29,...),
(1,4,10,21,...), (1,4,10,23,...), and (1,4,10,27,...).



112 M. Ciura

As N grows, the feasible values of the remaining increments show up, too:
given (hg,...,hk—1), there is always a small set of good values for hy. Fig-
ures 5 and 6 show the average number of comparisons made by sequences be-
ginning with (1,4, 10,23) and (1,4, 10,21) when sorting 300 and 1000 elements
as a function of hy.
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Thus, we can speed the search up, considering only the sequences beginning
with these increments, and imposing more strict conditions on the remaining in-
crements. The author would like to stress that he took a conservative approach
and checked a much wider fan of sequences. It was seeing some patterns con-
sistently losing for several N’s that encouraged him not to consider them for
a greater number of elements.
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5 The Results

The size of this paper limits the author to present only a digest of his numerical
results. Table 3 shows the best sequences of length 6-8 for sorting 1000 elements,
and, for some increments, the best sequences beginning with them. The omitted
sequences differ only with the biggest increments from those shown. However,
there is a chance that some sequences that should be on these lists were acci-
dentally rejected in the sequential test.

Table 3. The best 6-, 7-, and 8-pass sequences for sorting 1000 elements

Increments

Comparisons

1413 3285290
14133285284
15113081 278
15113081277

13059.0 £ 195.9
13060.4 £+ 196.3
13061.5 +198.2
13063.1 £ 201.2

14 10 23 57 156 409
1410 23 57 155 398
1410 23 57 156 401
(21 seq. omitted)
1410 21 57 143 390
(14 seq. omitted)
14 10 21 56 125 400
(22 seq. omitted)
14 92458 153 396

12930.4 £ 157.5
12931.7 £ 157.5
12932.4 £ 157.6
12936.8 £ 157.9
12938.5 £ 157.0

12940.3 + 158.9

1410 23 57 156 409 995
1410 23 57 156 409 996
1410 23 57 155 393 984
(98 seq. omitted)
141021 56 135 376 961
(18 seq. omitted)
1410 21 57 143 382 977
(735 seq. omitted)
141023 61 154 411 999
(366 seq. omitted)
1410 23 58 135 388 979
(278 seq. omitted)
14 92458 153 403 991

12928.9 £ 158.1
12929.0 £ 157.2
12929.1 £+ 156.9
12931.9 £ 155.8
12932.1 £ 156.2
12936.6 = 159.9
12937.9 £ 155.5

12938.6 = 158.1

As the greatest increments play a minor role in the overall performance of
a sequence, the author abandoned the idea of finding truly optimal sequences
up to the greatest increment for greater NV, and concentrated instead on finding
the feasible values of the middle increments.

To this end, 6-increment beginnings perform best for N = 1000, 2000, 4000
were selected. For each of them, all the sequences with hg € (2hs,3hs) and
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h7 € (2hg,3hg) were generated. For each of the 8-increment beginnings ob-
tained, 100 random endings hg € (2h7,3h7), hg € (2hg, min(3hg,8000)) were
drawn. The sequential test was then run for each 10-increment sequence for
N = 8000. The percentage of (hg, hg) endings that passed the test was recorded
for each (ho, ..., h7). The top 8-increment beginnings were re-examined in 10000
independent tests.

Table 4. The best 8-increment beginnings of 10-pass sequences for sorting 8000 ele-
ments

Increments Ratio passed

14102357 132 301 758  0.6798
1410 23 57 132 301 701 0.6756
141021 56 125 288 717  0.6607
14102357 132301 721  0.6573
14102357132 301 710  0.6553
14 92458129 311739  0.6470
14102357 132313 726  0.6401
1410 21 56 125 288 661 0.6335
141023 57 122 288 697  0.6335

From limited experience with yet larger array sizes, the author conjectures
that the sequence beginning with 1,4, 10,23,57,132,301, 701 shall turn up opti-
mal for greater N.

6 Why Are Some Sequences Better than Others

It seems that some sequences are better than others on the average not only due
to a good global ratio hy41/hk, but also because they cause less redundant com-
parisons, that is comparisons between elements that have already been directly or
indirectly compared, which depends on local interactions between passes. Tables
5 and 6 show the average number of comparisons C; and redundant comparisons
R; in each pass for two increment sequences.

Some heuristic rules on good sequences can be deduced from the observation
that the subarrays sorted in each pass are quite well ordered and the elements
move just a few h on the average in each h-sorting, as exemplified in Fig. 7.

Let’s consider hy41 expressed as a linear combination with integer coefficients
of hi_1 and hy. Patterns like these on Figures 5 and 6 can be forecasted to some
extent using the following rule: if there is a solution of the Diophantine equation
hi+1 = ahy +bhi_1 with a small value of |b|, say < 5, then this hgy1 is certainly
not a good choice. The value of b in analogous expressions with small multiples
of hi41 on the left side is nearly as much important.

The distribution of the distance travelled in a given pass is similar for all the
elements far enough from the ends of the table. The order of two elements that are
hi41 apart after hy4q-sorting is known. In subsequent pass both elements move
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Table 5. Average number of comparisons and redundant comparisons for Shellsort
using the sequence (1, 4,10, 23,57,132, 301, 701,1750), for N = 40, 400, 4000

he O R, 1750 2570+ 10 0

701 5200 + 40 0

301 99 0 301 6740 + 70 0
b c; R, 132 334+ 6 0 132 7720 £ 110 T+ 4
57 543 + 14 0 57 8410+ 180 90+ 20
23 17 0 23 720427 26423 23 90204190 370+ 50
10 4134+ 2.6 0 10 792+38 41+ 14 10 8570+ 130 840+ 60
4 624+ 55 3.3+23 4 809433 158+24 4 83104100 1880+ 90
1 90.8+10.5 25.0+7.6 1 976+41 354+ 33 1 9830+ 140 3700 + 120
Y 211.5+12.1 283487 ¥ 4274473 557451 X 66370 + 430 6890 + 220

Table 6. Average number of comparisons and redundant comparisons for Shellsort
using Knuth’s sequence (1,4, 13,40, 121, 364, 1093), for N = 40,400, 4000

hk C@ Ri

hi  Ci R, 1093 4480+ 30 0

364 7430+ 50 0
I c; R; 121 401+ 7 0 121 9850+ 170 560+ 40
40 713+ 21 0 40 11930 + 310 1470 =+ 120
13 364+ 1.9 0 13 984+ 51 53+16 13 14860 = 930 2160 % 280
4 740+ 7.1 002402 412234116 164 + 54 415050 £ 770 3530 =+ 460
1 98.4+13.0 22.7409.2 11092+ 47 376 + 44 1110204+ 40 4100 % 100
£ 2088+ 15.5 22.74+9.2 ¥ 44134153 593 + 81 X 74620 + 1800 11510 £ 780
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Fig. 7. Distance travelled by elements in subsequent passes of Shellsort using the se-
quence (1,4,10,23,57,132,301,701,1750) for sorting 4000 elements
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a few hy to the left or to the right, and then their distance is d = hy1 + ahy.
If d turns out to be a multiple of hi_1, then they are redundantly compared
again in subsequent hj_1-sorting.

Unfortunately, the interdependence between the quality of a sequence and
the solutions of equations hyy1 = aghy + ... + ajhi—; becomes more and more
obscure as [ grows. However, there is some evidence that in good sequences
the norm of the shortest vector-solution (ag,...,q;) for fixed I asymptotically
grows as we move on to greater increments. It seems to exclude the possibility
that the optimal uniform sequence can be defined by a linear recurrence with
constant coefficients or by interleaving such sequences. See Fig. 8 for a plot
of average number of comparisons made by Shellsort using various increment
sequences. Both Knuth’s and Hibbard’s sequences are relatively bad, because
they are defined by simple linear recurrences. The Sedgewick’s sequence that
consists of two interleaved sequences defined by linear recurrences, also becomes
to deteriorate for N > 106.
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Fig. 8. Average number of comparisons divided by lg N! for Shellsort using selected
increment sequences

7  Summary

Using sequential analysis, the search for optimal increment sequences for Shell-
sort was accelerated enough to find them for arrays up to several thousand
elements. The obtained results show that comparisons rather than moves should
be considered the dominant operation in Shellsort. It was also possible to state
some heuristic rules about good sequences of increments.
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However, the sequences obtained so far are too short to draw a reliable

conclusion whether an appropriate sequence of increments can make Shellsort
a O(N log N) sorting method on the average. Some hypotheses may be possible
when the sequences are prolonged to sort arrays of about 10° elements.
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Abstract. A cocolouring of a graph G is a partition of the vertex set of
G such that each set of the partition is either a clique or an independent
set in GG. Some special cases of the minimum cocolouring problem are of
particular interest.

We provide polynomial-time algorithms to approximate a mimimum co-
colouring on graphs, partially ordered sets and sequences. In particular,
we obtain an efficient algorithm to approximate within a factor of 1.71 a
minimum partition of a partially ordered set into chains and antichains,
and a minimum partition of a sequence into increasing and decreasing
subsequences.

1 Introduction

A cocolouring of a graph G is a partition of the vertices such that each set of the
partition is either a clique or an independent set in G. The cochromatic number
of G is the smallest cardinality of a cocolouring of G. The cochromatic num-
ber was originally studied in [18]. Subsequent papers addressed various topics
including the structure of critical graphs, bounds on the cochromatic numbers
of graphs with certain properties (e.g., fixed number of vertices, bounded clique
size, fixed genus) and algorithms for special graph classes (e.g., chordal graphs
and cographs) [1[46[7J8TT12/20].

In this paper, besides cocolouring of graphs in general we study cocolour-
ings of permutation graphs, comparability graphs and cocomparability graphs.
The cocolouring problem on permutation graphs is equivalent to the cocolouring
problem on repetition-free sequences of integers (one may assume a permutation

* The work of the first author was done while he was at the Centro de Modelamiento
Matemaético, Universidad de Chile and UMR 2071-CNRS, supported by FONDAP
and while he was a visiting postdoc at DIMATIA-ITI partially supported by GACR
201/99/0242 and by the Ministry of Education of the Czech Republic as project
LNO00AO056. Also this work was supported by Netherlands Organization for Scientific
Research (NWO grant 047.008.006.)
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of the first n integers) which has the following motivation: if one has to sort
such a sequence, it is desirable to have a partition into a small number of sets
of already sorted elements, i.e., subsequences which are either increasing or de-
creasing. Now the minimum number of monotone subsequences partitioning the
original sequence is exactly the cochromatic number of the permutation graph
corresponding to the sequence. This problem was studied in [2]21].

Wagner showed that the problem “Given a sequence and an integer k, decide
whether the sequence can be partitioned into at most k£ monotone (increasing or
decreasing) subsequences” is NP-complete [21]. In our paper we provide a first
constant-factor approximation algorithm for cocolouring sequences. More pre-
cisely our algorithm approximates a minimum cocolouring of a sequence within
a factor of 1.71.

In fact we derive our 1.71-approximation algorithm for the minimum co-
colouring problem on comparability (or cocomparability) graphs. This problem
is equivalent to the cocolouring problem on partially ordered sets, i.e. the prob-
lem to partition a partially ordered set P into a minimum number of subsets
each being a chain or an antichain of P. Since every permutation graph is a
comparability graph, our algorithm can also be used to approximate within a
factor of 1.71 a minimum cocolouring of a permutation graph, and a minimum
partition of a sequence of integers into increasing and decreasing subsequences.

We also present a greedy algorithm to approximate a minimum cocolouring
of perfect graphs within a factor of logn. Finally we show the following hardness
result for the minimum cocolouring problem on graphs in general: for every € > 0,
no polynomial-time algorithm approximates a minimum cocolouring within a
factor of n!/27¢, unless NP ¢ ZPP.

2 Definitions

We denote by G = (V, E) a finite undirected and simple graph with n vertices
and m edges. For every W C V, the subgraph of G = (V, E) induced by W is
denoted by G[W]. For simplicity we denote the graph G[V \ 4] by G — A.

A clique C of a graph G = (V, E) is a subset of V such that all the vertices of
C' are pairwise adjacent. A subset of vertices I C V is independent if no two of
its elements are adjacent. We denote by w(G) the maximum number of vertices
in a clique of G and by (@) the maximum number of vertices in an independent
set of G.

An r-colouring of a graph G = (V, E) is a partition {I, I5, ..., .} of V such
that for each 1 < j <, I; is an independent set. The chromatic number x(G)
is the minimum size of such a partition and x(G) = x(G) is the minimum size
of a partition {C1,Cq,...,Cs} of the vertices of G into cliques. Analogously,
a cocolouring of G is a partition {1, Is,... ,I.,C1,Cy,... ,Cs} of V such that
each I;, 1 < j < r, is an independent set and each Cj;, 1 < j < s, is a clique.
The smallest cardinality of a cocolouring of G is the cochromatic number z(G).
Therefore, z(G) < min{x(G), k(G)}.
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A graph G = (V, E) is perfect if x(G[W]) = w(G[W]) for every W C V. Per-
fect graphs and classes of perfect graphs play an important role in graph theory
and algorithmic graph theory. The following well-known classes of perfect graphs
will be studied in the sequel: comparability, cocomparability and permutation
graphs. For all information on these graph classes and their properties not given
in our paper we refer to [3[13].

Let F = {Fy,Fs,... ,Fs} and F' = {F{, F},... ,F/} be two set families of
subsets of a ground set U. We denote by |JF the set |J;_, F;. We denote by
F1 o Fy the set family {Fy, Fy, ..., Fs, F|, F5, ...  F/}.

3 Partially Ordered Sets and Comparability Graphs

Let P = (V(P),<) be a finite partially ordered set, i.e. < is a reflexive, anti-
symmetric and transitive relation on the finite ground set V' (P). Two elements
a,b of P are comparable if a < b or b < a. Now a subset C' C V(P) is a chain
of P if every two elements of P are comparable, and a subset A C V(P) is an
antichain of P if no two elements of A are comparable.

An orientation H = (V, D) of an undirected graph G = (V, E) assigns one
of the two possible directions to each edge e € E. The orientation is transitive
if (a,b) € D and (b,c) € D implies (a,c) € D. A graph G = (V, E) is a compa-
rability graph if there is a transitive orientation H = (V, D) of G. A graph is a
cocomparability graph if its complement is a comparability graph.

Consider the following well-known relation between partially ordered sets
and comparability graphs. Let P = (V(P), <) be a partially ordered set. We
define an undirected graph with vertex set V(P) and an edge between a and b
iff @ and b are comparable. Then this graph is a comparability graph, its cliques
correspond to chains in P and its independent sets correspond to antichains in P.
On the other hand, suppose G = (V, E) is a comparability graph, and let H be
a transitive orientation of graph G. Since H is an acyclic and transitive directed
graph it induces a partially ordered set with ground set V' where u < w (u # w)
iff there is a directed path from u to w in H. Now every chain in the partially
ordered set corresponds to a directed path in H which corresponds to a clique
in G due to transitivity. Furthermore every antichain in the partially ordered
set corresponds to an independent set in (. Thus the well known Dilworth
theorem saying that the maximum cardinality of an antichain in P is equal
to the minimum number of chains in a chain partition of V(P) implies that
comparability (and cocomparability) graphs are perfect.

More important for our paper, a cocolouring of a comparability (or cocom-
parability) graph G corresponds to a partition of a partially ordered set into
chains and antichains. Now we study cocolourings of comparability graphs.

A maximum k-colouring Iy, is a family of k independent subsets of a graph
G covering a maximum number of vertices. Let oy (G) denote the size of the
maximum k-colouring, i.e. the number of vertices in a maximum k-chromatic
subgraph of G. A mazimum h-covering Cy, is a family of h cliques of G cover-
ing a maximum number of vertices. We denote by kp(G) the maximum size of
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an h-covering of G, i.e. the number of vertices in a maximum subgraph of G
partitionable into h cliques.

Our approximation algorithm is based on the following results by Frank [10]
which can be seen as algorithmic proofs of Greene and Kleitman’s [14J15] gen-
eralizations of Dilworth’s theorem.

Theorem 1 ([I0]). There is an O(nm) time algorithm which computes for any
given comparability graph G = (V, E) simultaneously

(a) for all integers k with 1 < k < x(G) a mazimum k-colouring Iy, and
(b) for all integers h with 1 < h < k(G) a mazimum h-covering Cp,.

The essential part of the algorithm is a minimum-cost flow algorithm on a net-
work associated to G (via a partially ordered set P having comparability graph

G).

We shall also need the procedure SQRTPARTITION which is based on a result
by Erdés et al. [7] (see also Brandstédt et al. [2]).

SQRTPARTITION
INPUT: perfect graph G = (V, E) with n < @ vertices, k > 2.
OUTPUT: cocolouring Z of G

- Z:=0U =V,
— while U # () do
begin
o if x(G[U]) < k+ 1 then compute a k-colouring
7= {11,12,... 7Ik} OfG[U], Z:=2Z01
else choose a clique C' of size at least k + 1
and add C' to Z;
e U:=U-U2Z;, k:=k-1.
end

. k(k+1
Lemma 1 ([7]). For every perfect graph G = (V,E) with n < %, k>

2, procedure SQRTPARTITION outputs a cocolouring of size at most k. Thus

2(G) < |\/2n+1/4 —1/2] for every perfect graph.

Proof. For the sake of completeness we provide the simple proof by induction
on k. For k = 2 the theorem is true. Suppose that theorem is true for &k > 2.

Let G be a perfect graph with n < GHDEHD) Gortices. If X(G) < k + 2 then
the procedure outputs a cocolouring of size at most k + 1.

If x(G) > k + 2 then the procedure chooses a clique C of G such that
|C| > k + 2 which exists by the perfectness of G. The procedure removes all
vertices of C' from G, thus the number of remaining vertices in G — C is less
than @ By induction hypothesis G — C has a cocolouring of size at most &
and thus the theorem is true for k + 1. a
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Lemma 2. Procedure SQRTPARTITION has polynomial running time on perfect
graphs and its running time on comparability graphs is O(y/nm).

Proof. The running time of SQRTPARTITION depends on the best known run-
ning time of an algorithm to solve the problems minimum colouring and maxi-
mum clique on our special classes of graphs.

The best known running time is polynomial on perfect graphs [16] and linear
on comparability graphs [13]. O

Now we are in the position to describe our algorithm to approximate a minimum
cocolouring on comparability graphs.

APPROX COCOLOURING
INPUT: comparability graph G = (V| E)
OUuTPUT: cocolouring Z of G

— Compute a k-colouring Z, = {I1, I, ... , It} and an h-covering Cp, =
{C1,C4,...,Ch} of G such that the sum k + [ is minimum subject
to the condition ag(G) + kp(G) > n;

2= (I Dy 1o, O\ UTe o\ U, G\ UTe);

— Compute a cocoluring Z” of the graph G — |J 2’ by calling SQRT-
PARTITION;

— Z:=Z2"0Z".

Theorem 2. The O(nm) time algorithm APPROX COCOLOURING approximates
a minimum cocolouring of a comparability graph within a factor of 1.71.

Proof. Let T, = {I1,I5,... , It} and C, = {C1,Cq, ... ,Cy} be the sets produced
at the first step of the algorithm. Then by the choice of k and [ as well as 7y,
and Cp, we have that k + h < z(G).

The number of vertices in Z’ is at least

Uzl + Ukl = Uz n (J i)l = n — kR

since 7y, is a family of independent sets and Cp, is a family of cliques, implying
IU@x) N (UCh)| < kh.

Therefore, the graph G — |J 2’ has at most kh vertices and by Lemma [I]
procedure SQRTPARTITION computes a cocolouring of G — | J Z’ having size at
most v/ 2kh. Consequently, APPROX COCOLOURING computes a cocolouring Z
of G of size at most

1 1
—5) < 1+ 5):(6) < 171 2(G)

The time bound follows from Theorem [I] and Lemma [Z] O

k4 h+ V2kh < (k+ Rh)(1 +
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Corollary 1. The algorithm APPROX COCOLOURING can also be used to ap-

prozimate within a factor of 1.71

(a) a minimum cocolouring of a partially ordered set,

(b) a minimum partition of a (repetition-free) sequence (of integers) into in-
creasing and decreasing subsequences,

(c) a minimum cocolouring of a permutation graph, and

(d) a minimum cocolouring of a cocomparability graph.

4 Perfect Graphs

We consider the following greedy algorithm for minimum cocolouring on graphs

GREEDY COCOLOURING
INPUT: graph G = (V, E)
OUTPUT: cocolouring Z of G

— Z =
- U:=V;
— while U # () do
begin
e Compute a maximum independent set Iy and a maximum clique
Cy of G[U];
e Choose X to be Iy or Cy such that |X| = max(|Iy|, |Cy|) and
add X to Z;
o U =U—-X.
end

Theorem 3. The GREEDY COCOLOURING algorithm approximates a minimum
cocolouring of a perfect graph within a factor of Inn.

Proof. To obtain the approximation ratio of the algorithm let us consider a
hypergraph H = (V, E), where the vertex set of H is the vertex set V of the
input graph G and Epy is the set of all independent sets and cliques in G, i.e.
every hyperedge of H is either an independent set or a clique in G.

Any minimum cocolouring on G is equivalent to a minimum set cover of
H and vice versa. Moreover GREEDY COCOLOURING can be seen as the greedy
algorithm for the minimum set cover problem on input H (the only difference
is that GREEDY COCOLOURING won’t inspect all hyperedges of #H). It is well
known [BII7/I9] that the greedy algorithm for the minimum set cover problem
is an Inn-approximation algorithm. a

By a well-known result of Grétschel et al. [I6] a maximum independent set
and a maximmum clique can be computed by a polynomial-time algorithm on
perfect graphs.
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Corollary 2. The GREEDY COCOLOURING algorithm is a polynomial-time al-
gorithm to approximate a minimum cocolouring within a factor of Inn on each
graph class G for which there are polynomial-time algorithms to compute a max-
imum clique and a maximum independent set. In particular this is the case for
perfect graphs.

5 Hardness of Approximation

The following lemma allows us to obtain a first hardness result concerning the
approximation of minimum cocolouring.

Lemma 3. [11] x(G) = z(nG), where nG is the disjoint union of n copies of
G.

We shall rely on a well-known result on the hardness of approximating the
chromatic number of a graph.

Theorem 4. [J] It is hard to approzimate the chromatic number to within n'~¢

for any € > 0, assuming NP ¢ ZPP. (Here, ZPP denotes the class of languages
decidable by a random expected polynomial-time algorithm that makes no errors.)

Combining Lemma B] with Theorem M we obtain the following

Theorem 5. It is hard to approzimate the cochromatic number to within n'/?—¢

for any € > 0, assuming NP g ZPP.

Proof. Let G be any input to the problem minimum colouring. Then G’ = nG is
our input to the problem minimum cocolouring. By Lemma [3] we have x(G) =
z(n@G). Since the number of vertices of G’ is the square of the number of vertices
of G, by Theorem [l we obtain the theorem. O

6 Concluding Remarks

We leave many questions unanswered, a few of them are:

1. The problem of finding a minimum partition of a sequence into monotone
subsequences is NP-hard. We provide a 1.71-approximation algorithm for
this problem. A natural question is if there exists a PTAS for this problem?

2. We have proved that GREEDY COCOLOURING is a Inn-approximation al-
gorithm for perfect graphs. Are there nontrivial classes of perfect graphs
for which GREEDY COCOLOURING approximates the cochromatic number
within a constant factor?

3. What is the computational complexity of computing a maximum k-colouring
and a maximum h-covering for perfect graphs? A polynomial time algo-
rithm computing these parameters for perfect graphs will imply that our
1.71-approximation algorithm for a minimum cocolouring on comparability
graphs is also a polynomial time algorithm on perfect graphs.
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Abstract. We consider the problem of drawing a graph where edges
are represented by smooth curves between the associated nodes.
Previously curved edges were drawn as splines defined by carefully
calculated control points. We present a completely different approach
where finding an edge is reduced to solving a differential equation. This
approach allows to represent the graph drawing aesthetics directly,
even the most complex ones denoting the dependencies among the paths.

Keywords. Graph drawing, edge placement, curved edges.

1 Introduction

Edge placement is one of the fundamental problems in graph drawing [2]. There
are two traditional strategies for edge placement: edges are placed together with
nodes, or nodes are laid out first and then edges are routed. Placing edges to-
gether with nodes allows to create drawings with proven quality [4]9]. However,
if a more complex line style than a straight-line segment is used, it gets very
hard to describe the edge influence on the node placement. The independent
edge placement [6I13] has the advantage of exploiting complex edge routing us-
ing general-purpose node layout algorithms. This is also the only strategy in
interactive graph layout where the user specifies the node positions.

In this paper we follow the second strategy and assume that nodes are already
positioned by the user or some layout algorithm and we have to route the edges.

There are several graphical representations of a graph [1J2]. Nodes are basi-
cally represented by two-dimensional symbols, most commonly by upright rect-
angular boxes or circles. In this paper we will use only rectangular boxes. We
also assume that nodes do not overlap, so there is some space for edge routing.

The visual appearance of the drawing is mostly influenced by the edge rep-
resentation. Well-known edge drawing standards are orthogonal, straight-line,
polyline and curved [I2]. Here we focus on curved edges, where the edge is
represented by a smooth curve between the associated nodes.

The common approach for curved edge routing is finding a piecewise linear
path which does not cross node boxes and then smoothing it using a spline. Such
approach is natural in drawing layered graphs. In layered drawings edges are

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 126-[137 2001.
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replaced with polyline paths having bendpoints on every level. This construction
provides a useful framework for smoothing the polyline paths with splines.

Such approach is used in the graph drawing program dot [8] where virtual
node boxes are used to describe the free space in the hierarchical drawing where
the path can go. At first the calculated polyline path is smoothed with a spline.
Then if the spline goes outside the virtual node boxes, control points are adjusted
or the spline is subdivided. In VCG [14] Bezier spline is fitted using adaptive
subdivision, adjusting control points if the bounding triangle of a Bezier spline
segment intersects a node or a path.

Dobkin [6] describes a more general method applicable to any graph. Again
the polyline path is calculated first. Then a smooth spline is fitted, which does
not intersect any obstacle. This method produces nice drawings, but only for
each path separately. Crossings of several paths are not taken into account.

Obtaining a smooth path among obstacles is a well-studied problem in robot
motion planning. Finding a shortest constrained curvature path of a robot in the
workspace with obstacles is explored in [3]. It is shown that such path can be
constructed from straight-line segments and circle arcs with a constant radius
corresponding to the maximal allowed curvature.

Latombe [10] suggests a potential field method for path planning. He sim-
ulates the movement of a particle in the electrostatic field when the particle is
attracted to the target and repelled from the obstacles. This seems very interest-
ing approach, but it deals with such physical properties as speed and acceleration
and application of this method to graph drawing does not seem to be straight-
forward.

Sethian [TH] develops a general theory called level set methods and shows
how to apply it to produce a shortest path of a robot within the environment of
constraints. He reduces the problem to a differential equation and applies the fast
marching method to solve it. We have found another application of this theory.
Using Sethian’s approach it is easy to find curves according to specific rules. In
our case the rules are constructed in a special way to reflect the aesthetics of
graph drawing and allows finding the path directly, avoiding usage of splines.

The rest of the paper is organized as follows. In Section 2 we define the
aesthetic edge routing problem by choosing a cost function and then finding
the edge drawing according to this cost function. Section 3 gives details how
to construct the cost function to represent the curved edge drawing aesthetics.
Section 4 presents an algorithm to route a path according to the given cost
function. In Section 5 we give the analysis of the results and sketch the possible
improvements.

2 Problem Definition

At first we have to find out how the well-routed edges should look like. There
are a number of commonly accepted aesthetics criteria for graph drawing [62]
9]. We consider the following for curved edge drawings:
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(1) edges are short,

(2) edges are well separated from node boxes and other edges,
(3) edges do not turn sharply,

(4) edge crossing number is small,

(5) edges cross in wide angles.

An intuitive way how to represent these aesthetics is to assign some cost
h(z,y) to every point (z,y) on the plane expressing how good it is for the edge
to go through this point. Then the edge is searched as a path between its node
boxes that has the smallest total cost. For now we can assume that the path
is joining the node centers (zg,yo) and (x1,y1). Formally each individual path
can be expressed as a curve L with fixed endpoints (xg, o) and (x1,y;) which
minimizes the integral

/ h(z, y)dL. (2.1)
L

This definition corresponds only to one path, but the aesthetics criteria express
also relations between several edges. To overcome this limitation we construct
the paths one by one but incorporating the previously routed paths into the cost
function.

At the beginning we have only nodes, so the cost function is calculated for
them. When a new path is routed the cost function is updated to reflect the
current configuration. Since we are adding paths one by one the drawing is
dependent on the order in which they are added. To reduce the sensitivity to
the order, paths are routed iteratively e.g. after initial routing they are rerouted
several times by taking one path at a time, deleting it and routing it again. This
method is summarized in the algorithm routeFdges.

algorithm routeEdges
Build the initial cost function corresponding to nodes
for each path P

Route P
Update the cost function with P
endfor

for iter = 1 to MAX_ITER
for each path P
Delete P from the cost function

Route P
Update the cost function with P
endfor
endfor

end

Two parts of the algorithm need to be explained: how to build the cost
function, and how to find the path corresponding to the defined cost function.
These problems are discussed in the following sections.
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3 Finding the Cost Function

Let us look how to construct the cost function h(x,y) to incorporate the above
mentioned aesthetics. We express h(x,y) as a weighted sum of functions, where
each function expresses the influence of one drawing element (node or path). We
add also some constant c¢;, which expresses the cost of the length of the path.
The general form of the function is

h(z,y) =c1+ ¢ Z bi(x,y) + c3 Zpi(a:, Y), (3.2)

’L ?

where b; are the functions for nodes and p; are the functions for paths. For nodes
we want the function to be infinite inside the nodes to prohibit the paths from
crossing them, and decreasing with the distance from nodes to keep the paths
some distance apart from them. For paths we want the function to be of some
finite magnitude near the path and decreasing with the distance from the path.
Constants co and c3 are weighting factors for the influence of the nodes and paths
respectively. We found that setting ¢; = 1, co = 1.5 and ¢3 = 5 is adequate.

Denoting the distance from a point (z,y) to the drawing element by d(x,y)
our choice for the function for nodes was

m if (x,y) is outside the node

b = { (33)

oo if (z,y) is inside the node

In practice the value of b; inside the node is set to a large enough constant for
paths not to cross the node. This simplifies the algorithm and allows us to route
the paths between the node centers.

For paths two kinds of functions were considered:

p(ry) = max(1 — 229 o) (3.4
pla,y) = (35)

where o controls the desirable separation between paths. In the Fig. 1 we can
see the drawings of a graph using different cost functions for the paths. Both
functions give good results, but the second one overall seemed to be a little
better, so further we will work with it. For the further discussion we must choose
a good representation of the cost function. We chose the simplest approach to
represent the cost function by sampling values on the orthogonal grid. Other
choices are also possible, for example triangular meshes, but that seemed to be
more complex.

Let us look how to calculate the cost function on the grid quickly. We have
to notice that the functions b; and p; have some influence only in a small neigh-
borhood near the corresponding object. In other points we can set the function
to zero without affecting the resulting drawing too much. We need to find all
the points where the function is large enough.
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Fig. 1. Drawings of a graph using linear cost function for paths (a), and exponential
one (b)

For node boxes this is easy since all such points are contained in a rectangle
around the node. Size of this rectangle can be easily calculated from the definition
of bz

For paths the situation is more complex, because the path is approximated
with many short line segments and determination of the distance for the point
to the path requires testing all the path segments. We use the property that our
functions are monotonically decreasing with the distance from the object.

The algorithmcost_function_for_path calculates the function by starting at
the path and expanding the zone if the function is greater than some threshold.
For this purpose a priority queue ordered by the function p value is used. For
each point in the queue the nearest path segment is kept and the function is
calculated depending only from this one segment. The queue is initialized with
the midpoints of all the segments. In the loop of the algorithm we get the point
with the highest function value from the queue and calculate the function for
its neighbors. If the function is larger than the given threshold for them, we
put them into the queue. Since the priority queue can be implemented that one
operation takes O(logn) time [B], it can be easily seen that this algorithm finds
the correct function in time O(nlogn), where n is the number of the affected
points.

algorithm cost_function_for_path

for each segment S of the path
M = midpoint of S
d = distance from M to S
Calculate the function value h depending on the distance d
Put < M,S,h > into the priority queue

endfor

while the queue is not empty
Get < M,S,h > with the largest h value from the queue
if h < threshold then terminate
for each of the four neighbour points N of M
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if the function has not been calculated for N then
d = distance from N to S
Calculate the function value h; depending on d
Put < N,S,h; > into the priority queue
endif
endfor
endwhile
end

4 Finding the Path

For the given cost function our task is to find the path between two given node
centers. The simplest approach would be to search for the shortest path in the
grid neighbor graph. But this does not give acceptable solution because of the
orthogonal structure of the graph. We need a continuous, direction independent
solution approximated on the grid.

We use a method essentially the same as the Dijkstra’s shortest path search-
ing [BJTT]. At first the distance map is calculated for all points and then the path
is determined by tracing backwards from the destination point. But there are
differences in the distance map calculation and back tracing. In the Fig. 2 we
can see the cost function and the distance map of the cost function shown in
Fig. 5. The starting point was chosen in the middle of the map.

Fig. 2. The cost function (left) and the corresponding distance map (right) plotted
in three dimensions

4.1 Calculation of the Distance Map

The distance map is a function f(x,y) which denotes the distance from the
starting point (zg,yo) in the environment of varying costs. It is easy to imagine
the distance map as a pit-like function in three dimensions, where the height of
the pit surface is the value of the distance map at the given point. It is very
interesting that this pit is the same as develops when the sand of non-uniform
structure run out from the box with a little hole at the bottom. If the sand can
hold at the maximum slope h(z,y) then it is exactly our distance map. Moreover
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this construction has a prototype in the mining industry when an open pit must
satisfy the given slope requirements [12]. The distance map f(z,y) satisfies the
following equation

IVl = h(z,y). (4.6)
This means that the slope of f is our cost function h. After adding the starting
condition and writing the gradient explicitly the problem can be stated as follows:

() () - w
f(zo,90 =0

This equation can be solved with numerical methods by approximating deriva-
tives with differences. For example the central differences can be used:

D, = [etly)—fe=1y)

2 ’ (4.8)
xz,y+1)—f(x,y—1
Dy:f( y )2f( y )’
and the problem is transformed to
2 2 _ 2
{Dm + D; = h(z,y) . (4.9)
f(@o,90) =0

The solution can be obtained by iterative solving the equation at each grid point.
But this is very slow because many iterations are needed.

Sethian [15] proposes a faster method. He observes that the solution can be
constructed by propagating the front like in Dijkstra’s shortest path algorithm.
He uses one-side differences instead of central ones selecting the direction, which
the front came from. As a result one pass over the grid is sufficient. According
to Sethian the algorithm works as follows:

algorithm distanceMap
for all (z,y) f(z,y) =0
f(x0,90) =0
Put (z,%0) into the priority queue
while the queue is not empty
Get and remove the point (z,y) with the smallest f value
from the queue
if (x,y) = (z1,y1) then terminate
for each of the four neighbour points (u,v) of (z,y)
if f(u,v) = o0 then
compute value of f(u,v) by selecting the largest solution
z of the quadratic equation:
(max(z — min(f(u — 1,v), f(u + 1,v)),0))>+
(max(z — min(f(u,v — 1), f(u,v + 1)),0))? = h(u,v)?
Put (u,v) into the priority queue.
endif
endfor
endwhile
end



Curved Edge Routing 133

The algorithm terminates when the priority queue is empty or the destination
point is reached. In [15] Sethian proves the correctness of the algorithm as well
as the time complexity of O(nlogn), where n is the number of affected grid
points.

4.2 Back Tracing

Now when we have the distance map calculated we can search for the path.
The simplest way is to trace back from the current point to its lowest neighbor,
starting at the other endpoint of the path. This approach does not find the best
path because of the two dominant directions imposed by the grid.

Another way is to walk in the direction of the gradient with a fixed step.
This approach is rather complicated because a sub-cell accuracy is needed.

We have implemented a different approach (algorithm findPath) similar to
the error diffusion paradigm in computer graphics [7]. We walk gridpoint by
gridpoint like in the first approach, but correcting the direction pointed by the
gradient. At the current gridpoint we calculate the gradient, normalize it and
walk to the neighboring gridpoint, which is the closest to the gradient. Then the
error is calculated by subtracting the gradient vector from the direction moved.
This error is added to the gradient for the next point.

algorithm findPath
error = 0
P = ('rhyl)
while P # (x0,Y0)
add P to the path
calculate the gradient G at the point P

G=G / |G|
G =G + error
V=P+G

P = the closest gridpoint to V
error =V — P
endwhile
end

The walk always terminates in the starting point because from its construc-
tion f(z,y) contains only one minima at the starting point. This method gives
us the exact curve approximated on the grid as a chain of gridpoints. In the Fig.
3 we can see the paths generated by the lowest neighbor walk and the algorithm
findPath using unity cost function. It can be seen that the latter produces a per-
fectly straight line on the grid. Fig. 4 shows the path corresponding to a realistic
cost function.



134 K. Freivalds

) R EAHE

.; )J)
.. %j_y

H
AL

Fig. 3. Paths generated by the
lowest neighbor walk (thin) and

the algorithm findPath (thick) Fig. 4. A distance map and a path cor-
using the unity cost function responding to it

To reduce the memory required for the path representation the path is ap-
proximated by a polyline. A simple algorithm is used where the sequence of
gridpoints is approximated by a line segment if all points approximately fall on
a common line. This algorithm has a quadratic worst-case complexity but in
practice it is very fast in comparison with other parts of the program.

5 Implementation and Results

We have implemented the curved path router as a separate program, which takes
graph description as an input and routes all the paths. The input must contain
node positions and sizes and the edge connectivity information.

In Fig. 5 to Fig. 8 we can see some drawings produced by the proposed
edge placement algorithm. The drawings of the edges appear natural, easily
perceptible for the user. The drawing conforms to all the mentioned aesthetics.
The relations between several paths are represented correctly, edge separation
is good and edges cross in wide angles, what is hard to achieve with previously
known approaches [68/T4].

The desired behavior is easily customizable by adjusting the weights for nodes
or paths, or changing the cost function to incorporate new aesthetics.

Sometimes when the node is large the paths coming from node center leads
to uneven distribution of the edges along the node border. To remedy this we
could alternatively modify the distance map calculation by starting at all the
border of the start node and ending when the border of the destination node is
reached.

Our implementation of the proposed edge routing approach is not fast. For
example it took 12 seconds to route the edges of the graph shown in the Fig. 5
on a Pentium IIT 800 MHz computer. The most expensive part is the distance
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Fig. 5.

map calculation. We have observed that its time complexity of routing one edge
is approximately O(L?log L), where L is the length of the path in grid units.

The speed of the program was not the goal of this research, so there is much
room for optimizations. The grid step has the greatest impact on the running
time, so it is crucial to choose the right value to compromise the quality with
the running time. We chose the grid size equal to the pixel size on the screen
for the best visual quality. However we believe that more sophisticated choices
dependant from the characteristics of the graph are possible.

Another improvement could be propagating the front only in the most
promising directions. However our first experiments using goal directed search
[11]] failed, because in Sethian’s approach the propagation must be carried out
in a strict distance ordering.

Fig. 6.
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The number of iterations also plays a significant role. In the most cases 3 to
5 iterations are sufficient, so in our experiments we always make 5 iterations.
Some adaptive criteria could do better. The initial ordering of the paths is also
important. May be it would be worth routing the shortest paths first. Thus we
might reduce the iteration count and also the crossing number could be smaller.
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Abstract. An exact pattern matching problem is to find all occurrences
of a pattern p in a text t. We say that the pattern matching algorithm is
optimal if its running time is linear in the sizes of ¢ and p, i.e. O(t + p).
Perhaps one of the most interesting settings of the pattern matching
problem is when one has to design an efficient algorithm with a help of
small extra space. In this paper we explore this setting to the extreme. We
use an additional assumption that the text ¢ is available only in a com-
pressed form, represented by a straight-line program. The compression
methods based on efficient construction of straight-line programs are as
competitive as the compression standards, including Lempel-Ziv’s com-
pression scheme and recently intensively studied compression via block
sorting, due to Burrows and Wheeler. Our main result consists in solving
compressed string matching problem in optimal linear time when only
a constant size of extra space is available. We also discuss an efficient
implementation of a version our algorithm showing that the new concept
may have also interesting real applications.

1 Introduction

The importance of data compression methods and their use on everyday basis
have been steadily growing over the past few decades. Especially the last ten
years - due to unprecedented popularity of the Internet and the World Wide
Web - bring enormous (still exponential) increase of electronic data available.
This phenomenon creates a new challenge in the fields of text algorithms and
data compression — a need for new tools that allow to store data in a succinct
form that preserves fast and easy access. The string/pattern matching problem,
where one is interested in finding one/all appearances of a pattern p in the text
t (usually much larger), is a key problem in efficient text searching. The running
time of a string matching algorithm is very often expressed in terms of a number
of comparisons between the pattern and the text symbols. We say that the run-
ning time of a string matching is optimal if it’s linear in the sizes of the text and
the pattern. A number of optimal O(t + p)—tim string matching algorithms has
! We allow names of strings to be used in the context of asymptotic notation, e.g.

O(w) stands for functions that are linear in the length of string w, however if w
stands alone we use a standard notation |w| to denote its length.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 138-[149] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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been introduced both in the theoretical as well as in a practical setting, [5]. Many
aspects of efficient textual search has been investigated, but perhaps one of the
most interesting settings is when one has to design an efficient algorithm with a
help of no (or very small) extra space. Galil and Seiferas observed in [8] that the
string matching problem can be solved in linear time while using only additional
memory of a constant size. Later work in this field was focused on determining
an exact complexity of constant space string matching. The running time of a
constant space string matching was first estimated by Crochemore and Perrin
[]. Their searching procedure performs at most 2|¢| comparisons for linearly or-
dered alphabets. An alternative algorithm designed for general alphabets with
complexity (2 4 ¢)|t| was later presented by Gasieniec, Plandowski and Rytter
in [9]. The first small space algorithm which beats the bound of 2|¢| comparisons
was presented by Breslauer in [3]. He designed a variant of Crochemore and
Perrin algorithm that uses at most (2 + )|t| comparisons while preserving con-
stant additional space. In [I0] Gasieniec et. al. presented very simple constant
space string matching algorithm with searching stage performing at most 2n
comparisons and more complicated one requiring at most (1+¢)|t| comparisons.
In this paper we explore constant space string matching to the extreme. We use
an additional assumption that the text ¢ is available only in compressed form.
Under this assumption we deliver constant space string matching algorithm that
works in time O(t). We didn’t intend to study an exact constant of our linear
solution. Our intention was rather to show that such a linear algorithm exists.

The problem of searching in compressed files has been studied recently quite
intensively. The focus was on the searching time and most of the algorithms
used at least linear additional space. Several efficient solutions were designed
for LZ/LZW-compressed files, see e.g. [TI6/IT]. There was some interest in com-
pressed pattern matching for straight-line programs too, however first solutions
required linear memory in the size of a compressed file too, see e.g. [I6]. Only
recently more space competitive algorithm that uses only linear (in the size of
a dictionary) extra space was presented in [20]. In contrast, our algorithm re-
quires only constant extra space and it is independent on the size of dictionary.
Also very recently Amir et al. in [2] stated problem of the compressed pattern
matching in small extra space. They propose time/space efficient pattern match-
ing algorithm that works for run-length encoding. Their algorithm (designed for
2d-pattern matching) works in linear time and requires only linear space in the
size of a compressed pattern. Their result is possible due to the fact that run-
length coding is extremely simple, but unfortunately it doesn’t give such a good
compression as the other methods do. Another interesting aspect of the com-
pressed search has been recently studied by Ferragina and Manzini, see [7]. They
have delivered a novel data structure for indexing and searching with a space
occupancy being a (linear) function of the entropy of the underlying data sets.

The rest of the paper is organised as follows. In section [Z we recall some
basic string definitions as well as we expose more details on data compression
via straight-line programs. In section [Bl we show how the actual text search
is performed. We first show how to traverse straight-line programs and then
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how to combine that with an on-line efficient search. In section ] we discuss an
implementation of our algorithm as well as the results of several experiments.
We conclude (section B]) with several remarks on the subject.

2 Preliminaries

We start with some formal definitions. Let s =< s[1], s[2], .., s[m] > be a string
over an alphabet X with |X| > 2. We shall frequently denote s by s[1,..,m].
An initial segment s[1,..,4], for i = 1,...,m, is called a prefix of string s, and
final segment s[j,..,m] is called a suffix of s. A period of s is a positive integer ¢
such that for any i, 1 <14 < m — ¢, s[i] = s[i + ¢]. The shortest period of string
s is called the period of s and we will denote it by per(s). String s is called
primitive iff per(s) = m. String s is called periodic if per(s) < 3 ; otherwise it is
called non-periodic. Assume that string s is non-periodic, but it has a periodic
prefix 7 with the period ¢. A pair (a,b) that breaks period ¢ is a left most pair
of positions in s, s.t. b —a = g and s[a] # s[b).

Example 1 String abracadabra has two periods: 7 and 10, and per(abracadabra)
= 7. On the other hand, strings igor and leszek are primitive and their periods
are 4 and 6, respectively.

Given two strings built over alphabet X: pattern p = p[l,...,m] and
text ¢ = t[1,...,n]. We say that pattern p occurs at position 4 in text t if
plj] = pli +j — 1], for all j = 1,..,m. A string matching problem is to find all
occurrences of pattern p in text t.

Definition. A straight-line program (SLP) R is a sequence of assignment state-

ments:
X1 = expri; Xo :=exprg; -5 Xy 1= expry;

where X; are variables and expr; are expressions of the form: expr; is a symbol
of a given alphabet X, or expr; = X, - X, -...- Xj,, forsome 1 <1 <k, j; <4,
where X - Y denotes the concatenation of X and Y.

In other words SLP is a simple context-free grammar with a set of pro-
ductions of the form: X; — X ... X, for some 1 <I<Ek, 5 < i. As in
context-free grammars each SLP has a starting nonterminal that stands for a
whole string generated by the SLP.

Example 2 SLP for Fibonacci words:
F(n) > F(n—-1)-F(n—2)
Fn—1)— F(n—2)-F(n—3)

F(3) = F(2) - F(1), F(1) = a, F(2) = b
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Fig. 1. SLP for 6th Fibonacci word. F(6) is a starting nonterminal.
2.1 Compression via Straight-Line Programs

There are several compression methods based on construction of simple deter-
ministic grammars, e.g. see [12]. The crucial idea used here is to find the smallest
possible set of productions, a dictionary, that generates a source string.

In this paper we adopt a recursive pairing [14] scheme that generates
relatively small set of productions. Assume that initially a source (to be
compressed) string s € A*, where A is a source alphabet, and dictionary D is
empty. At any stage of the compression process alphabet A is extended to A
and it is used to encode a current version S of the source string. We start each
stage by finding the most frequent pair of neighbouring symbols (a,b) in S.
We replace each occurrence of (a,b) by a new symbol «, we store production
a — (a,b) in dictionary D, and we extend alphabet A = AU{a}. We repeat this
process as long as it makes sense, e.g. when it still leads to a better compression.
When this process is finished both dictionary D and alphabet A are encoded
(using e.g. arithmetic coding) to minimize the size of the compressed source
string. The compressed representation of an input string is formed by a triplet
(D, A,S), where D is the dictionary (i.e. set of SLP productions), A is the
extended alphabet and S is a compressed string built over extended alphabet
A. Note that cardinality of dictionary D is not greater than cardinality of
extended alphabet A.

Example 3. A compression of abbababbabbababbababbabbababbabba € {a,b}*.

I string S [new production] alphabet A |
abbababbabbababbababbabbababbabba A=A={a,b}
AbAAbLADAALAAbAbAAbAba A—ab A={a,b, A}
BABBABABBABBa B> A A=Ta,b, A, B}
CBCCBCBBa CSBA | A={ab 4 B,C}
DCDDBa D=CB |A=1{a,b 4, B,C,D}

A compressed representation of string abbababbabbababbababbabbababbabba is a
triplet (D, A,S), where dictionary D = {A — ab,B — Ab,C — BA,D —
C B}, extended alphabet A = {a,b} U{A, B,C, D}, and compressed string S =
DCDDBa.



142 L. Gasieniec and 1. Potapov

Another compression method based on generation of SLPs has been recently
introduced by Nevill-Manning and Witten, see [18]. Their algorithm traverses
a source string from left to right introducing a new production as soon as a
frequency of some pair passes a certain threshold. The advantage of the new
approach is better compression ratio and faster compression time, though the
final size of the dictionary is unpredictable. While in the recursive pairing method
we could stop creation of new productions at any time, e.g. when we were happy
with the achieved compression ratio or when further processing doesn’t lead to
a better compression. Similar control in Nevill-Manning and Witten’s algorithm
must be more complicated or perhaps even impossible.

3 Space Efficient Compressed Text Searching

As the input our searching algorithm gets a dictionary (sequence of productions),
compressed version of text ¢, and pattern p. As the output the algorithm reports
all occurrences of pattern p in text . Our solution is a combination of space
efficient traversing of directed acyclic graphs (dags) and time efficient constant
space string matching. We start with a short reminder of Schorr-Waite algo-
rithm [I9] and then we show how to use it in the context of time/space efficient
searching in SLPs.

3.1 Schorr-Waite Algorithm

A Schorr-Waite algorithm [I9] was primarily used to traverse directed graphs in
the presence of small extra memory (one bit per node of the graph). However
for some certain classes of graphs like trees and directed acyclic graphs (dags)
the traversal can be performed in place, i.e. with a help of a constant size extra
memory (i.e. few additional registers). The concept of their algorithm is very
simple and it is based on reversing directions of edges in the graph. We give
here a simple illustration of Schorr-Waite algorithm on the example of directed
binary trees, see Figure 2

Fig. 2. Full round of Schorr-Waite algorithm
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3.2 Traversing SLPs

A straight-line program (SLP) can be represented as a dag G, where all nodes
of out-degree > 0 stand for nonterminals (new symbols of extended alphabet A)
and all nodes of out-degree 0 stand for terminals (symbols in original alphabet
A). All productions are determined by nonterminal nodes and their outgoing
edges. An SLP can be also expressed as a (usually much larger) rooted tree
T with the root labeled by SLP starting nonterminal, see figure [l A string
generated by the SLP can be formed by traversing rooted tree 7" in infix order
and reporting content of consecutive leaves in T.

The idea of Schorr-Waite traversing strategy is based on manipulation of
pointers (dags edges). However in case of an SLP each pointer is represented
as an element of some production, thus simple manipulation on pointers has to
be replaced by more complicated manipulation on SLP productions. In what
follows we show how such manipulation can be performed efficiently.

Definition. An SLP configuration is a tuple K = (S, p), where S = (s1,..., s)
is a set of productions and p = (X, b) is an ordered pair of SLP symbols, where
symbol X stands for current SLP starting nonterminal.

Definition. An initial SLP configuration is a tuple Ko = (So,po), where Sp
is an SLP that generate a source string and pg is an ordered pair formed by
the leftmost nonterminal symbol in the starting SLP production and a special
symbol #.

Definition. Let K = (S,p) and K’ = (S',p) be two SLP configurations. Then
configuration K’ is reachable from configuration K, we write K = K’, iff one of
the two conditions holds:

— p = (X;,b) and there is production s; in configuration K of the form
X; = Ay... Ay, then K’ is obtained from K by changing production s’;
to X; — A2 .. .Xk_l,b and p/ to (Al,Xi),

— p = (A,B) and there is no production in configuration K of the form
A— Ay...Ag, then S =5 and p' = (B, A).

ZONOYY MY
Rk Al-> A2 A3 A4 ... Ak FFE | Al->X Rk Al-> A3 A4 ... Ak X | A2—>Al
\—/
Al A2
- I\
Tl -
X
A2 A3 Al Ak A3 Ad Ak X

Fig. 3. Traversing by changing configurations
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Example 4. Sequence of configurations in Figure[2.
(A— BC,B — DE|A#) = (A — C#,B — DE|BA) =
(A— C#,B— FA|DB) = (A— C#,B — FA|BD) =
(A— C#,B— AD|EB) = (A — C#,B — AD|BE) =
(A— C#,B — DE|AB) = (A — #B,B — DE|CA) =
(A— #B,B — DE|AC) = (A — BC,B — DE|#A) =
(A— BC,B — DE|A#)

The following lemma holds.

Lemma 1. For any SLP that generates string of length n and each production
18 of size k there exists a unique sequence of configurations Ko, K1, ..., K,, s.t.

- Ky= Ky = ...= K, = Ky, where Ky is initial configuration, where
— = (EtL 2)-n — ktl
r=0GIx+2) n-

Corollary 1. The number of reachable configurations r < 5-n — 3, for any
k> 2.

The algorithm traversing SLPs via configurations is as follows:

(1) Procedure SLP-traverse

(2) K = Kj; {set initial configuration}

(3) repeat

(4) if ( A is a non-terminal symbol ) then

(5) replace in current configuration K production
(6) SZ:A—)AlAkbyA*)AQXk_lB

(7) and pair p’ = (4, B) by (A1, A);

(8) else {A is a leaf of the tree}

(9) report nonterminal A and replace in configuration
(10) pointer (4, B) by (B, A);

(11) until ((top of K) = # )

Since the length of a sequence of reachable configurations Ky = K1 = ... =
K, = Kj is at most bn — 3, each production can be accessed in time O(1) (all
productions are of the same size k and they are stored in alphabetic order), and
a number of modifications associated with a change of a configuration is also
O(1), the total running time of SLP-traverse is linear, i.e. O(n).

Theorem 1. We can traverse SLP-compressed text t reporting consecutive sym-
bols in t with a help of constant extra space in time O(t).

Recall that compression by recursive pairing results in factorization of source
string t into substrings tq,ts, .., t;, s.t. t = t1ta..t; where each t;, for ¢ = 1,..,1
is encoded by some SLP. Since each ¢; can be traversed in time O(t;), the total
traversing time is bounded by Z§=1 O(t;) = O(t).

We have just shown that we can traverse consecutive symbols of a compressed
string in linear time. In the next section we will show how this traversal can be
combined with a constant space string matching.



Time/Space Efficient Compressed Pattern Matching 145

3.3 Constant Space String Matching

We start with a short reminder of Knuth-Morris-Pratt (KMP) algorithm. The
KMP algorithm inspects text symbols from left to right updating information
about the longest currently recognised prefix of the pattern. If the next text
symbol is the same as the next pattern symbol, the text symbol is consumed and
currently recognised pattern prefix is extended. Otherwise (a mismatch occurred)
the appropriate shift (of the pattern) is made and the size of recognised pattern
prefix is decreased respectively with a help of a failure function, see e.g. [13].

In our setting KMP algorithm has a straightforward implementation assum-
ing that we can use O(p) space to store the values of the failure function. However
the task here is to design an algorithm that uses only a constant extra space.
The main idea is to mimic the performance of KMP algorithm by efficient al-
gorithmic implementation of the failure function. A similar concept of a use of
approximate failure function was proposed earlier by Gasieniec et al. in [10].

The computation of a shift requires a use of a constant space string matching
algorithm. We use here sequential sampling algorithm [10]. However the sequen-
tial sampling requires a preprocessing when one has to find the longest periodic
prefix of the pattern including a pair (of symbols) that breaks this period (if
any). Since our algorithm have no preprocessing at all, the computation of the
longest periodic prefix has to be done on-the-fly.

The concept of our algorithm is as follows. The algorithm works in stages.
Each stage corresponds to an attempt to recognition of a pattern prefix m; of
size 2%, for k = 1,..,logm. We will use the following invariant. We enter some
stage when a successful recognition of prefix 75 is completed. We also assume
that in the beginning of any stage we know what is the longest periodic prefix of
T, what is its period, and what is the leftmost pair of symbols that break this
period.

Any stage starts with a naive comparison of consecutive symbols in 7511 (fol-
lowing an occurrence of 7;) with corresponding symbols in text ¢. If all symbols
in 7,41 are compared with a success, we enter the next stage with a larger prefix
to be found. Otherwise the mismatch p (between the text and prefix symbols) is
found and we do the appropriate shift updating information about current 7.

In what follows we assume that pattern p is non-periodic to make the pre-
sentation clearer. However the algorithm can be easily implemented for periodic
patterns applying standard trick of looking for a sequence of consecutive occur-
rences of its longest non-periodic prefix, see e.g. [10].

(1) Procedure SM;

(2) m ;i 1

(3) if mpq1 =t[4, .., i+ |Tp41| — 1] then

(4) if 711 = p[l,..,m] then

(5) report occurrence of p at 4; i < i+ ‘%‘; 7y, < mo; GOTO (3)
(6) else 1, + mpy1; Process(m); GOTO (3);

(7) else { mismatch p has been found}
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(8) if 7y, is non-periodic then

(9) i i+ Tl oy GOTO (3)

(10) else { prefix 7 has a short period ¢ }

(11) if mismatch breaks periodicity ¢ then
(12) i< i+ |mg| — ¢; T mo; GOTO (3)
(13) else i < i+ q GOTO (3)

Procedure Process(my) computes the longest periodic prefix of 7y, its period
q, and a pair of symbols that breaks this period (if any) under inductive assump-
tion that the same information is available for prefix m;_1 (condition required
to enter a new stage). There are two cases. If prefix m;_1 is non-periodic we
search for all occurrences of m,_1 in 7, using e.g. sequential sampling, [T0]. A
constant number of occurrences of m,_1 (mk—1 is non-periodic) determine a con-
stant number of candidates for the longest periodic prefix of 7. We check all the
candidates naively in time O(my). If prefix 7;_1 is periodic with a period r we
extend this period as far as we can in 7, i.e. until the breaking pair of symbol
is found or the end of 7 is reached. Since operation is done in time O(7y), the
running time of procedure Process(my) is also bounded by O(my,).

Theorem 2. There is a constant space SLP-compressed pattern matching that
works in time O(t).

Proof. We prove here that algorithm SM works in time O(t). We use amortisation
argument, i.e. we show that the time ¢ spent (number of symbol comparisons)
in each stage, is eventually amortized by a shift of size £2(¢). And then since the
total sum of shifts is bounded by the length of the text ¢ the running time of the
algorithm is bounded by O(t). In each stage the cost of algorithm SM can be
estimated by analysis of one of several cases. During a stage that we enter with
prefix 7y, already recognised we use an invariant that the time spent (so far) to
process prefix m is O(7g). The following holds

1. If prefix 741 is recognized successfully and 7;41 = p (line 5), we report the
occurrence of pattern p and we do the shift of size “21'. The work determined
by earlier processing of 7, and naive test of symbols in 741 is bounded by
O(7k+1) = O(p). The shift is of size £2(p), thus the amortisation argument
is fine, see Figure Hh.

2. If prefix 741 is recognized successfully and 7,11 # p, we go to the next
stage with 7 < mp41. The total cost of processing is O(mg41), which is fine
with our invariant, see Figure flb. Through the remaining cases, we work
under assumption that prefix m;41 has not been recognised, i.e. a mismatch
1 has been found.

3. If prefix m is non-periodic; the processing of 7, and a naive check of sym-
bols of w41 is bounded by O(my). Since we do a shift of size §2(7) the
amortisation argument is fine, see Figure Hk.

4. If prefix 7y, is periodic with the period ¢, but mismatch p breaks this period;
the processing of m; and a naive check of symbols of 7,1 is bounded by
O(m,). Since we do a shift of size || —q = (7)) the amortisation argument
is fine, see Figure AH.
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5. If prefix 7, is periodic and mismatch u continues periodicity ¢, we do a shift
of size ¢ that amortises cost of lost first ¢ symbols in 7, and we stay with a
long recognised prefix in the same stage. Thus the amortisation argument is
fine in this case too, see Figure [4e.

a) T+ = p[1..m] A~ matching part
T
pattern
before shift b) new Mg <— old Tg+]1 A~~~ matching part
text i itm/2 old Tk,
shift >m/2 f pattern pattern T~ =
after shift
AN
) text i
L R no shift this time
c) Tl A~ matching part d) el Ao matching part
b9 % mismatch e T % mismatch
’ p .
pattern 4 T is nonperiodic ['f‘.me";_. K k has periodg
before shift = before shift
« i
text i T2 text i i+Tk —q
- shift
shift pattern / pattern
after shift after shift
new T <—Ttg new T <~Tty
empty prefix empty prefix
e) Thsl A~ matching part
T % Mmismatch
-k o )
pattern Hn Ty has periodg
before shift
A i
text i g
shiftf: pattern
after shift

T remains
the same

Fig. 4. Five cases: a,b,c,d,e (starting from the top)

4 Experimental Work

In this section we discuss efficient implementation of KMP algorithm in SLP-
compressed texts. We have made several experiments with SLP extended alpha-
bets of bounded size. In particular we were interested in alphabet sizes 256 and
1024, see Tables 1 and 2. We have used three test files: dna.human of the Biomed-
ical Corpus, and two arbitrary files of the Large Canterbery Corpus: Bible.txt
and kjv.gutenberg.

Table 1. Compression efficiency

original text|PE-256 [PE-1024] Gzip |

dna.human 3170608 |1178871|1047300| 968094
Bible.txt 4047392 |2042252|1539550 (1176856
kjv.gutenberg| 4846137 |2343010/1781395(1416051
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Our simple implementation of recursive pairing compression algorithm (with
alphabets of size 256 and 1024) is almost as good as compression done by UNIX
gzip command (based on Lempel-Ziv method [15], [21]) for file dna.human, and
slightly worse for files Bible.txt and kjv.gutenberg. Note that recursive pairing
method deals usually with much larger alphabets that lead to more efficient
compression.

We have also implemented a version of algorithm KMP that works for SLP-
compressed texts. Algorithms PE-256 and PE-1024 solve compressed string
matching problem for alphabets of size 256 and 1024 respectively. Table 2 wit-
nesses their performance in comparison with algorithm KMP (running time of
PE-*/running time of KMP) that works with uncompressed files. We used the
same source files as in Table 1. You can see here a difference between searching
files via remote access (i.e. access to files stored in our global UNIX system) and
files stored on local disks of our Linux workstations. In case of a remote access,
algorithm KMP spends a lot of time on accessing large (uncompressed) UNIX
files from a global disk. In this case a speed-up achieved by searching compressed
(much smaller) files is quite large (4 times). In case of an access to a local disk
the speed-up is less impressive however searching time in compressed file is still
2 times faster then a use of a straightforward implementation of algorithm KMP
in uncompressed files. Notice also that searching in compressed files with larger
alphabet is slower. This is a part of a time/space trade-off, i.e. use of a larger
alphabet leads to a better compression but more complex SLPs, that are to be
traversed by the string matching algorithm.

Table 2. Searching speed-up

Remote access |Local Hard-Drive
PE-256|PE-1024|PE-256| PE-1024
dna.human {21.49%/| 24.29% |50.16%| 56.66%

Bible.txt 14.21%| 18.93% |44.28% | 54.27%
kjv.gutenberg|14.01%| 18.35% [43.75%| 53.75%

5 Conclusion

We have introduced first optimal linear time constant space compressed string
matching algorithm that works for SLP-compressed files. The choice of straight-
line programs (SLPs) as a compression method is due to their compression effi-
ciency and suitability for a compressed search. We performed also a number of
experiments showing that KMP algorithm performed in compressed environment
and constant extra memory is superior to KMP algorithm run on uncompressed
text. Our algorithm has also very straightforward application in other settings
of a string matching problem. For example, if we allow to use O(p) extra mem-
ory we can easily implement O(tp)-time standard algorithm solving approximate
pattern matching with edit distance. We believe that this could be very useful
in many applications dealing with huge biological data, and where the space
constraints are critical [I7].
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Abstract. This paper is about a formalism describing the change of a
given set in the course of time. Starting at the Halpern-Moses semantics
of evolving knowledge in distributed systems and restricting attention to
synchronous ones, then the knowledge state of an agent having a part
in the system represents a paradigm for such a changing set, and also
a guide to our modelling attempt. We develop an appropiate language
of change and axiomatize the set of theorems of a corresponding logic.
Afterwards, we are concerned with the basic properties of the resulting
system: semantic completeness, decidability, and complexity. It turns out
that simplicity of the facts is reflected as simplicity of the system, in a
sense.

1 Introduction

Temporal logic has turned out to be one of the long—lasting and most promi-
nent logics in computer science. The main reason for this is that temporal logic
provides a basic and flexible formalism for modelling and reasoning about con-
currency. Both linear time and branching time systems have actually proved
their usefulness concerning these tasks in many respects. Let the textbooks of
Manna and Pnueli, [17] and [18], witness this in place of the waste literature on
that subject. The flexibility of linear time temporal logic, for instance, can be
justified in its ‘readiness for synergy’. In fact, this logic acts effectively in combi-
nation with different approaches to modelling non—sequential scenarios. Let us
mention two corresponding examples, which are rather remote from each other:
the integration of partial orders, cf [1], and the point of view of reasoning about
knowledge, cf [10].

Especially the second field deserves attention presently since it is closely
related to the topic of this paper. Halpern and Moses have reasonably shown
how the notion of knowledge may help to attack certain problems arising in
connection with distributed systems, in their award—winning article cited above
(Godel Prize 1997). For our purposes it is sufficient to have a quick glance at
this notion, which is done in the following.

A certain kind of knowledge can be ascribed to each processor in a distributed
system, or, more generally, to every agent A involved in a multi-agent system.
This knowledge coincides, by definition, with the set of formulas being valid in
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every state of the system the agent considers possible. The relation of possiblity
between states, R4, occurring here throws the bridge to knowledge as a term
of philosophy, investigated by Hintikka in [16]. In connection with distributed
systems, however, possibility specializes in an equivalence relation meaning in-
distinguishability of states to the agent. Thus every equivalence class represents
some knowledge state of A about the system. There is a corresponding logic of
knowledge, which may be identified with the multi-modal system S5,,, in case of
m agents; see [6]. Now, combining S5,, and linear time temporal logic yields in
particular a language which is expressive enough to treat interesting aspects of
the development of knowledge formally. For example, the notions of synchronous
systems, perfect recall, and no learning, have been studied to a certain extent
in the literature; see [I1] and [5], e.g. Subsequently we confine ourselves to such
‘synchronous systems’, where the agents have access to a common clock. Then,
roughly speaking, ‘perfect recall’ means a successive shrinking of the agent’s
knowledge state, while ‘no learning’ means increasing of this set in the course of
time.

One would expect that, concerning the agent A, phases of learning, i.e., de-
crease of the knowledge state (corresponding with ‘perfect recall’), and phases of
forgetting, i.e., growth of the knowledge state (corresponding with ‘no learning’),
generally alternate. It is exactly this alternating behaviour of a given set which
we are going to model in the present paper. With this aim in view we have to
alter linear time temporal logic appropriately. Moreover, we have to take into
account the way of how the temporal and knowledge connectives of the com-
bined languages interact with respect to the just indicated semantics. All that
will be mirrored in the new language and the formal system to be defined in the
technical part.

There is a further aspect worth to be mentioned here. Disregarding the knowl-
edge context we obtain a logical framework modelling qualitatively the temporal
change of sets. This might be of interest to people working on (spatio—)temporal
databases or corresponding reasoning formalisms, for instance. In fact, enlarge-
ments of the present system can provide the theoretical basis for such tasks. For
now we content ourselves with these hints. We believe that enough reasons have
been given showing that the topic of the paper may be of interest to a wider
audience from different computer science communities.

Logics of changing sets and knowledge states, respectively, emerge from
modal logics of topology. The paper [] is the fundamental one for that. As
to the class of trees studied from a topological and a modal point of view at
the same time we refer to the paper [8]. Relevant to the current situation we
move to a temporal setting. The papers [13] and [T4] can be viewed as predeces-
sors of the present one, in a sense. Dealing satisfactorily with linearity, i.e., the
linear structure of sets with respect to time, makes up the improvement com-
pared with [T3], and considering full linear time temporal logic instead of only
its nexttime—fragment goes beyond [14].

We divide the paper into three parts. First, we treat shrinking sets. We
introduce the syntax and semantics of a corresponding language, axiomatize the
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set of ‘theorems of shrinking’, sketch briefly how semantic completeness of this
axiomatization can be proved, and discuss effectiveness properties. It turns out
that the issues of this part already give hints to what can be expected in case of
increasing sets, and for the whole system as well. So, our exposition is somewhat
more detailed here. Afterwards, in the second part, we proceed in a similar way
with respect to growing. Finally, we glue together both parts suitably.

We assume acquaintance of the reader with basic modal and temporal logic.
All that we need is contained in the standard textbooks; cf [3], [7], and [9], for
example.

The paper is intended to provide some fundamentals concerning certain
‘knowledge—sensitive’ computations. So, neither additional references to applica-
tions are given deliberately nor even case studies, apart from this introduction.
Moreover, numerous details are omitted due to the lack of space; this especially
goes for proofs.

2 Temporal Logic of Decreasing Sets

As has been set out in the introduction we want to formalize, in a sense, the
change of the knowledge state of some agent in the course of time. In the present
section we assume that this set shrinks gradually. While shrinking will be ex-
pressed by the usual connectives nexttime, henceforth and until of propositional
linear time temporal logic (O, O, U), the knowledge operator K associated with
the agent quantifies over the set at any time.

In order to define the set WFFy of well-formed formulas of the logical lan-
guage we let PV = {p, q,r,...} be an enumerable set of propositional variables;
the index ‘d’ indicates ‘decreasing’. Designating formulas by lower case Greek
letters the set WFFq is determined by the following recursive conditions then:

a = ploalanf|Roa | Oga | aldaf | Ka.
Concerning duals of the one—place operators, we let
Qaa =Ky ~a, Oqa:=-0g—a, La:=-K-a.

Moreover, the boolean connectives V and — are treated as abbreviations. Note
that we regard as basic the ‘universal’ version of nexttime, because we will have
only partial functionality of the associated accessibility relation.

Next we define the semantics of our language for the ‘shrinking’—case. As
we would like to treat the decrease of a given set X, certain subsets of X have
to be included in the formal model. Consequently, we take X and the system
of those subsets, O, as basic ingredients of the domains where formulas are
evaluated. However, the set O carries a time structure which is made explicit by
the following definition. — Subsequently, let P(S) denote the powerset of S, for
an arbitrary set S.
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Definition 1. 1. Let X # () be a set and O a set of subsets of X. Furthermore,
suppose that (I, <) is an initial segment of (N, <), and there exists an order—
reversing surjective mapping from I onto O:

d:(I,<) —(0,9).

Then § = (X, I i>(9) is called a sequence of decreasing sets.
2. Let S = (X, i>(’)) be a sequence of decreasing sets and V : PV — P(X)

a mapping. Then V is called a valuation, and M = (X, I i>(9, V') is called
a temporal model of decreasing sets, or briefly a model (based on S).

Notice that ‘the future includes the present’, as it is common in computer
science.
We are going to evaluate formulas in models at situations of the underlying

sequence of decreasing sets, (X, I i>(9). Such situations are simply pairs z, U;
satisfying x € U; = d(i) € O, where i € I; these pairs are designated without
brackets.

Definition 2. Let be given a model M = (X, I i>(’), V) and a situation x,U;
of the sequence of decreasing sets which M is based on. Then we define

z,Ui Em P iff =€ V(p)

z, Ui Em —a iff ©,U; rm «

2, U Emang iff 2,U; Em e andz,U; = B

2, U Em Ko iff VyeU;:y, U, Em

z, Ui Em Baa iff j+1€l andx € Ujyq imply 2,Uj11 FEm
z, Ui Epm Oaa iff Vi>i:(j el and xz € U; imply x,U; Epm @)

‘ ‘ . JjelandxeU; and z,U; E=pm O
@, Ui Em alaff iff 3]22'{andeZk2i:z,Uk Eum a,

for all p € PV and o, 5 € WFFq.

In case x,U; Eam « is satisfied we say that « holds in M at the situation
x, U;; moreover, the formula o € WFF4 is said to be wvalid in M, iff it holds in
M at every situation.

Now we present a list of schemata aimed at providing a sound and complete
axiomatization of all the formulas which are valid in every temporal model of
decreasing sets. The schemata are divided into three groups, called azioms of
sets, time, and decrease, respectively.

— Axioms of sets:

(S1) All instances of propositional tautologies
(S2) K(a—p)— (Ka— Kpf)

(S3) Ka—a

(S4) Ka— KKo

(S5) La— KLa
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— Azioms of time:

(T0) (p— Xap) A (=p = Ka—p)
(T1)  Wa(a = B) = (Maa = Kaf3)
(T 2) Oda — &da

(T 3) Dd(a — ﬁ) — (Dd()é — Ddﬂ)
(T 4) aa — a A XKgOga

(T5) Oa(a = Nyga) = (o = Oga)
(T 6) aldyf — Oqf

(T7) alaf < BV (anOalaUap))

— Axioms of decrease:

(Dl) K&da—)&dK(){
(DQ) ReKa— K XqaV Xy

The schemata of the S—group make the operator K an S5-modality. This
means to the accessibility relation R of a usual Kripke frame (W, R) validating
(53), (S4) and (S5), to be an equivalence. In addition, (S1) — (S5) determine
the logic of knowledge of a single ‘ideal’ agent; see [6]. Presently these axioms
enable us to realize sets as equivalence classes.

Axiom (T'0) of the second group is due to the fact that the semantics of
propositional variables is defined independently of the set component of a situa-
tion; in particular, all p € PV are true and false respectively, regardless of time.
Moreover, the modality Xy represents a partial function because of the schema
(T 2); i.e., this axiom is valid in a Kripke frame (W, R), iff the accessibility re-
lation R is partially functional. In our language of sets these axioms provide for
the linear structure of sequences of decreasing sets on the level of points. The
schemata (7'4) and (T'5) are intended to express that the accessibility relation
corresponding with [y is the reflexive and transitive closure of the accessibility
relation corresponding with Xy4. Finally, (T'6) and (T'7) describe the relevant
properties of the until-operator; its ‘fixed—point character’, in particular, is cap-
tured by the last axiom of this group.

The third group of axioms is the decisive one. The schemata of this group
formalize the interaction of the unary operators (the ‘modal’ connectives) in-
volved in the system. (D 1) is the real ‘axiom of shrinking’ and is typical of the
various systems of topological reasoning; see [4]. Finally, (D 2) is responsible for
the linear structure of sequences of decreasing sets on the level of sets.

Adding the following usual rules yields a logical system designated D; this
letter should remind one of ‘decrease’, too:

a— 0« Q@ « Q@
1) — 27 _— _— —_
(1) I6] ) Kaa (3) EYe" ) Ka
Our first result states the soundness of the just defined system. The proof is

easy by reverting to the above definitions.

Proposition 1. Let « € WFFy be an D—derivable formula. Then « is valid in
every temporal model of decreasing sets.
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O
Y
q

Fig. 1. Diagram properties

Semantic completeness is much more complicated to prove. One starts off
with a canonical model construction. Let

<& L
Q, — and —

denote the accessibility relations belonging to the one-place connectives X, [J
and K, respectively, of the canonical model. (Notice that we have omitted the
index ‘d’; and we do so for the rest of this section.) The above axioms provide for
some good behaviour of these relations. In fact, we get the following important
diagram properties:

(1) For all points s,t,u of the canonical model such that s Oyt Ly 4 there

exists a point v such that s Lo Q)u

This is valid because of (D 1).

(2) For all s,t,u,v such that s Lot Oy and 5 -2 v there exists a point x
such that s gm Ly

For this, (D 2) is responsible; see Figure 1.
It is crucial for our purposes that properties (1) and (2) are transmitted to a

special filtration of the canonical model: the one having filtration set Moss and
Parikh’s filtration set I" (see [4], p. 92) built on Goldblatt’s filtration set (see [9,

p. 92), and the minimal filtrations s and v of 25 and i>, respectively.

(We need not consider 25 at the moment.) In fact, marking elements of the
filtration with a bar we get

Proposition 2. 1. The relation Vs is an equivalence relation.

2. Suppose that we have § g) T L5 4. Then there exists a point v such that

_ L _ _
Sl—>’()'2)u.
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3. Assume that 5+ 5 and 5257+ @ is valid for elements 3, t, U, U of the

filtration. Furthermore, let KB € s for some formula WG € I'. Then there
erists a point & such that § »Qm’c N

Beyond usual linear time temporal logic one has to be able to select a suitable

successor of the whole i)fequivalence class of a point 5 under consideration, at
least as far as the realization of K—formulas contained in I" is concerned. That
this faithfully is possible can be guaranteed by (3) of Proposition 2L

Now, after some preprocessing peculiar to the new system the unwinding
procedure known from linear time temporal logic ([9], p. 96) is applicable, yield-
ing a certain intermediate Kripke model M’. With the aid of this model we can
construct the desired temporal model M of decreasing sets. The domain of M
is a suitable space of partial functions having domain contained in N and range
contained in M’; furthermore, a function f belongs to the i—th subset iff f(7)
exists, for all ¢ € N. We can then prove an appropriate truth lemma, using the
diagram properties essentially. This implies the first of our main results.

Theorem 1. Let the formula o € WFF be valid in every temporal model of
decreasing sets. Then « is D—derivable.

The completeness proof roughly sketched above does not obviously yield the
finite model property of our logical system. We have to proceed differently in
order to achieve this result. First we introduce some prerequisite notions. To this
end, let Z := (I, <) be an initial segment of (N, <).

1. A subset @ # I' C I is called a segment of Z, iff there is no i € I\ I’ strictly
between any two elements of I'.
2. A partition of I into segments is called a segmentation of Z.

Let be given a formula o and a model M = (X, I <, 0,V). We will have
to consider segmentations of Z = (I, <) such that the truth value of « remains
unaltered on every segment, in the following sense.

Definition 3. Let « € WFF be a formula and M = (X, 1 BN 0,V) a model.
Furthermore, let A be an indexing set and P :={Zx | A € A} a segmentation of
Z=(I,<). Then « is called stable on P, iff for all A\ € A and x € X we have

VieIy:(zelU = z,U Ea), orViely: (zeU, = z,U; E-a).
Actually, one can always get a finite segmentation of Z on which « is stable.

Proposition 3. Let M = (X, I 4, O,V), T and « be as above. Then there
exists a finite segmentation Py := {I1,...,Z,} of T such that « is stable on Py,.
Moreover, P, can be chosen such that it refines Pg for every subformula 8 of .,
and the number of segments is polynomial in the length of «.
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P, can be constructed inductively, starting with the trivial segmentation
{{Z}} in case of a propositional variable (due to axiom (7°0)).

According to the first statement in Proposition [3] the question whether a
given formula « is satisfiable can be reduced to models of ‘finite depth’. By a
standard procedure of the logic of set spaces this question can then be whittled
down to models which are of ‘finite width’ additionally; cf [8], 3.35, e.g. This
eventually yields the finite model property, which implies decidability.

But we get even more, due to the second statement in Proposition [3} counting
segments carefully along the tree structure of o and utilizing the S5—properties
of K (among other things) we obtain that the D-satisfiability problem is NP—
complete. In view of [19], Theorem 4.1, i.e., already because of the presence of
the (O— and the O-operator, this result is somewhat surprising at first glance.
However, axioms (7°0) and (D 2) are responsible for breaking down the com-
plexity.

Theorem 2. The set of formulas « € WFF being valid in every model, is co-NP
complete.

3 Temporal Logic of Increasing Sets

In this section we model the successive growth of some given non—empty set X.
Our proceeding here is very similar to that in Section 2; so, we may be brief
currently and point up the differences only.

Concerning the syntax we merely alter the index ‘d’ and let it be an ‘7,
indicating increasing. Semantically the same structures are considered as before,
but we look upward the chain of subsets of X now, i.e., take (O, D) instead of
(0, Q) in Definition[I] Correspondingly, frames are called sequences of increasing
sets. As to the validity relation between situations and formulas with respect to
models, =1, nothing is changed; see Definition [2. Notice that the requirements
‘z € Uj41" and ‘z € U;’ in the clauses concerning X, [J; and U, respectively,
become redundant now and can be left out therefore.

More interesting things happen to the axiom schemata. One expects that
the third group is concerned. In fact, while the axioms of sets and time remain
unaltered we have the following

— Aziom of increase:
(Il) &Ka—>K®ia

Interestingly enough, a further axiom of increase is missing, in contrast to
the case of shrinking. The reason for this is that (I 1) is stronger than (D 1), in
a sense. Here is an explanation: The diagram property corresponding with the
schema (I 1) reads

(3) for all points s,t,u of the canonical model such that s Ly Q) u there

exists a point v such that s Qﬂ) L.
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Fig. 2. Phases of a changing set

Now, it is not hard to prove that this together with partial functionality of the re-

lation -2 implies linearity of the time structure of the i%equivalence classes.
Moreover, property (3) is also passed to the filtration considered in Section 2,
which serves its purposes again thus.

Let the system indicated above be designated I. Taking into account the
described modifications one gets:

Theorem 3. The system I is sound and complete with respect to models of
increasing sets. Furthermore, the set of I-derivable formulas o € WFF; is co—
NP complete.

The segmentation techniques sketched in the previous section apply corre-
spondingly, yielding the effectiveness issues of Theorem B] The complexity result
is somewhat surprising anew, in view of [12], 4.7. Note that we are confronted
once again with a situation similar to that of the preceding section: axiom (7°0)
works together with a ‘linearity axiom for sets’, which equals (/1) this time.
But, since (I'1) is also an axiom of the usual logic of knowledge in synchronous
systems with no learning, see Theorem 3.8 in [I1], (T°0) is ‘dominant’ in the
present case. (In fact, in the proof of the result 4.7 in [12] it is used that Axiom
(T'0) does not hold for the common logic of knowledge.)

Completeness and decidability of a system similar to the present one has
been obtained in [I5)].

4 Combining the Systems D and I

The final system is a combination of the systems D and I in the following sense:
Building the set of well-formed formulas, each of the preceding rules is allowed.
Concerning the semantics, the set O of subsets of the domain is structured by
phases of growing and shrinking respectively; see Figure 2. This is made precise
through the next definition.

Definition 4. 1. Let X be a non—-empty set, I an initial segment of N and
d: 1 — P(X) a mapping. Furthermore, let I' be a segment of I. Then d
is called increasing on I', iff i < j <= d(i) C d(j) for alli,j € I', and
decreasing on I, iff i < j <= d(i) 2 d(j) for alli,j T
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2. Let X, I and d be as above. Moreover, let T := (I,*)res be a segmentation
of I, where J is a suitable initial segment of N, and ¢y, € {d,i} for allk € J.
Then d is called faithful on Z, iff d is increasing on I.* in case ¢, =i, and
d is decreasing on I,* in case ci, = d, for allk € J.

We then regard as relevant only sequences of sets S = (X, I 4, O) which are
partitioned by a segmentation Z in a way such that d is faithful on Z. Let us call
such structures proper. The evaluation of formulas in models based on proper
sequences of sets respects the phases of Z, and follows Definition Bl otherwise.

Let us explain this more detailedly. So, let be given a model

M=(XI1-50,V)

based on a proper sequence of sets. Let Z = (I;*)res be the corresponding
segmentation of I, i.e., the segmentation where d is faithful on. Finally, let x, U;
be a situation of S. Then there exists a unique k£ € J such that i € I;*. We write
I Z'g;)) for the latter set. Quantification is defined with respect to this phase then.
For example:

2, Ui b Daas = ¥j 22 (j € It Aey = dAw € Uy = o,U b a)
In case of K. it has to be required that ¢ + 1 is contained in some ‘c—phase’, in
the premise of the implication on the right-hand side (c € {d, i}).

Apart from the schemata of Section 2 and Section 3 there is a single axiom
of change expressing the transition from a shrinking phase to a growing one, and
vice versa.

— Aziom of change:
(Cl) KNyjaVKKg

The corresponding system, C, is thus determined by the schemata (S1) —
(85), (T1) - (T7),(D1),(D2), (I1) and (C1), and the rules given in Section
2.

Let us discuss the axiom of change. Its effect on the canonical model is
described in the following proposition.

Proposition 4. Let [s] be an N —equivalence class of the canonical model.
Then there do not exist u,t € [s] and points t',u' such that t Ot andu S

Consequently, the desired behaviour can be guaranteed on the canonical
model: every equivalence class as a whole can exclusively be extended with re-
spect to growing or shrinking, if it can be extended at all.

Fortunately the behaviour of the equivalence classes is transmitted to the
filtration, at least in the meaning of Proposition 2§3), i.e., as far as K.—formulas
contained in the filtration set are concerned (c € {d,i}). The reason for this is

that we have taken the minimal filtration of 2% and 2% respectively. This
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suffices for our purposes. For, the unwinding procedure mentioned in Section 2
leads to a proper sequence of sets then. In this way we get semantic completeness
of the system C.

The previous decidability and complexity assertions remain valid in case of
the combined system as well. In fact, segmentation of a given model is carried
out with respect to the separate phases here so that only the last one is crucial to
the finite model property. This property follows as above, and hence decidability,
too.

As to complexity, it must only be guaranteed additionally that the number
of phases is polynomial in the length of the formula under consideration. But
this is clear since that number coincides with the degree of alternately nesting
d— and i—operators in the formula.

We can state the main result of this paper now.

Theorem 4. 1. The system C is sound and complete with respect to proper
sequences of sets.

2. The set of C—theorems is co-NP complete.

5 Concluding Remarks

We have presented a formalism originating from the logic of knowledge of an
agent involved in a synchronous system. The underlying language can describe
the change of the knowledge state of the agent ‘from his own point of view’.
Moreover, the language can be viewed as a core language expressing in general
the change of a given set in the course of time.

Our results include completeness of the given axiomatization, decidability of
the logic, and the determination of the complexity of the set of theorems. It
turned out that the latter set is ‘only’ complete in co-NP. This result can be
interpreted as simplicity of the logic. In fact, due to our special axioms neither
the temporal component of the system contributes to the complexity nor the
interplay between knowledge and time, so that the knowledge component has a
determining influence on this alone (cf [6], Section 3.5).

In view of the second possible field of application of our system remarked
above it is desirable to extend the formalism in order to get to grips with points
inside the given set explicitly (among other things). Maybe hybrid logic, see [2],
is a good candidate for this. Hybrid subset space logics will be a subject of future
research.

Another topic worth to be investigated is the purely modal treatment of
changing sets. Interestingly enough, a complete axiomatization of structures of
the type (X, Q), where X is a non—empty set and O forms a chain of subsets of
X with respect to inclusion, is still missing in the framework of the modal logic
of topology.
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Abstract. Rabi, Rivest, and Sherman alter the standard notion of
noninvertibility to a new notion they call strong noninvertibility, and
show—via explicit cryptographic protocols for secret-key agreement
([RS93/RS97] attribute this to Rivest and Sherman) and digital sig-
natures [RS93RSO7]—that strongly noninvertible functions would be
very useful components in protocol design. Their definition of strong
noninvertibility has a small twist (“respecting the argument given”)
that is needed to ensure cryptographic usefulness. In this paper, we
show that this small twist has a large, unexpected consequence: Unless
P = NP, some strongly noninvertible functions are invertible.

Keywords: Computational and Structural Complexity.

1 Introduction

Rabi, Rivest, and Sherman developed novel cryptographic protocols that require
one-way functions with algebraic properties such as associativity (see [RS93]
RS97] and the attributions and references therein, esp. [She86JKRS8S]). Moti-
vated by these protocols, they initiated the study of two-argument (2-ary, for
short) one-way functions in worst-case cryptography. To preclude certain types
of attacks, their protocols require one-way functions that are not invertible in
polynomial time even when the adversary is given not just the function’s output
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but also one of the function’s inputs. Calling this property of one-way func-
tions “strong noninvertibility” (or “strongness,” for short), they left as an open
problem whether there is any evidence—e.g., any plausible complexity-theoretic
hypothesis—ensuring the existence of one-way functions with all the properties
the protocols require, namely ensuring the existence of total, commutative, as-
sociative one-way functions that are strongly noninvertible. This problem was
recently solved by Hemaspaandra and Rothe [HR99| who show that if P # NP
then such one-way functions do exist.

Unfortunately, Hemaspaandra and Rothe [HR99] write: “Rabi and Sher-
man [RS97] also introduce the notion of strong one-way functions—2-ary one-
way functions that are hard to invert even if one of their arguments is given.
Strongness implies one-way-ness.” The latter sentence could be very generously
read as meaning “strong, one-way functions” when it speaks of “strongness,”
especially since strongness alone, by definition, does not even require honesty,
and without honesty the sentence quoted above would be provably, trivially,
false. However, a more natural reading is that [HR99] is assuming that strongly
noninvertible functions are always noninvertible. The main result of the present
paper is that if P # NP then this is untrue. So, even when one has proven a
function to be strongly noninvertible, one must not merely claim that nonin-
vertibility automatically holds (as it may not), but rather one must prove the
noninvertibility

In the present paper, we study appropriately honest, polynomial-time com-
putable 2-ary functions. We prove that if P # NP then there exist strongly
noninvertible such functions that are invertible (see Section [ for precise defini-
tions). This is a rather surprising result that at first might seem paradoxical. To
paint a full picture of what happens if P # NP, we also show the (nonsurpris-
ing) result that if P # NP then there exist appropriately honest, polynomial-time
computable 2-ary functions that are noninvertible, yet not strongly noninvert-
ible.

So, why is the surprising, paradoxical-seeming result (that if P # NP then
some strongly noninvertible functions are invertible) even possible? Let us infor-
mally explain. Let o be a 2-ary function. We say o is noninvertible if there is
no polynomial-time inverter that, given an image element z of o, outputs some
preimage of z. We say o is strongly noninvertible if even when, in addition to any
image element z of o, one argument of ¢ is given such that there exists another
string with which this argument is mapped to z, computing one such other argu-
ment is not a polynomial-time task. So, why does strongness alone not outright
imply noninvertibility? One might be tempted to think that from some given

! Since in [IR99] only strong noninvertibility is explicitly proven, one might worry that
the functions constructed in its proofs may be invertible. Fortunately, the construc-
tions in the proofs in [HR99| do easily support and implicitly give noninvertibility
as well; thus, all the claims of [HR99] remain correct. Most crucially, on page 654
of [HR99], inverting the output (z,z) in polynomial time would give strings contain-
ing one witness for membership of x in the given set in NP — P (if there are any such
witnesses), which is impossible.



164 L.A. Hemaspaandra, K. Pasanen, and J. Rothe

polynomial-time inverter g witnessing the invertibility of o one could construct
polynomial-time inverters g; and go such that g; inverts ¢ in polynomial time
even when the ith argument is given (see Definition P for the formal details).
This approach does not work. In particular, it is not clear how to define g; when
given an output z of o and a first argument a that together with a corresponding
second argument is mapped to z, yet a is not the first component of g(z). (In
fact, our main theorem implies that no approach can in general accomplish the
desired transformation from g to g;, unless P = NP.)

But then, why don’t we use a different notion of strongness that automati-
cally implies noninvertibility? The answer is that the definitional subtlety that
opens the door to the unexpected behavior is absolutely essential to the cryp-
tographic protocols for which Rabi, Rivest, and Sherman created the notion
in the first place. For example, suppose one were tempted to redefine “strongly
noninvertible” with the following quite different notion: ¢ is “strongly noninvert-
ible” if, given any image element z of ¢ and any one argument of o such that
there exists another string with which this argument is mapped to z, computing
any preimage of z (as opposed to “any other argument respecting the argument
given”) is not a polynomial-time task. The problem with this redefinition is that
it completely loses the core of why strongness precludes direct attacks against
the protocols of Rabi, Rivest, and Sherman (it is difficult to explain why without
giving here in full their protocols, and this isn’t a formal claim as their argu-
ments themselves are not formal proofs of security, so suffice it to say that their
intuitive argument is crucially drawing on the fact that the definition of strong
noninvertibility includes the “respecting the argument given” feature, and this
dependence will be immediately clear to anyone who reads their protocols). We
will call the just-defined notion “overstrongness,” as it seems to be overrestrictive
in terms of motivation—and we will prove that if P £ NP then overstrongness
indeed is a properly more restrictive notion than strongness.

2 Definitions

Fix the binary alphabet X = {0,1}. Let e denote the empty string. Let
(-,) + X* x X* — X* be some standard pairing function, that is, some total,
polynomial-time computable bijection that has polynomial-time computable in-
verses and is nondecreasing in each argument when the other argument is fixed.
Let FP denote the set of all polynomial-time computable total functions. The
standard definition of one-way-ness used here is essentially due to Grollmann and
Selman except that they require one-way functions to be one-to-one ([GS8S], see
also [Ko85l/Ber77] and the surveys [Sel92)BHHR99]); as in the papers [RS97,
HRI9/Hom00|, their notion is tailored below to the case of 2-ary functions.
Any general notions not explicitly defined can be found in standard complexity
texts [BCI3[Pap94/BDGI5.

Definition 1. [GS88/RSITIHRIY] Let p : X* x X* — X* be any (possibly
nontotal, possibly many-to-one) 2-ary function.
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We say p is honest if and only if there exists a polynomial q such that:
(V2 € image(p)) (3(a,b) € domain(p)) [Ja] + [b] < a(|2]) A pla,b) = .

We say p is (polynomial-time) noninvertible if and only if the following does
not hold:

(3¢ € FP) (V= € image(p)) [p(g(2)) = 2.

We say p is one-way if and only if it is honest, polynomial-time computable,
and noninvertible.

We now define strong noninvertibility (or strongness), which is a stand-alone

property (i.e., with one-way-ness not necessarily required) of 2-ary functions.
If one wants to discuss strongness in a nontrivial way, one needs some type
of honesty that is suitable for strongness. To this end, we introduce below, in
addition to honesty as defined above, the notion of s—honesty

Definition 2. (see, essentially, [RSOT/JHRI9]) Let o : X* x X* — X* be any
(possibly nontotal, possibly many-to-one) 2-ary function.

1.

We say o is s-honest if and only if there exists a polynomial q such that
both (a) and (b) hold:

(a) (Vz,a:(3b)[o(a,b) = 2]) () [|'] < q(|z] +[a]) A o(a,b) = 2].

(b) (Vz,b: (Ja) [o(a,b) = 2]) (3a’) [|a’| < q(|z[ +[b]) A o(a’,b) = 2].

We say o is (polynomial-time) invertible with respect to the first argument
if and only if

(3g1 € FP) (Vz € image(0)) (Va, b : (a,b) € domain(o) A o(a,b) = z)
[o(a,91({a, 2))) = z].

We say o is (polynomial-time) invertible with respect to the second argu-
ment if and only if

(392 € FP) (Vz € image(o)) (Va,b : (a,b) € domain(c) A o(a,b) = 2)
[0(92((b, 2)),b) = 2.

We say o is strongly noninvertible if and only if o is neither invertible
with respect to the first argument nor invertible with respect to the second
argument.

We say o is strongly one-way if and only if it is s-honest, polynomial-time
computable, and strongly noninvertible.

2 The strongly noninvertible functions in [HRQ9] clearly are all s-honest, notwithstand-

ing that s-honesty is not explicitly discussed in [HR99] (or [RSO7TIRS93]).
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It is easy to see that there are honest, polynomial-time computable 2-ary
functions that are not s—honest and that there are s-honest, polynomial-time
computable 2-ary functions that are not honest [

For completeness, we also give a formal definition of the notion of overstrong-
ness mentioned in the last paragraph of the introduction. Note that overstrong-
ness implies both noninvertibility and strong noninvertibility.

Definition 3. Let o : X* x X* — X* be any (possibly nontotal, possibly many-
to-one) 2-ary function. We say o is overstrong if and only if for no f € FP with
f{1,2} x X x X% — X* x X does it hold that for each i € {1,2} and for all
strings z,a € X*:

((Fbe X)(o(a,b) =2Ai=1)V (o(b,a) =2z ANi=2)])
= o(f(i,2z,a)) = 2.

3 On Inverting Strongly Noninvertible Functions

It is well-known (see, e.g., [Sel92/BDGI5|) that 1-ary one-way functions exist
if and only if P # NP; as mentioned in [HR99IRSI7], the standard method to
prove this result can also be used to prove the analogous result for 2-ary one-way
functions.

Theorem 1. (see [HR99IRSI7]) P # NP if and only if total 2-ary one-way
functions exist.

Now we show the main, and most surprising, result of this paper: If P £ NP
then one can invert some functions that are strongly noninvertible.

Theorem 2. If P # NP then there exists a total, honest 2-ary function that is
a strongly one-way function but not a one-way function.

Proof. Assuming P # NP, by Theorem [I] there exists a total 2-ary one-way
function p. Define a function o : X* x X* — X* as follows:

Op(z,y) if (Fz,y,z € X*)[a =1Lz, y) Ab=0z]
0p(y, 2) if (Fz,y,z € X*)[a=0x Ab=1{y, 2)]
o(a,b) =< lay if (Jz,y € X¥)
[(a=0xAD=0y)V (a=1z Ab=1y)]
ab ifa=eVb=e.

3 For example, consider the function p : X* x X¥* — X* defined by p(a,b) =
1Meglog(max([bl.2)1 if ¢ = 0, and p(a,b) = ab if a # 0. This function is honest (as
proven by p(e, z) = x) but is not s-honest, since for any given polynomial g there are
strings b € X* and z = 1/loslea(max(bl2)T wity p(0,b) = z, but the smallest b’ € ¥*
with p(0,b") = z satisfies [b'| > ¢(|z| + |0]) = ¢([log log(max(]b],2))] + 1).

4 For example, consider the function o : X* x X* — X* that is defined by o(a,b) =
1Mteglog(max(lal2)1 jf |g| = |b|, and that is undefined otherwise. This function is s-
honest but not honest.
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It is a matter of routine to check that o is polynomial-time computable,
total, honest, and s-honest (regardless of whether or not p, which is honest, is
s-honest).

If one could invert ¢ with respect to one of its arguments then one could
invert p, contradicting that p is a one-way function. In particular, supposing o
is invertible with respect to the first argument via inverter g1 € FP, we can
use g1 to define a function g € FP that inverts p. To see this, note that given
any w € image(p) with w # €, ¢1({0,0w)) must yield a string of the form
b = 1{y, z) with p(y,2) = w. Thus, o is not invertible with respect to the first
argument. An analogous argument shows that o is not invertible with respect to
the second argument. Thus, o is strongly noninvertible. However, ¢ is invertible,
since every string z € image(o) has an inverse of the form (e, z); so, the FP
function mapping any given string z to (e, z) is an inverter for o. Hence, o is not
a one-way function. |

The converse of Theorem 2limmediately holds, as do the converses of Propo-
sition [, Corollary [, and Theorems B M, and Bl However, although all these
results in fact are equivalences, we will focus on only the interesting implication
direction.

For completeness, we mention in passing that, assuming P # NP, one can
construct functions that—unlike the function constructed in the proof of Theo-
rem [2—are strongly one-way and one-way. An example of such a function is the
following modification & of the function o constructed in the proof of Theorem
As in that proof, let p be a total 2-ary one-way function, and define function
G X" x X — X* by

0p(z,y) it (32,9, € 5) [a = 1(z,5) A b= 0]
&(a,b) =< 0p(y,2) if 3z,y,z € Z*)[a=0x Ab=1{(y, z)]
lab otherwise.

Note that & even is overstrong; hence, ¢ is both noninvertible and strongly
noninvertible. That is:

Proposition 1. If P # NP then there exists a total, honest, s-honest, 2-ary
overstrong function. (It follows that if P # NP then there exists a total 2-ary
function that is one-way and strongly one-way.)

Corollary [[l below shows that if P # NP then there is an s-honest 2-ary one-
way function that is not strongly one-way. First, we establish a result that is
slightly stronger: For a function to be not strongly noninvertible, it is enough
that it is invertible with respect to at least one of its arguments. The function o
to be constructed in the proof of Theorem B]below even is invertible with respect
to each of its arguments.

Theorem 3. If P £ NP then there exists a total, s-honest 2-ary one-way func-
tion o such that o is invertible with respect to its first argument and o is invertible
with respect to its second argument.
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Proof. It is well-known ([Sel92] Prop. 1], in light of the many-to-one analog of
his comment [Sel92] p. 209] about totality) that under the assumption P # NP
there exists a total l-ary one-way function p : XY* — X*. Define a function
o X" x X — X* as follows:

_J1p(a)ifta=0
o(a,b) = {Oab if a # b.

Note that ¢ is polynomial-time computable, total, s-honest, and honest. If o were
invertible in polynomial time then p would be too; so, ¢ is a one-way function.
However, o is invertible with respect to each of its arguments. For an inverter
with respect to the first argument, consider the function ¢ : X* — X* defined
by

bif (3a,b,z € X*) [x = (a,02) A z = ab]

g1(x) = ¢ aif 3a,z € %) [x = (a,12)]
€ otherwise.

Clearly, g1 € FP. Note that for every y € image(o) and for every a € X* for
which there exists some b € X* with o(a,b) = y, it holds that o(a, g1 ({a,y))) = v,
completing the proof that o is invertible with respect to the first argument. To
see that o also is invertible with respect to the second argument, an analogous
construction (with the roles of the first and the second argument interchanged)
works to give an inverter go for a fixed second argument.

Corollary 1. If P £ NP then there exists a total, s-honest 2-ary one-way func-
tion that is not strongly one-way.

One might wonder whether functions that are not strongly noninvertible
(which means they are invertible with respect to at least one of their arguments)
outright must be invertible with respect to both of their arguments. The following
result states that this is not the case, unless P = NP.

Theorem 4. If P £ NP then there exists a total, s-honest 2-ary one-way func-
tion that is invertible with respect to one of its arguments (thus, it is not strongly
one-way), yet that is not invertible with respect to its other argument.

Proof. Assuming P # NP, by Theorem [I] there exists a total 2-ary one-way
function, call it p. Since our pairing function is onto and one-to-one, and its
inverses are efficiently computable, the functions—m; and me—mapping from
each string in X* to that string’s first and second components when interpreted
as a pair are well-defined, total, polynomial-time functions; for all b € X*, b =
(m1(b), m2(b)). Define a function o : X* x X* — X* as follows:

o(a,b) = p(m1(b), m2(b))

It is clear that o is honest (via p’s honesty) and s-honest. Let ag be any fixed
string, and define go(w) = ag for all strings w. Clearly, go € FP. The definition
of o implies that for each z = p(z,y) € image(c) and for each b € X* such that
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o(a,b) = z for some a € X*, it also holds that o(ag,b) = z. Thus, o is invertible
with respect to the second argument via go. However, if o were also invertible
with respect to the first argument via some function g; € FP, then g; could be
used to invert p, which would contradict the noninvertibility of p. Hence, o is
invertible with respect to its first, yet not with respect to its second argument.
Analogously, we can define a function that is invertible with respect to its second
argument, yet not with respect to its first argument. I

Finally, let us turn to the notion of overstrongness (see Definition B]) men-
tioned in the last paragraph of the introduction. As noted there, this notion is
not less restrictive than either noninvertibility or strong noninvertibility, and so
if a given polynomial-time computable, honest, s-honest function is overstrong
then it certainly is both one-way and strongly one-way. Even though overstrong-
ness is not well-motivated by the cryptographic protocols of Rabi, Rivest, and
Sherman [RS97], for the purpose of showing that the notions do not collapse, we
will prove that the converse does not hold, unless P = NP.

Theorem 5. IfP ## NP then there exists a total, honest, s-honest 2-ary function
that is noninvertible and strongly noninvertible but that is not overstrong.

Proof. Assume P # NP. It is known (see [Sel92]) that this assumption implies
that total 1-ary one-way functions exist. Let p be one such function, and let
p be such that it additionally satisfies (Ir > 2) (Vo € X*)[|p(z)| = |=|" + 7).
Henceforth, r will denote this value r. That this condition can be required follows
easily from the standard “accepting-paths-based” proofs that P # NP implies
the existence of total 1-ary one-way functions.

Define a total function p : X* — X* as follows:

1p(x) if (Fz € X*) [a = 1x]
pla) =< a if (3z € X*) [a = 0x]

€ ifa=ce

Note that p is a l-ary, total one-way function satisfying that for each ¢ > 0,
p(0%) = 0°. Now define the total function o : X* x X* — X* as follows:

Lp(x), 0} if (Fz,y € 2*) [Ja] = |y| A a = 0{z,y) = b]
Lp(z), 0¥ if 32,y € X%)

[z = |yl A a = 1(z,0y) Ab=1(z,1p(y))]
L{p(x), 0y if (Fz,y € £*)

[lz] = [y] A a =1z, 1p(y)) A b= 1(z,0y)]
0{a, b) otherwise.

Clearly, o is polynomial-time computable, honest, s-honest, and commutative.
If o0 were invertible, p would be too. Thus, o is a one-way function.

Note that o is strongly noninvertible, for if it could be inverted with respect
to either argument then p could be inverted too. Suppose, for example, o were
invertible with respect to the first argument via inverter g; € FP. Then p could
be inverted as follows. Given any z € X*, if there is no k € IN with k" +r =
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|z, there is no inverse of z under p; so, in that case we may output anything.
Otherwise (i.e., there is a k¥ € IN with k" + r = |z|), run ¢g; on input (a,w),
where a = 1(0¥,1z) and w = 1(0¥,0%). By the definition of o, if 2 € image(p),
the result of g;({a,w)) must be of the form 1(0¥,02) for some preimage # of z
under p, and we can verify this by running p on input Z and checking whether
or not p(£) = z. A similar argument shows that o is not invertible with respect
to the second argument. Hence, o is strongly one-way.

Finally, we claim that o is not overstrong. Here is what an inverter f does
when given i = IE an alleged first argument a € X* of o, and an alleged
output z € X* of o:

(z,y) if (3z,y € X7) [z = 0(z,y)]
(a,a) if (3z,y € X¥*)(Im € N)
[a =0z A z=1{(y,0™)]
f(1,a,2) = (0{w, w), 0{w, w)) if (Fw,z,y € X*) (Im € IN)
Y [a = 1{w,0x) A z = 1(y,0™)]
w,w)) if (Fw,z,y € X*)(Im € IN)
[a = L{w,lz) A z = 1{y,0™)]
(e, €) otherwise.

0
(0w, w), 0(

Note that f € FP. Whenever there exists some string b € X* for which o(a,b) =
z, it holds that o(f(1,a,2)) = z. (If there is no such b, it does not matter what
f(1,a,z) outputs.) Hence o is not overstrong. |
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Abstract. This paper presents the prediction-preserving reducibility
with membership queries (pwm-reducibility) on formal languages, in
particular, simple CFGs and finite unions of regular pattern languages.
For the former, we mainly show that DNF formulas are pwm-reducible
to CFGs that is sequential or that contains at most one nonterminal. For
the latter, we show that both bounded finite unions of reqular pattern
languages and unbounded finite unions of substring pattern languages
are pwm-reducible to DFAs.

Keywords: prediction-preserving reduction with membership queries,
prediction with membership queries, context-free grammars, pattern lan-
guages, grammatical inference, learning theory.

1 Introduction

The task of predicting the classification of a new example is frequently discussed
from the viewpoints of both passive and active settings. In a passive setting, the
examples are all chosen independently according to a fixed but unknown proba-
bility distribution, and the learner has no control over selection of examples [12]
18]. In an active setting, on the other hand, the learner is allowed to ask about
particular examples, that is, the learner makes membership queries, before the
new example to predict is given to the learner [3]6].

Concerned with language learning, we can design a polynomial-time algo-
rithm to predict deterministic finite automata (DFAs) in an active setting [3],
while predicting DFAs is as hard as computing certain apparently hard crypto-
graphic predicates in a passive setting [12]. Furthermore, predicting nondeter-
ministic finite automata (NFAs) and context-free grammars (CFGs) is also hard
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under the same cryptographic assumptions in an active setting [6]. Here, the
cryptographic assumptions denote the intractability of inverting RSA encryp-
tion, recognizing quadratic residues and factoring Blum integers.

Pitt and Warmuth [I8] have been formalized the model of a prediction and
a reduction between two prediction problems that preserves polynomial-time
predictability called the prediction-preserving reduction in a passive setting. An-
gluin and Kharitonov [6] have extended to the prediction and the reduction in an
active setting. The reduction is called the prediction-preserving reduction with
membership queries or a pwm-reduction for short.

The prediction is an weaker learning model than PAC-learning or query learn-
ing models [BIG/I8]; If a class is polynomial-time learnable with equivalence (and
membership) queries, then it is polynomial-time PAC-learnable (with member-
ship queries), and if a class is polynomial-time PAC-learnable (with membership
queries), then it is polynomial-time predictable (with membership queries).

Except the above general results, the detailed results of the pwm-reducibility
on formal languages, for example, the restricted CFGs or another languages such
as pattern languages, have few found elsewhere. Furthermore, many researchers
have been interested in the pwm-reducibility on Boolean concepts but not on
formal languages [6/I2J/I8]. Hence, in this paper, we pay our attention to the
pwm-reducibility on simple CFGs and finite unions of regular pattern languages.

For the former classes, we introduce several simple CFGs as follows: the linear
grammars (Liinear), the right-linear grammars (Lyight-linear), and the left-linear
grammars (Liett-linear) as usual; the k-bounded CFGs [4] (Lk-bounded-cra) €ach
of which right-hand side of productions contains at most & nonterminals; the se-
quential CFGs [1124] (Lsqcre) that the set of nonterminals has a partial order <
such that T — vUw iff T < U for nonterminals T and U; the properly sequential
or loop-free CFGs (Lpsqcra) that is sequential but disallowing to occur the same
nonterminal in both left- and right-hand sides for each production; the k-CFGs
(Lk-cre) that contains at most k nonterminals; the parenthesis grammars [16]
(Lparen) that each production is of the form T' — [w].

On the other hand, a pattern [2] is a string consisting of constant symbols
and variables, a regular pattern [25] is a pattern in which each variable occurs
at most once, and a substring pattern [26] is a regular pattern of the form zwy
for a constant string w and variables x and y. The language of a pattern is the
set of constant strings obtained by substituting nonempty constant strings for
variables in the pattern. Then, for the latter classes, we deal with the bounded
finite union of regular pattern languages by some constant m (L, rp) and
the unbounded finite union of regular or substring pattern languages (Lugrp or
£UsubP)~

We denote that £; is pwm-reducible to Lo by L1 <pwm L2, and that
L1 <pwm L2 and Lo Dpwm £1 by L1 Zpwm L2. Then, this paper presents the
results described as Fig. [Il Hence, we can conclude the following polynomial-
time predictability with membership queries.
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LNFA E];)Wm Lright—lineah Lleft—linear

['NFA ﬂpwm Clineary [«k—bounded—CFG
LoNF Jpwm LsqcFGs Lpsqora, Li-cFa
LUDFA ﬂpwm Eparen

Ly, rP, LusubP <Lpwm LDFA

Fig. 1. The pwm-reducibility

1. Liinear, ['right—linear, Lieft-linear, Lk-bounded-CFG (k > 1) and Eparen are not
polynomial-time predictable with membership queries under the crypto-
graphic assumptions.

2. If Loqera, Lpsqere and Ly-crg (kK > 1) are polynomial-time predictable
with membership queries, then so are DNF formulas.

3. Ly,,rp (m >0) and Lsupp are polynomial-time predictable with member-
ship queries.

Concerned with the statement 2, this paper corrects and extends some results
obtained by the paper [23]. Furthermore, concerned with the statement 3, we
can show that Lpnr Jpwm Lurp, 50 if Lurp is polynomial-time predictable with
membership queries, then so are DNF formulas [22].

2 Preliminaries

Let X and N be two non-empty finite sets of symbols such that XN N = (. A
production A — « on X and N is an association from a nonterminal A € N to
a string o € (N U X)*. A context-free grammar (CFG, for short) is a 4-tuple
(N, X, P,S), where S € N is the distinguished start symbol and P is a finite set
of productions on X and N. Symbols in N are said to be nonterminals, while
symbols in X' terminals. Then, we deal with the following subclasses of CFGs.

— A linear grammar is a CFG G = (N, X, P,S) such that each production
in P is of the forms T"— wUv or T — w for T,U € N and w,v € X*. In
particular, a right-linear (resp., left-linear) grammar if it is a linear grammar
such that each production is of the forms either T' — wU (resp., T — Uw)
or T — wfor T,U € N and w € X*.

— ACFG G = (N,X,P,S) is called k-bounded [] if the right-hand side of each
production in P has at most k nonterminals.

— A CFG G = (N, X, P,S) is called sequential [724] if the nonterminals in
N are labeled S = T4,...,T, such that, for each production T; — w, w €
(X U{T; | i < j < n})*. In particular, a sequential CFG satisfying that
w € (YU{T}; | i< j < n})* for each production T; — w is called properly
sequential or loop-free.

— ACFG G=(N,X,P,S) is called a k-CFG if |[N| < k.

— A parenthesis grammar [16] is a CFG G = (N, Y U{[, ]}, P, S) such that each
production in P is of the form T — [w] for T € N and w € (N U X)*.
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Let G be a CFG (N, X, S, P) and a and 3 be strings in (X' UN)*. We denote
a =g [ if there exist ay,as € (XU N)* such that @« = o1 Xas, 8 = ayyas
and X — v € P. We extend the relation = to the reflexive and transitive
closure =¢,. For a nonterminal A € N, the language Le(A) of A is the set
{we X* | A=F w}. The language L(G) of G just refers to Lg(S).

Next, we introduce the notions of patterns [2]. Let X be a countable set of
variables such that ¥ N X = (. A pattern is an element of (X' U X)*. A pattern
7 is called regular [25] if each variables in 7 occurs at most once. In particular,
a regular pattern of the form zwy is called a substring pattern [26] if z,y € X
and w € X,

A substitution is a homomorphism from patterns to patterns that maps
each symbol a € X to itself. A substitution that maps some variables to an
empty string ¢ is called an e-substitution. In this paper, we do not deal with
e-substitutions. By w6, we denote the image of a pattern by a substitution
6. For a pattern w, the pattern language L(w) is the set {w € YT | w =
76 for some substitution 6}.

3 Prediction with Membership Queries

In this section, we introduce definitions and theorems for prediction and
prediction-preserving reduction with membership queries due to Angluin and
Kharitonov [6].

Let U denote X*. If w is a string, |w| denotes its length. For each n > 0,
UMl = {w € U | |w| < n}. A representation of concepts L is any subset of U x U.
We interpret an element (u, w) of U x U as consisting a concept representation
u and an ezample w. The example w is a member of a concept u if (u,w) € L.
Define the concept represented by u as kg(u) = {w | (u,w) € L}. The set of
concepts represented by L is {ko(u) | u € U}.

To represent CFGs, we define the class Lopg as the set of pairs (u,w) such
that u encodes a CFG G and w € L(G). Also we define the classes Liincar,
‘Cright-lineara £left—linear7 Ek—bounded-CFGa ACseqCFG; ‘CpquFCﬂ ‘Ck-CFG7 and ACparena
corresponding to linear grammars, right-linear grammars, left-linear grammars,
k-bounded CFGs, sequential CFGs, properly sequential CFGs, k-CFGs, and
parenthesis grammars, respectively, as similar.

To represent finite unions of regular pattern languages, we define the class
Ly, rp as the set of pairs (u, w) such that u encodes m and a finite set w1, -, 7y,
of m regular patterns and w is in the concept represented by ¢ iff w € L(m;)
for at least one ;. Similarly, we define the class Lugrp (resp., Lusubp) as the
set of pairs (u,w) such that u encodes a finite set mq,---, 7, of regular (resp.,
substring) patterns and w is in the concept represented by ¢ iff w € L(m;) for at
least one 7;. Note that £, rp denotes the bounded finite unions, whereas Lrp
and Lsupp denote the unbounded finite unions.

Additionally, we introduce the following classes. The class Lppa (resp., LNra)
denotes the set of pairs (u, w) such that u encodes a DFA (resp., NFA) M and M
accepts w. The class Lypra of finite union of DFAs denotes the set of pairs (u, w)
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such that u encodes a finite set My,---, M, of DFAs and w is in the concept
represented by c iff at least one M; accepts w. The class Lpnp denotes the set
of pairs (u,w) such that u encodes a positive integer n and a DNF formula d
over n Boolean variables x1, - -, x, such that |w| =n (w = w; ---w,) and the
assignment z; = w; (1 <14 < n) satisfies d.

Angluin and Kharitonov [6] have generalized the definitions of Pitt and War-
muth of prediction algorithm [I8] to allow membership queries as follows.

Definition 1 (Angluin & Kharitonov [6]). A prediction with membership
queries algorithm, or pwm-algorithm, is a possibly randomized algorithm A that
takes as input n (a bound on the size of examples), s (a bound on the size of
the target concept representations), and € (an accuracy bound). It may make
three different kinds of oracle calls, the responses to which are determined by
the unknown target concept ¢, and the unknown distribution D on U™,

1. A membership query [3J6] takes a string w € U as input and returns 1 if
w € cy; and 0 otherwise.

2. A request for a random classified ezample takes as no input and returns a
pair (w,b), where w is a string chosen independently according to D and
b=1if x € ¢, and b = 0 otherwise.

3. A request for an element to predict takes no input and returns a string w
chosen independently according to D.

A may make any number of membership queries or requests for random classified
examples, whereas A must eventually make one and only one request for an
element to predict and then eventually halt with an output 0 or 1 without
making any further oracle calls. The output is interpreted as A’s guess of how
the target concept classifies the element returned by the request for an element
to predict. A runs in polynomial time if its running time (counting one step per
oracle call) is bounded by a polynomial in n, s and 1/e.

Definition 2 (Angluin & Kharitonov [6]). Let £ be a representation of
concepts and ¢, be the unknown target concept in £. We say that A successfully
predicts L if, for each positive integer n and s, for each positive rational ¢, for
each concept representation u € U, for each probability distribution D on
U™l when A is run with input n, s and e, and oracles determined by ¢, = rp (u)
and D, A asks membership queries that are in U and the probability in at most
€ that the output of A is not equal to the correct classification of w by k. (u),
where w is the string returned by the (unique) request for an element of predict.

Definition 3 (Angluin & Kharitonov [6]). A representation £ of concepts
is polynomial-time predictable with membership queries if there exists a pwm-
algorithm A that runs in polynomial time and successfully predicts L.

It is well known the following statements:

1. Lpra s polynomial-time predictable with membership queries [3].
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2. Lupra, Lnra and Lorg are not polynomial-time predictable with member-
ship queries under the cryptographic assumptions [6].

3. LpNr is either polynomial-time predictable or mot polynomial-time pre-
dictable with membership queries, if there exist one-way functions that cannot
be inverted by polynomial-sized circuits [6).

Definition 4 (Angluin & Kharitonov [6]). Let £; be a representation of con-
cepts over domain U; (i = 1,2). We say that predicting L1 reduces to predicting
Lo with membership queries (pwm-reduces, for short), denoted by L1 <pwm Lo,
if there exist an instance mapping f : N x N x Uy — Us, a concept mapping
g: N xN x Ly = Ly, and a query mapping h : N x N x Uy — Uy U{T, L}
satisfying the following conditions.

For each z € Ul[n] and u € E[ls], x € ke, (u) iff f(n,s,z) € ke,(g(n, s,u)).

f is computable in time bounded by a polynomial in n, s and |z|.

The size of g(n, s, u) is bounded by a polynomial in n, s and |u|.

For each ’ € Uy and u € £[15], if h(n,s,2’) =T then ¢’ € ke,(g(n, s,u)); if
h(n,s,z’) = L then 2’ & kr,(g(n, s,u)); if h(n, s, z’) = x € Uy, then it holds
that 2’ € Kz, (g(n, s,uw)) iff © € ke, (u).

5. h is computable in time bounded by a polynomial in n, s and |z

= Lo

|

Furthermore, we denote that £; Jywm L2 and Lo pwm £1 by L1 Zpwm Lo.
The following theorem is useful for showing the predictability or the hardness
of predictability of the representations of concepts.

Theorem 1 (Angluin & Kharitonov [6]). Let £1 and Lo be representations
of concepts and suppose that L1 <pwm La.

1. If Lo is polynomial-time predictable with membership queries, then so is L.
2. If L1 is not polynomial-time predictable with membership queries, then nei-
ther is Lo.

4 Prediction-Preserving Reducibility with Membership
Queries

In this section, we fix f, g and h to an instance mapping, a concept mapping,
and a query mapping. Furthermore, the parameters n and s denote the bounds
of examples and representations, respectively. For simplicity, we assume that the
length of examples for Boolean concepts is always fixed to the upper bound n.

4.1 Simple CFGs

First of all, by using the transformation from a DFA to a right-linear grammar
(cf. [819]), it holds that Lpra qpwm Lright-linear, Decause the size of the right-linear
grammar is bounded by a polynomial in the size of a DFA. Note that the converse
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direction Ly ight-linear Ipwm L£DFA does not follows from the transformation from
a right-linear grammar to a DFA, because the size of the DFA is not bounded
by a polynomial in the size of a right-linear grammar in general.

Furthermore, we point out that Lpnr <pwm Lupra, while Lpne < Lpra [18].
Here, the < means the prediction-preserving reduction without membership
queries introduced by Pitt and Warmuth [I8], that is, there exist f and g sat-
isfying the requirement from 1 to 3 in Definition [4 Note that we cannot apply
the same proof of Lpnr < Lpra to proving Lpnr Jpwm Lpra; In this case, we
cannot construct h correctly.

On the other hand, by regarding the equivalent transformation between an
NFA and a right-linear grammar [8J9] as a concept mapping g, we observe that
LNFA Zpwm Lright-linear- Furthermore, for a CFG G = (N, X, P, S), let GE be a
CFG (N, X, P, S) such that T — w’* € P’ for each T — w € P. Here, R denotes
the reversal of a word. Then, for a right-linear (resp., left-linear) grammar G,
construct the following f, g and h:

f(n,s,e) = €R7

g(n,s,G) = GR)
h(n,s,e') =e™.

It is obvious that £right-linear S]pwm £left—linear (7’63]7-7 ‘Cleft-linear S‘pwm ‘Cright-linear)a
so it holds that Liight-lincar Zpwm Lleft-linear- Similarly, we also observe that
ENFA S]pwm Elinear and £NFA ﬁpwm Lk—bounded—CFG for each k > 1. Summary:

Theorem 2. ENFA gpwm L fOT Le {Eright—linearv ‘Cleft—linear}- AZSO; ENFA S]pwm
Aclincar and ﬁNFA Slpwm Ek—boundcd—CFG f07" each k > 1.

Theorem 3. Lpnr Jpwm £ for L € {Epsqcpg, EquFg}.

Proof. Let d be a DNF formula ¢, V- --Vt,, over n Boolean variables =1, ..., T,.

First, we define w! (1 <i<n,1<j <m) as follows:
4 1 if ¢; contains z;,
w! =< 0 if t; contains T,

3
T otherwise.

Then, construct f, g and h as follows:
f(n7 87 6)

=e,
g(nvsvd) :({SvT}a{Oal}asa{S%w%'”w}m | |w§nwzz’ T_>0|1})a
h(n,s,e’) =¢.

Note that g(n,s,d) is a properly sequential CFG. It is obvious that the above
f, g and h satisfy the conditions of Definition [4l. O

Theorem 4. For each k> 1, Lpony Jpwm Lk-cFe-
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Proof. Theorem Bl implies that Lpne Tpwm Lr-cre for each k > 2, so it is
sufficient to show that LpnF Jpwm L1-crg. Let d = £1V- - -V, be a DNF formula
over n Boolean variables x1,...,x,. First, define wf (1<i<n,1<j<m)as
follows:

4 1 if t; contains x;,
w! =< 0 if t; contains T3,
S otherwise.

Then, construct f, g and h as follows:

f(n7576):6’
g(n,s,d) = ({S},{0,1}, S,
{S_>O|]_‘w%.w7]:'(|.|wT..wZL|S..S|.|S.S})7
N—— SN~
n+1 2n
/

e’ if |¢/| = n,
h(n,s,e’) =< L if 1 <|e/| <n,
T if |¢'|=1or |¢/| > n.

For each e € {0,1}", it holds that e satisfies d iff S :>;(n,s,d) fln,s,e).
Furthermore, for each ¢’ € {0,1}*, if h(n,s,e¢’) = L, then S #Z(n,&d) e, be-
cause g(n,s,d) generates no strings of length more than 1 and less than n; If
h(n,s,e’) = €, then it holds that S :>;(n757d) e’ iff h(n,s,e’) satisfies d.

Finally, consider the case that h(n,s,e’) = T. It is sufficient to show that, for
each k > 1, it holds that S =* S---Sforeachm (1 <m<mn) Ifk=1,

kn+m
then, by the definition, it holds that S :>;(n 5,d) S-S foreach m (1 <m <n).

n+m

S-S for each m (1 <m <mn). Then,
—

g(n,s,d) =

Suppose that, for some k > 1, 5 =7, .

kn+m
1th01dsthat5:>g(nsd) S8 S=4nsa S5 8--S= §---8 for
S— S—_— S — S—_
kn+(m—1) kn4+(m—1) n+l (k+1)n+m
each m (1 < m < n). Hence, g(n, s,d) generates all strings of length more than
n, so if h(n, ):T thenS:>(nsd)e m|

Theorem 5. Lupra Jpwm Lparen-

Proof. Let My, ..., M, be DFAs with the same alphabet X' ([,] € X) and with
mutually distinct states. For each M; = (Q:, X,d;, ¢4, F;) (1 < i < r), con-
struct a parenthesis grammar G;(n, s, M;) = (Q;, X U {[,]}, P, q}) such that
q — lad;(q,a)] € P; for each ¢ € Q; and a € X; ¢ — [¢] for each ¢ € F;, where ¢
is an empty string. By using G;(n, s, M;), let Py, ... . be the following set of
productions for S ¢ (U1<;<,Q:) U X U{[,]}:

Puaryoa, = {8 = lag) | -+ 1 [g6]} U (Ur<i<r P2).

Then, construct f, g and h as follows:
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f(n,s,erea---e) = [[er]e2] - - [efe]] - - -]]]] for e; € X,
g(n7 5, {M17 RN MT}) = ({S} U (UlﬁiSTQi)ﬂ 2y {[7]}7 S, PMl,m,Mr)?
N Jer-eife =lerfea]- - [erfe]] - -]]]] and e; € X,
hin, s,€') = 1 otherwise.

Note that L(g(n,s,{My,...,M,})) C {[lerlea] - - [em[e]] - --]]]] | m > 1,e; €
X'}, so if h(n,s,e’) = L, then S #Z(n,s’{Ml,er}) e’. Also it is obvious that
S ﬁ;(n)s’{leer}) [lerlez] - - [ei[e]] - - “])]] iff erea - - e € L(M;) for some i (1 <
i <r). Hence, it holds that Lupra <pwm Lparen- O

Sakakibara [19] has shown that Lparen is polynomial-time learnable with
membership and equivalence queries if the structural information is available.
Furthermore, Sakamoto [21] has shown that Lparen is polynomial-time learnable
with membership queries and characteristic examples. The above theorem claims
that the structural information or the characteristic examples are essential for
efficient learning of Laren-

4.2 Finite Unions of Regular Pattern Languages

Since each regular pattern language is regular [25], we can construct a DFA M,
such that L(M,) = L(w) for each regular pattern 7 as follows: Suppose that
7 is a regular pattern of the form © = xga1x109 -+ Tp_100,Ty, Where z; € X
and a; = alab---al, € XT. Then, the corresponding DFA for  is the DFA

M = (27Q76a q07F) such that:
1. Q = {q()vp]iw..7pf];n17q17p%7'..7p$n27q2,...,qnflap?a'~~7p:lnn,qn} and F =

{an}, }
2. 0(gi,a) = p’1+_1 and 0(qn,a) = g, for each a € X and 0 <i <n—1,
3. 0(p},a}) = pjq and 6(piy,,, ay,,) = ¢; foreach 1 <i <mnand 1 <j<m;—1,
4. §(p},a) = pi for each a € X such that a # d}.

It is obvious that |M| is bounded by a polynomial in |r|.
By using the corresponding DFAs, we can easily shown that Lrp <pwm LDrFA
by constructing the following f, g and h for each regular pattern 7:

f(n7 S? e) = e’

g(”? 87 Tr) = Mﬂ'?

h(n,s,e’) =¢.
Then, Lgrp is polynomial-time predictable with membership queries, which is im-
plied by the result of Matsumoto and Shinohara [I5] that Lgp is polynomial-time

learnable with equivalence and membership queries. Furthermore, the following
theorem holds:

Theorem 6. For each m >0, Ly, rp Jpwm LDFA-

Proof. Let my,...,mm be m regular patterns. Also let M., = (Q;, X, 8, ¢}, F;)
be the corresponding DFA of 7;. First, construct a DFA My, = (Q1%x---X

Qm, 2,6, (qb, -, q), F1 x --- x Fy,) such that §((q1,--,qm),a) = (P1,-- - Pm)
iff §;(q;,a) = p; for each ¢ (1 <i < m). Then, construct f, g and h as follows:
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f(n7 87 e) = e?
g(”a S, {Wlu ey ﬂ-m}) = M7T1,.‘.,7Tm7
h(n,s,e)=¢.

Recall that the size of g(n,s, {m1,...,mn}) is bounded by a polynomial in
s, that is, O(s™). It is obvious that L(m)U---U L(my,) = L(My, ... 5, ), which
implies that £y, rp <pwm LDFA- o

For the unbounded finite unions of regular pattern languages, the following
theorem holds from our previous result.

Theorem 7 (Sakamoto et al. [22]). Lonr Dpwm Lurp-

The idea of the proof of Theorem [[lin [22] is similar as one of Theorem Et First,
for each term ¢; (1 < j < m) in a DNF formulad =t V--- Vi, over z1,..., Ty,
construct a regular pattern m; = 7 - - - 7J, as follows:

1 if t; contains x;,
m! = ¢ 0 ift; contains 7,
J

x; otherwise.

Furthermore, let 7 be a regular pattern x; - - - z,z,41. Then, we can construct
f and h as same as Theorem [ and g as g(n, s,d) = {m1,...,7Tm,7}. Note that
L(r) = X* — X" because of disallowing e-substitutions.

For the unbounded finite unions of substring pattern languages, we obtain
the following theorem.

Theorem 8. L{subp Ipwm LDFA-

Proof. Let m1,...,m be substring patterns such that m; = z;w;y;. For a set
{w1,...,w,} of constant strings, consider the following modification of a pattern
matching machine (pmm) My, . w, [1. The goto function is defined as same
as a pmm. For the state j transitioned from the right-most constant of w; by
the goto function, the failure function maps j to j itself; otherwise, the failure
function is defined as same as a pmm. The output function is not necessary.
Since this modified pmm is also a DFA, construct f, g and h as follows:

f(n’ S’ e) - 67
gn, s, {m,....m}) = My, ...,

h(n,s,e)=¢€.

Note that the size of g(n, s, {m1,...,m}) is O(|wi|+ - + |w,|) [1]. Further-
more, it is obvious that L(g(n,s,{r1,...,7.})) = L(m) U --- U L(x,), which
implies that Lusubp Jpwm LDFA- O

Shinohara and Arimura [26] have discussed the inferability of L, rp, LUrp
and Lysupp in the framework of inductive inference. They have shown that
Ly, rp and Lygbp are inferable from positive data in the limit, whereas Lyrp is
not. In contrast, by Theorem [B] [[land 8 Ly, rp and Lusubp are polynomial-time
predictable with membership queries, whereas L rp is not if neither are DNF

formulas.
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5 Conclusion

In this paper, we have presented the results of pwm-reducibility on formal lan-
guages described as Fig. [[lin Section [I]

The results in Section E] tell us that the efficient predictability of CFGs
may be necessary to assume some deterministic application for productions.
Ishizaka [10] showed that the simple deterministic grammars are polynomial-
time learnable with extended equivalence and membership queries. The extended
equivalence query can check whether or not the hypothesis is generated by simple
deterministic grammars. It remains open whether or not simple deterministic
grammars are polynomial-time predictable with membership queries.

Angluin [4] showed that Li-bounded-cFa is polynomial-time predictable with
nonterminal membership queries, and Sakakibara [20] extended Angluin’s re-
sult to extended simple formal systems. In our previous work, we extended the
pwm-reduction to prediction-preserving reduction with nonterminal membership
queries partially [22]. It is important to investigate the properties of it in more
detail.

In Section 2] we only deal with the finite unions of regular pattern lan-
guages. Many researchers such as [2ITT[T3T4T5]T7/26] have developed the learn-
ability /predictability of non-regular pattern languages. In particular, the learn-
ability of the languages of k-variable patterns [2l11] that contain at most k vari-
ables, ku-patterns [15] each of which variable occurs at most & times, and erasing
patterns [1726] that allow e-substitutions have been widely studied in the vari-
ous learning frameworks. It is a future work to investigate the pwm-reducibility
of them or their finite unions.

Acknowledgment. The authors would like to thank Hiroki Arimura in Kyushu
University for the idea of the proof of Theorem [§ and also valuable comments.
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Abstract. In this paper dense families of database relations are
introduced. We characterize dependencies and keys of relation instances
in terms of dense families. Key functions are also introduced. They are
isotone Boolean functions, which minimal true vectors are the charac-
teristic vectors of the keys. We show that each dense family determines
an isotone Boolean function which is the dual of the key function. We
also show how to determine for a given relation r an r-dense family
which size is at most m?/2—m/2+1, where m is the number of tuples in r.

Keywords: Armstrong system; Dense family; Functional dependency;
Key; Key function; Matrix representation.

1 Introduction

We begin with recalling some notions and results concerning relational databases,
which can be found in [5], for example. A relation schema R(A) consists of a
relation name R and a set of attributes A = {ai,...,a,}. The domain of an
attribute a € A is denoted by dom(a). It is also assumed that the attributes in
A have some certain fixed order.

A relation r of the relation schema R(A) is a set of n-tuples r = {t1,...,tm}.
Each n-tuple ¢ € r is an ordered list of values ¢t = (v1,...,v,), where every value
v;, 1 <1 < n, is a member of dom(a;).

Let R(A) be a relational schema and let r be a relation of the schema R(A).
We denote by t[a] the value of attribute a € Ainatuplet € r. If B = {b1,...,bs}
is a subset of A ordered by the order induced by the order of A, then ¢t[B] denotes
the ordered list of values (t[b1],...,t[bk]).

The concept of functional dependency between sets of attributes was intro-
duced by Armstrong [T]. For any subsets B and C of A, a functional dependency,
denoted by B — C, is defined by the following condition:

B — C if and only if (Vthtz S T) tl[B] = tQ[B] = tl[C] = tQ[C].

This means that the values of the B component of tuples uniquely determine
the values of the C' component. We denote by F;. the set of all functional depen-
dencies that hold in a relation 7.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 184-[192] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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For a relation r of a schema R(A), a set of attributes B C A is a superkey
of rif B— A € F,. A key is a superkey with the property that removal of any
attribute from C will cause C not to be a superkey any more. By definition,
each tuple of a relation must be distinct. Thus, the values of a key can be used
to identify tuples. Note that a relation may have several keys.

Ezample 1. Let us consider the relation schema R(A), where the attribute set
is A = {SSN,LNAME, FNAME, DEPT, AGE}. In Figure 1 is given a relation r
of this schema.

SSN LNAME [FNAME DEPT AGE
422-11-2320| Benson |Barbara| Mathematics Young
533-69-1238| Ashly Dick |Computer Science old
489-22-1100| Benson | Mary Mathematics |Middle-aged
305-61-2345|Davidson| Dick [Computer Science Old

Fig. 1. Relation r

It is obvious that {SSN} is a key of r since two persons cannot have the same
value for SSN. Note that {LNAME, FNAME} is also a key of r.

In practice, functional dependencies and keys are viewed as properties of a
schema; they should hold in every relation of that schema. Furthermore, keys
and dependencies are usually specified by database designers. But as in the
previous example, relations may have additional keys which designers are not
necessarily aware of. Here we study dependencies and keys of a given relation
instance. Especially, we consider the problem of checking the possible existence
of unknown keys. This can be viewed as a data mining problem since our goal
is to find new properties of data instances. Note that the problem of deciding
whether there exists a key of cardinality at most k is NP-complete (see e.g. [J]).

Moreover, the worst-case number of keys is (Ln72J> = O(2”n*1/2), where n is

the number of attributes (see e.g. [4], where further references can be found).

In this paper we introduce the notion of dense families. An r-dense family is
a collection of subsets of A, which by applying certain condition induces the set
F,.. We characterize dependencies and keys in terms of dense families, and show
that generating all keys of a relation instance r can be reduced to generating all
minimal transversals of a simple hypergraph min{X c | X € §,X # A}, where
S is any r-dense family.

The author introduced in [7] matrices of preimage relations and here we
present a similar matrix representation for database relations. We show that the
family consisting of the entries of the matrix of a database relation r forms an
r-dense family which size is at most m?/2 —m/2 + 1, where m is the number of
tuples in r.

We introduce key functions which are isotone Boolean functions such that
their minimal true vectors are the characteristic vectors of the keys. Note that
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key functions are somewhat similar to the discernibility functions of information
systems defined in [9]. We show that each r-dense family determines an isotone
Boolean function which is the dual of the key function. This implies that the
problem of checking whether there exists an unknown key can be reduced to
problem of deciding whether two isotone Boolean functions are mutually dual.
Furthermore, the problem of enumerating the set of all keys of a relation instance
can be reduced to the problem of finding the dual of an isotone Boolean function.

Note that in [6] Fredman and Khachiyan showed that for a pair of isotone
Boolean functions f and g given by their minimal true vectors min7'(f) and
min T'(g), respectively, we can test in time keUogk) whether f and g are mutually
dual, where k¥ = |minT'(f)| + |min7(g)|]. The above result implies also that
for an isotone Boolean function f given by its minimal true vectors and for a
subset G C min T'(f9), a new vector v € min T(f%) — G can be computed in time
nke(1°8k) “where k = | min T'(f)|+ |G| (see e.g. [2] for further details). This means
also that for any isotone Boolean function f given by its minimal true vectors,
f? can be computed in time nk°1°8*) where k = | min T(f)| + | min T'(f%)|.

Our paper is structured as follows. In the next section we give some funda-
mental properties of Armstrong systems. In particular, we show that each family
of subsets of A induces an Armstrong system. Based on this observation we in-
troduce dense families of a relation. In Section 3 we study matrix representations
of relation instances. The final section is devoted to key functions.

We also note that some proofs are safely left as exercises for the reader.

2 Armstrong Systems and Dense Families

Let r be a relation of a schema R(A). In the following we denote F,. simply by F,
that is, F' is the set of all functional dependencies that hold in r. It is well-known
(see [B], for example) that the following conditions hold for all B,C, D C A:

(Al) if BD C, then B — C € F}
(A2) if B— C € F, then (BUD) - (CUD) € F,
(A3) f B>Ce€Fand C—DeF,then B— DEF.

Conditions (A1)—(A3) are called Armstrong azxioms.

Let A be a set and let F' be a set of pairs B — C, where B,C C A. We
say that the pair (A, F') is an Armstrong system, if A is finite and F satisfies
conditions (A1)—(A3). Next we present some simple properties of Armstrong
systems.

Let (A, F) be an Armstrong system. We denote by BT the union of all sets,
which are dependent on B, that is,

Bt=|{CcA|B—CeF}.
It follows easily from Armstrong axioms that BT is the greatest set dependent
on B. It is also easy to verify that for all B,C' C A:

(C1) B C Bt;
(C2) B C C implies BT C C't;
(C3) (BT)™ =BT*.
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Conditions (C1)-(C3) mean that the map p(A) — p(A), B — BT, is a closure
operator. Here p(A) denotes the power set of A, that is, the set of all subsets of
A. Furthermore, the family

Lr={B"|BCA

is a closure system. This means that Lp is closed under arbitrary intersections,
that is, H € LF for all H C Lr. Note that X+ = X for all X € L. It is also
obvious that

B—-CeF < C*tCB.

Let S C p(A) be a family of subsets of a A. We define a set Fs of pairs of
subsets of A by the following condition:

Fs={B—=C|(VXeS) BCX=CCX}.

Proposition 1. If S is a family of subsets of a finite set A, then the pair (A, Fs)
18 an Armstrong system.

In the previous proposition we showed that each collection of subsets of a
finite set induces an Armstrong system. Next we introduce dense families of a
database relation.

Definition 1. Let R(A) be a relation schema and let r be a relation of that
schema. We say that a family S C p(A) of attribute sets is r-dense (or dense in
r)if F, = Fs.

The problem is how to find dense families. Our next proposition guarantees
the existence of at least one dense family. Recall that each Armstrong system
(A, F) determines a closure system Lp. In the sequel we denote the closure
system L,y simply by L.

Proposition 2. The family L, is r-dense.
Next we present some fundamental properties of dense families.

Proposition 3. If S is r-dense, then the following conditions hold for all
B,C C A.

(a) SCL,.

(b) Bt =N{X eS| BCX}.

(¢c) B>CEeF, ifand onlyif X e€eS)BC X =CCX.

Remark 1. Note that by Propositions 2 and 3(a), £, is the greatest r-dense
family. Furthermore, Proposition 3(b) implies that each r-dense family generates
the family £,.
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We end this section by studying keys of a relation by means of dense families.
Recall that a set of attributes B C A is a superkey of r if B — A € F,., and a
key is a minimal superkey.

For any B C A, we denote by BE the complement of B with respect to the
set A, that is, B® = {a € A | a ¢ B}. Let S be r-dense. It is clear that the
following conditions are equivalent for all X € S and B C A:

K1) B is a superkey of r;
K2) B— A€ F,;

K3) BCX =X =A4;
K4) X £#A= B¢ X;

)

Note that the equivalence of (K2) and (K3) follows from Proposition 3(c). Since
(K1) and (K5) are equivalent, we can give our characterization of keys and
superkeys in terms of dense families.

Theorem 1. Let R(A) be a relation schema and let r be a relation of that
schema. If S is r-dense, then the following conditions hold.

(a) B is a superkey of v if and only if it contains an element from each set in
(X X eS8, X # A}

(b) B is a key of r if and only if it is minimal with respect to the property of
containing an element from each set in {XC | X € S, X # A}.

Remark 2. Note that an element a € A belongs to all keys if X¢ = {a} for some
X € S, where S is an r-dense family.

A family H is of subsets of A is a simple hypergraph on A, if X CY implies
X =Y for all X,Y € H. A transversal B of a simple hypergraph # is a subset
intersecting all the sets of H, that is, BN X # @ for all X € H. Transversals are
also called hitting sets. By Theorem 1(b) it is now clear that a set B is a key of
r iff B is a minimal transversal of the hypergraph min{X¢ | X € S, X # A},
where S is any r-dense family.

The following algorithm, which can be found in [3], computes all minimal
transversals of a hypergraph # in time O((]] y ¢y 1X1)?)-

Algorithm MINIMAL TRANSVERSALS.
Input. A simple hypergraph H on A.
Output. The family T of minimal transversals of H.

T« {0}

for each X € H do
T+ {YU{z}|Y €T and z € X};
T+ {YeT|NZeT)ZLY}.

In Section 4 we will present an another method for enumerating the keys.
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3 Matrix Representation

In this section we study certain matrices defined by database relations. We show
that the set consisting of the entries of the matrix of a database relation r forms
an r-dense family.

Definition 2. Let R(A) be a relation schema and let r = {t1,...,%,} be arela-
tion of that schema. The matriz of the relation r, denoted by M (1) = (¢ij)mxm.
is defined by

¢y = {a e A| ta] = t,fal}.

The above definition means that the entry c¢;; is the set of all attributes a
such that the tuples ¢; and ¢; have the same a-value.
Now our following proposition holds.

Proposition 4. If R(A) is a relation schema, r is a relation of that schema,
and M(r) = (¢ij)mxm is the matriz of r, then the family

{cij | 1 <i,j <m}
is r-dense.

Proof. Assume that r = {t1,...,t}. Let us denote S = {c¢;; | 1 < 4,5 < m}.
We show that F,. = Fs.

Suppose that B — C € F,.. This means that for all tuples ¢;,¢; € r, t;[B] =
t;[B] implies t;[C] = t;[C]. Let ¢;; € S and assume that B C ¢;;. This means
that t;[B] = t;[B], and so t;[C] = t;[C] by the assumption B — C € F,.. Hence,
C C c¢i;j and we obtain B — C € Fjs.

On the other hand, let B — C € Fs. Assume that t;[B] = t;[B] for some
1 < 4,5 < m. This means that B C ¢;;. But B = C € Fs implies C' C c¢;;.
Hence, also t;[C] = t;[C] must hold and thus B — C € F. O

It is easy to see that the r-dense family consisting of the entries of M (r) has
at most m?/2 —m/2 + 1 elements.

Ezample 2. Let us consider the relation r presented in Fig. 1. We denote the
attributes SSN, LNAME, FNAME, DEPT, and AGE simply by the numbers 1,
2, 3, 4, and 5, respectively. Moreover, we denote the subsets of A which differ
from () and A simply by sequences of numbers. For example, {1,2,3} is written
as 123.

The matrix M (r) is the following:

0 24 0
A 345
40
0 345

A
0

[\~

0
A D
0 A
By Proposition 4 the family S = {0, 24,345, A} consisting of the entries of M (r)

is r-dense. For example, the dependency 23 — A holds, since 23 and A are
included in the same sets of S.
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It is also easy to form the set £, = {0,4,24,345, A}. This is the closure
system generated by the family S.

Let us denote F = {XC | X € §,X # A} = {A,135,12}. Obviously, 1,
23, and 25 are the minimal sets with respect to inclusion which contain an
element from each set in family F. This means by Theorem 1(b) that {SSN}
and {LNAME, FNAME} are keys of r, as we already mentioned. But we have
found also a new key of r, namely {LNAME, AGE}.

4 Key Functions

In this section we consider key functions. First we recall some basic notions
concerning Boolean functions (see e.g. [2], where further references can be found).
A Boolean function is a map f:{0,1}"™ — {0,1}. An element v € {0, 1}" is called
a Boolean vector. If f(v) =1 (resp. f(v) = 0), then v is called a true (resp. false)
vector of f. The set of all true (resp. false) vectors of f is denoted by T'(f) (resp.
F(f).

Let A ={ai,...,a,} and B C A. The characteristic vector x(B) of B is a
vector (v1,...,v,) such that v; = 1if a; € B and v; =0 if a; ¢ B.

Definition 3. Let R(A) be a relation schema, where A = {a1,...,a,}, and
let r be a relation of that schema. The key function of r is a Boolean function
fr:{0,1}™ — {0, 1} such that for all B C A,

x(B) € T(fr) <= B is a superkey of r.

Next we present some properties of key functions. Let u = (uq,...,u,) and
v=(v1,...,0,). We set u < v if and only if u; < v; for all 1 <i < n. A Boolean
function f is isotone if u < v always implies f(u) < f(v).

Let f:{0,1}"™ — {0,1} be an isotone Boolean function. A true vector v of
f is minimal if there is no true vector v’ of f such that v’ < v. We denote by
min 7'(f) the set of all minimal true vectors. A mazimal false vector and the set
max F'(f) are defined analogously.

Now the following obvious proposition holds.

Proposition 5. Let R(A) be a relation schema, where A = {a1,...,an}, and
let r be a relation of that schema. The key function f.:{0,1}"* — {0,1} of r is
an isotone Boolean function such that minT(f,) = {x(B) | B is a key of r}.

If f is an isotone Boolean function it is known that there is one-to-one corre-
spondence between prime implicants and minimal true vectors. For example, an
isotone Boolean function f:{0,1}* — {0,1}, f = 12V 23 V 31, where 12 stands
for 1 A x5 and so on, has prime implicants 12, 23 and 31, which correspond to
minimal true vectors 110, 011, 101, respectively.

By Proposition 5, the minimal true vectors of a key function are exactly the
characteristic vectors of keys. The problem is how to find the key function. It
turns out that each dense family defines an isotone Boolean function, which is
the dual of the key function.
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The dual of a Boolean function f, denoted by f9, is defined by f4(z) = f(%),
where f and Z denote the complements of f and z, respectively. It is known
that (f9)¢ = f and that the DNF expression of f? is obtained from that of f
by exchanging V and A as well as constants 0 and 1, and then expanding the
resulting formula. For example the dual of f =3V 14V 24is f¢=3A(1V4)A
(2Vv4) =34V 123. It is well-known and obvious that for any isotone Boolean
function f,

min T(f) = {7 | v € max F(f%)}.

Let R(A) be a relation schema, where A = {ai,...,a,}, and let r be a
relation of that schema. For any r-dense family of subsets S of r, we define an
isotone function gs: {0,1}™ — {0, 1} by setting

min(gs) = min{x(X®%) | X € S, X # A}. (4.1)
Our next proposition shows that gs is the dual of the key function.

Proposition 6. Let R(A) be a relation schema and let r be a relation of that
schema. For all r-dense families S,

Ir= (gS)d'
Proof. Let A ={as,...,a,}. We will show that for all v € {0,1}",
veT(fr) < veFlgs),

which means that f,. = (gs)%.

Suppose that x(B) € T(f.) and assume that x(B) ¢ F(gs). This means
that x(B) € T(gs). Then by the definition of gs, there exists an X € S such
that X # A and y(XC) < x(B) = x(B®). This is equivalent to X¢ C BE
and B C X. Since conditions (K1) and (K4) are equivalent, this means that
B — A ¢ F,. Thus, B is not a superkey of r and x(B) ¢ T(f,), a contradiction!
Hence, x(B) € F(gs).

On the other hand, suppose that x(B) € F(f,). Because x(B) is a false
vector of f., B — A ¢ F,, and hence there exists an X € S such that X # A
and B C X. This implies that X€ C BC and y(X®) < x(B) = x(B). Because

min(gs) = min{x(X%) | X € 8, X # A},

we obtain x(B) € T(gs). O

Ezample 3. Let us continue Example 2. As we already mentioned, the family
S = {0,24,345, A} consisting of the entries of M (r) is 7-dense. By the definition
of gs,

minT(gs) = min{x(X%) | X € 8, X # A} = {10101, 11000}.

The Boolean function gs: {0, 1} — {0, 1} has a DNF expression 135V 12, where
12 stands for x1 A z3, and so on. This implies that

fr=1(95)t=(1V3V5)A(1V2) =1V23V25.
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Hence, the key function f,. has minimal true vectors 10000 and 01100, and 01001.
These vectors are the characteristic vectors of {SSN}, {LNAME, FNAME}, and
{LNAME, AGE}, respectively, and thus these sets are the keys of r.

Conclusions. We studied dense families of relation instances and characterized
dependencies and keys in terms of dense families. We studied certain matrices
of database relations and showed that the family consisting of the entries of this
kind of matrix is dense. We also showed how the problem of checking the possible
existence of unknown keys can be reduced to the problem of deciding whether
two isotone Boolean functions are mutually dual.

A set of functional dependencies E is a cover of a relation r, if the set of
functional dependencies which can be inferred from E by applying Armstrong
axioms (AS1)-(AS3) equals F,.. Obviously, we can use dense families to solving
the problem of determining a cover of a relation instance. Namely, the set L,
can be generated by any r-dense family by using the operation intersection. We
can also compute for any X € L, the set key(X) of all keys of the relation
r’, where 7’ is the relation r restricted to the schema R(X). Furthermore, if
L, ={Xi,...,X,}, then apparently the set

E = {Bl — X4 | B, € key(Xl)} U---u {Bp — Xp | Bp S key(Xp)}

is a cover of r.
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Abstract. We investigate the complexity of basic decidable cases of the
commutation problem for languages: testing the equality XY = Y X for
two languages X, Y, given different types of representations of X, Y.
We concentrate on (the most interesting) case when Y is an explicitly
given finite language. This is motivated by a renewed interest and recent
progress, see [I2]1], in an old open problem posed by Conway [2]. We
show that the complexity of the commutation problem varies from co-
NEXPTIM E-complete, through P-SPACE complete and co-N P com-
plete, to deterministic polynomial time. Classical types of description are
considered: nondeterministic automata with and without cycles, regular
expressions and grammars. Interestingly, in most cases the complexity
status does not change if instead of explicitly given finite Y we consider
general Y of the same type as that of X. For the case of commutation of
two finite sets we provide polynomial time algorithms whose time com-
plexity beats that of a naive algorithm. For deterministic automata the
situation is more complicated since the complexity of concatenation of
deterministic automaton language X with a finite set Y is asymmetric:
while the minimal dfa’s for XY would be polynomial in terms of dfa’s
for X and Y, that for Y X can be exponential.

1 Introduction

Research on word equations during the past few deacades has revealed several
amazing results, most notably the Makanin’s algorithm and its extensions [T5/4]
16]. The situation changes completely when equations on languages (or even on
finite languages) are considered. Very little, or in fact almost nothing, is known
about their solutions [T1]. The exception being the case when such restricted
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equations with two operations - union and concatenation - are considered where
certain fixed point results become applicable. An example is the method to
compute the rational expression for a given finite automaton, see [I3] for a
general survey. Such a theory, however, does not have a counterpart in word
equations.
The equation corresponding to the commutation problem is: XY = Y X.
Even this deceiptively simple equation proposes several natural and combinato-
rially intersting problems. Recently there was a renewed interest in commutation
problem due to the partial solution to the problem posed about 30 years ago by
Conway [2]:
Assume X is the maximal solution to XY = Y X for a given finite set Y.
Is the language X regular ?
An affirmative answer has been given in [12] for |Y| < 3, but the case |Y] > 3
is still unresolved. It seems that further study of commuting with finite sets
is needed. In this paper we study the following commutation problem for
languages:
Instance: Given descriptions of two formal languages X and Y,
Question: What is the complexity of testing the equality X-Y = Y -X 7

We can change the way we formulate a problem instance by changing the type of
description: deterministic and nondenterministic finite automata (nfa’s, in short)
with and without cycles, context-free grammars (cfg’s, in short) and regular
expressions. Even the exact complexity of the case of an explicitely given finite
X is nontrivial. The set Y is in most cases an explicitely given finite language,
unless it is specified explicitly otherwise. Then the size of Y is to be understood
as the total length of its memeber words. Also a secondary size is considered:
the cardinality of Y.

We assume that throughout the whole paper X is a set of single symbols. Our
next proposition is a special case of a theorem in [17].

Proposition 1. Assume X N X™ £ 0, e ¢ X and XX = X X. Then ™ C X.

Proof. Let Z = XY™ N X. We show by induction the following statement for each
k<m:
Y(y € X¥) 3(x € Z) y is a prefix of z.

This is clearly true for k£ = 1. Then, since X Z C ZJ3' we have that all words of
size k41, as they are prefixes of X7 by inductive assumption, should be prefixes
of words in Z.

Denote:
Ls" = L'UL?UL®...uL"

As immediate consequence of the proposition we have the following useful facts.

Lemma 1.

1. Assume L = X* or L = X* — {u} for some word w. Then LY =YL &
L=X"

2. AssumeV(1<k<m)LNX*¥#0),e¢ L and L C X", Then LY = YL <
L=xsn,
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2 Regular Expressions and Nondeterministic Automata

Regular languages can be represented by regular expressions or nfa’s. Unfor-
tunately the representations are not polynomially equivalent. For each regular
expression R there is an polynomial size (with respect to the size of R) nfa that
accepts the language represented by R and such an nfa can be constructed in
polynomial time [9I8[10]. The opposite is not true: there is an nfa accepting a
regular language L such that the smallest regular expression for L is of size
exponential wrt. the size of the nfa [5]. Nevertheless, independently of the rep-
resentation we prove that the commutation problem for a regular language and
a finite language is P-SPACE complete. As a consequence we have that the
commutation problem for two regular languages is also P-SPACE complete.

Theorem 1. Let X be a regular language given by a reqular expression. Then
the commutation problem for X andY = X is P-SPACE hard.

Proof. Let M be any deterministic Turing machine working in polynomial space.
We assume that M stops on every input. Let pas(n) be the size of maximal space
used by M during the computation for a word of size n. Clearly, pys(n) < en®
for some constants ¢ and k. Let w be any word over {a,b}. A history of a
computation of M on the word w is a word history(w) which is of the form
HwoHw# . .. Fw,# where |w;| = clw|* + 1 and w; is a configuration of M at
step i of the computation of M on the word w. Then wg = qowB? where qq is the
starting state of M and B is a blank symbol of the tape of M and j = en® — 1.
Moreover we assume that after configuration w,, the machine M stops.

Let X = {a,b, B} U Q where Q is the set of states of M. Now we construct
a regular expression R of polynomial size on |w| such that R = X* if w is not
accepted by M and R = X* — {history(w)} if w is accepted by M. Then the
result is a consequence of Lemma, [T}
The expression R = Ry U Ry U R3 U R4. Ry describes words which are not of
the form #ug#ui# ... #ur# where u; are of length clw|® + 1 and they con-
tain exactly one state of M. Rs describes words which are not of the form
X*qru#u'q' X* where ¢, ¢ € Q, © € {a,b}, M being in state ¢ changes the
state to ¢’ if x is the symbol under the head of M, ||zu#u’| — en®| = 1 and the
exact length of zuf#u’ depends on whether M moves head to the left or right.
Rj3 describes the words which are not of the form #uau'#wa where |u| = |w|
and the symbol a is not close to a state q in uau’. R4 describes the words which
do not contain wq as a prefix or do not contain an accepting configuration as a
suffix.

Corollary 1. Let X, Y be reqular languages given by nfa’s or reqular expres-
sions. Then the commutation problem for X and Y is P-SPACE complete.

Proof. By Theorem [l it is enough to prove that the problem is in P-SPACE
when X and Y are given by two nfa’s. Since X and Y are regular, the languages
XY and Y X are regular, too. Moreover they representation as two nfa’s can be
computed in polynomial time. Now it is enough to solve the equivalence problem
for two nfa’s in P-SPACE. The latter problem is P-SPACE complete, see [6].
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As a straightforward consequence of Theorem [[]and Corollary [1l we have.

Theorem 2. Let X be a regular language given by an nfa or a regular expres-
sion, and let Y be a finite language given explicitely or by acyclic nfa. Then the
commutation problem for X and Y is P-SPACE complete.

Theorem 3. Let X be a finite language given by an acyclic nfa, and let Y = X.
Then the commutation problem for X and Y is co-INP hard.

Proof. The problem is in co-NP because all words in XY and Y X are of poly-
nomial length so to prove that XY # Y X it is enough to guess a word which
distinguishes these two languages and check that it belongs to one of the lan-
guages and does not to the other.

The proof of co-NP hardness is analogous to the proof of Theorem [l We
want to prove that checking XY # Y X is NP-hard. We take a nondeterministic
Turing machine M which works in polynomial time. We assume that M stops
for every input and every nondeterministic choice. For a given word w define a
set HISTORY (w) being the set of all possible histories of computation of M
on the word w. All words in HISTORY (w) are of polynomial size wrt to |w].
Choose ¢ and k such that

VwVu € HISTORY (w)]u| < clwl®.
Now from technical reasons we define
HISTORY'(w) = {uB’ : u € HISTORY (w),j = clw|* — |ul}.

All words in HISTORY'(w) are of the same length c|w|* which depends only on
|w]. Denote by Accept(w) the subset of HISTORY'(w) containing all accepting
histories for w. Given a word w denote m = c|w|¥. Now we construct a regular
language R such that R = XY™ if HISTORY (w) does not contain an accepting
history for w and R = XY™ — Accept(w) if HISTORY (w) contains an accepting
history for w. The result is a consequence of Lemma

The expression R = Ry U Ry U R3 U R4. Ry describes words which are not of
the form #ug#u1# . .. #ur#B7 where u; are of proper length and they contain
exactly one state of M. Ry describes words of length m which are not of the
form X*qru#u’'q'X* where ¢, ¢ € Q, x € {a,b}, M being in state ¢ changes
the state to ¢/ if # is the symbol under the head of M, ||zu#u’| — cn®| = 1
and the exact length of zu#u’ depends on whether M moves head to the left or
right. R3 describes the words of length m which are not of the form #uau'#wa
where |u| = |w| and the symbol a is not close to a state ¢ in uau’. Ry describes
the words of length m which do not contain w as a prefix or do not contain an
accepting configuration as the last configuration of the word.

Corollary 2. Let X be a finite language given by an acyclic nfa and Y be a
finite language given explicitely or by an acyclic nfa. Then the commutation
problem for X and Y is co-N P-complete.
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Proof. We may assume that Y is given by an acyclic nfa. First we guess w in
X and v in Y such that wv is not in Y X or vw is not in XY . w and v are of
polynomial size. Checking that a guess is correct can be done in polynomial time
since the languages XY and Y X are regular.

Observe here that if we replace acyclic nfa’s by a star-free regular expressions
then the complexities of considered problems are the same.

3 Context-Free Grammars

Context-free languages (cf’s, in short) are much more complicated than regular
sets, in particular the commutation of an infinite ¢fl and a finite set is even
undecidable [7].

Proposition 2. Let X be a cfl given by a cfg and'Y be a two element set. Then
the commutation problem for X and Y is undecidable.

Obviously the problem is decidable if X is a finite ¢fi. However a cfg can
generate doubly exponential number of different words, even if we assume that
L(G) is finite. However the lengths of words are only singly exponential.

Lemma 2. Assume a cfg G, of size m, generates a finite language. Then the
length of each word in L(G) is bounded by a singly exponential function with
respect to G.

Denote by co-NEXPTIME the class of problems whose complements are
solvable in nondeterministic singly exponential time. Observe that the direct de-
terminization of a problem in this class requires doubly exponential deterministic
time.

We use pushdown automata (pda’s, in short) instead of context-free gram-
mars (cfg’s, in short). A pda with linear number of states can use its stack to
count exponential numbers.

Lemma 3. [Exponential counting, |
1. There is a pda with O(n) states which accepts the language
Loy = {a'#b' : 1<i<2"}
2. Assume # ¢ X, then there is a polynomial time pda accepting the finite
language
{zr e (ZU#)* : |z| <2°, z contains a subword y € #X*# such that |y| # 2"}

Proof. Using its stack A can store a counter represented in binary, with the
least significant digit at the top of the stack. The height of the stack is n, except
intermediate steps. The stack of such height can store all numbers n the range
1 <4 < 2™ We can add and subtract one from the counter by changing the stack
appropriately. For example to add one, we go down the stack to find the first
zero. We change this zero to one and replace erased ones by zeros. We remember
in the state how deeply we entered into the stack and we can restore it. Hence
the finite control of the pda keeps the position of a binary digit to be changed,
and the stack stores the whole numbers.
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Lemma 4. For each pda A with n states, which at each step places on the stack
a constant-size string, there is a polynomial-size cfg generating L(A)

Theorem 4. Assume we are given a cfg G generating a finite set. The problem
of testing LY = XL is co-NEX PTIM E-hard.

Proof.

We show that there is a short grammar generating all sequences of exponen-
tial size which are invalid histories of accepting computation of a Turing ma-
chine working in nondeterministic exponential time. We can use the ideas from
Lemma Bl to construct a pda A accepting all strings of size at most 2" except
valid accepting histories. Assume the accepting history is a string of the form
HwiHFwoFws . .. #wy, where t = 2™ and |w;| = 2", w; € X*, and # ¢ X.

The pda can use the stack for counting. It guesses which of consecutive codes
w;, w1 of configurations (of not necessarily the same size, but bounded by an
exponential function) do not correspond to a valid move of the Turing machine.
Assume w; and w;4q differ at position j. A puts the number j in binary on
the stack (still keeping below the representation of i) and records the mismatch
symbol. Then it skips nondeterministically at most 2™ symbols of w; and finds
the j-th position in w;,; using the stack. Then it skips at most 2™ positions in
w;11. It does not check if the number of skipped positions in w; and w; 1 is the
same, but keeps track of the exponential bound of skipped position.
Nondeterministically A also acceptes the language from the second point of
Theorem [ for the constant ¢ = 3.

Eventually the pda accepts all strings of length at most 2°", if there is no
valid history of computation in 2™ time of the Turing machine. If there is a valid
computation then A acceptes some string of length at most 2¢", and at the same
time it does not accept some string of a same length. We can use Lemmal[ll Due
to Lemma ] A can be transformed into an equiavelent cfg of a polynomial size.

Corollary 3. Let a finite language L be given by a context-free grammar G and
letY be a finite language given explicitely or by an acyclic nfa or by a context-free
grammar G'. Then the commutation problem for L andY is co-NEXPTIME-
complete.

Proof. 1t is enough to prove that the problem is in co-NEXPTIME so it is
enough to prove that the problem LY # YL is in NEXPTIME. We may
assume that Y is given by a cfg. First we guess words w in L and v in Y such
that wv is not in YL or vw is not in LY. By Lemma [2] the word wwv is of length
at most exponential wrt the sizes of G and G’ and Y L is context-free so checking
whether wv is in YL can be done in exponential time. Similarly we can check
whether vw is in LY.

4 Deterministic Finite Automata

For deterministic finite automata the complexity status of the commutation
problem is open. This is caused by the assymetry of the complexity of concate-
nating a dfa language by a finite set from the left and from the right.
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We have partial results, which suggest that the problem would be PSPACE-
complete. Let us consider the problem of the complexity of a language of the
form L' = L(A) - Y, where Y is a finite language, measured in the number of
states of a minimal dfa accepting L’. Observe that if we take L(A) = X* and
Y = 1-X* then A can have only one state, the automaton for Y has O(k) states
but the smallest dfa for L’ needs an exponential number of states. This happens
because the total size of Y is exponential wrt. k. The situation is much different
when the total size of Y is part of the input size. In this case L’ is accepted
by a dfa of a polynomial size. However for the language Y - L(A) the situations
is dramatically different. Our next theorem can be found in [I8]. We present a
proof which is more suitable for our considerations.

Theorem 5.

1. Assume A is a deterministic automaton and Y is a finite language. Then we
can construct in polynomial time a deterministic automaton accepting L(A)-Y,
which has a polynomial number of states.

2. There are dfa’s A and finite languages Y, where the size of A and Y together
is m, such that the number of states of any minimal dfa accepting Y - L(A) is
exponential.

Proof.
1. Polynomial-size dfa for L(A) Y
Let go be an initial state of A and ACC4 be the set of its accepting states. We
construct the automaton A’ which for an input string = remembers (in its finite
control) the pair (g, z), where:

z is a longest suffix of = which is a prefix of a word in Y

q = 04(qo,y), where y is a prefix of = such that z = yz.
The automaton A’ acceptes iff ¢ € ACC4 and z € Y. We omit the details.

2. Exponential-size dfa for Y - L(A)
Consider the language

Li(n) = {1"%us#v : u,v € {a,b}", 31 <i<n)u; #v;}
It is easy to see that a dfa for Lx(n) needs an exponential number of states, on
the other hand we can write
where each L; is accepted by a linear size dfa, L; is ”in charge” of testing in-
equality on the i-the position. Define the languages:

L =1-L;U1?2-LyU13-Lg... 1" L,,
and Y = 1U12Ul1d...1"UL"

The language L is a accepted by a linear size dfa (combination of dfa’s for
L;’s). The corresponding automaton simply reads the number of leading ones,
before the symbol ”$”. Then depending on this number switches to simulate the
corresponding dfa for L;. Then

(Y-L)Nn(1"$-2*) = Lx(n).
Hence any dfa for Y - L should have exponential number of states. Otherwise
L.(n) would have a small dfa, as a product of the dfa for Y - L and linear size
dfa for 1"$ - X*.
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Theorem 6.

Let A be a dfa.

1. If Y is an explicitly given finite language then we can test the inclusion

Y - L(A) C L(A)-Y in deterministic polynomial time.

2. If Q is a finite prefix set that is given explicitely then we can test the equality
Q- L(A) = L(A)-Q in deterministic polynomial time.

Proof. Due to Theorem [ we can construct a deterministic automaton A’ for
L(A) - Y with polynomial number of states. Let A” be the complement of A’.
We also construct a nfa C for Y - L(A) with polynomial number of states. Then
it is enough to check L(C) N L(A”) = . This can be done by combining C
and A” into a single nfa D with polynomial number of states (as a product of
automata). Hence we can test L(C) N L(A”) = 0 by checking if L(D) = (. This
problem is reducible to a path problem in a graph.

The second point follows from the fact that @ - L(A) is a language accepted by
a polynomial size dfa.

Observe that the complexity of all previously considered problems is deter-
mined by the complexity of the problem YL = LY. For instance if X, Y were
regular then the commutation problem for X and Y is PSPACE-complete. Thus
it is of the same complexity as the commutation problem in which X is reg-
ular and Y = Y. Similar situatoin is with other our problems considered in
previous chapters. By point (2) of Theorem [ the problem if XYL = LY for a
regular L given by a dfa can be solved in polynomial time. This suggests that
the commutation problem for languages given by dfas is in P.

We have however strong arguments that it is not the case. In the following
we will try to convince the reader that it is unlikely that equality Y - L(A) =
L(A) - Y, for finite Y, and a dfa A, can be tested in polynomial deterministic
time.

Theorem 7. Let A and B be dfa’s and Y an explicitly given finite language.
Testing the inclusion L(B) CY - L(A) is PSPACE-complete.

Proof. Let M be a deterministic Turing machine M working in space m for the
input string w of size n. We construct a dfa accepting non-valid computations
of M for w similarly as we constructed a dfa for the language L(m).

We define a sequence of languages Ly, Lo, ... L, which together "test” that
two consecutive configurations of M are invalid. This can be done in a similar
way as for the language L.(n). We omit the details. Eventually we construct
the language L such that

1"$X* C Y - L iff there is no valid accepting computation of M.

The language 1"$X* can be accepted by a dfa with n + 2 states.

5 Finite Languages

Let X be an explicitely given finite language. Denote by | X | the number of words
in X and by || X|| the total size of all words in X.
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Lemma 5.

1. Let X be a finite set of words over a non-unary alphabet X then |X| <
IRyl
log| 5 [1X]]

2. Let X andY are two finite languages over a finite alphabet X and let | X| =n
and |Y| =m. Then ||XY]|| < m||X]|| + n||Y]|.

Proof. (@) Fix the number N and consider a set of words X such that

LI X[ < N,

2. the cardinality of X is largest possible,

3. among all sets Y having properties [ and Bl the number || X|| is smallest
possible.

Consider a trie T for X. The trie has | X| distinguished nodes and each path from
the root of T' to distinguished vertex of T is labelled by a word in X. Clearly
each leaf of T is distinguished.

Claim. 1. T is a balanced tree.
2. Any son of a vertex with less than | X sons in T is a leaf.
3. Each vertex in T is distinguished.

Proof. (of the claim)

(I) Suppose that the difference between depths of two leaves of T' is at least
2. Then we remove the deeper one and put it as a son of the other one. In this
way the cardinality of the obtained set is the same as the cardinality of X and
its size is strictly smaller than || X||. A contradiction.

() Suppose there is a vertex v in T having less than X sons which is not a
leaf. Then we remove a leaf whose ancestor is v and put it as a son of v. Again
the set represented by a new trie has the same number of elements as X and is
of smaller size. A contradiction.

(B) Since each leaf is distinguished, we may assume that an internal vertex
v of T is not distinguished. Then we take any path from v to a leaf, remove v
and move all other vertices of the path one level up. New trie corresponds to a
set of the same cardinality as X and smaller size. A contradiction.

By the claim we may assume that 7" is a full | X|-ary tree of | X| nodes. Such
a tree has at least | X|/2 leaves and is of height at least logy, |X|. Hence,

| X
TIOg\EI | X < [1X]].

This completes the proof of point ().
Proof of point [2):

[ XY < Xoexyevlryl < Toex ey (2] + |y]) < Deex(mlz] + Zyev|yl)

< Zpex(mla| + |[Y]]) < ml[ X[+ n|[Y]|
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Theorem 8. Let X and Y be explicitly finite languages over a constant size
alphabet. Then the commutation problem for X andY can be solved in O(]X| -
[lYI|+ Y] || X]|]) time. In particular if the total size of the languages is n then

the problem can be solved in O(%) time.

Proof. First we construct a trie for the language XY . Then for each word in
Y X we check whether it is in XY. Next we construct a trie for the language
Y X and for each word in XY we check whether it is in Y X.
The estimation O(%) is a consequence of Lemma [Tl

When most of the words in X, Y are long words then a better measure of the
input size is a pair (k,n), where n is the total length of all words in X UY and
k is the number of words. Usually k£ << n.

Theorem 9. Let X andY be finite explicitly given languages of total size n and
cardinality at most k. Then the commutation problem for X andY can be solved
in O((k?* +n)logn) time.

Proof. Denote W = XUY. We use the concept of the dictionary of basic factors,
denoted DBF (W), for the set W of words, see [3]. The subwords of words in
W whose lengths are powers of two, are called basic factors. The dictionary
DBF (W) assigns to each subword w an integer name(w) € [1,...,n] such that
each basic factor w is uniquely identified by the pair (length(w), name(w)).
The following fact has been shown in [3].

Claim. DBF(W) can be constructed in time O(nlogn).

For words whose length is not necessarily a power of two define

code(w) = (length(w), name(w'), name” (w)),
where w’, w’ are respectively the largest prefix and the largest suffix of w whose
length is a power of two.
For a set X of words denote: code(X) = {code(z) : = € X}.
We replace the sets X and Y by X' = code(X), Y’ = code(Y). for two codes
z', y' of words z, y denote by =’ ® ¥’ = 2/, where 2’ is the code of zy.

Claim. Given a dictionary DBF (X UY), for any two z’,y’ € code(X UY') we
compute ' ® ¢y’ in O(logn) time.

It is easy to see that:

XY =YX & XY=YX
Now the algorithm is very simple. We compute X' ® Y/ and Y’ @ X’ and test
equality of two sets consisting of triples of short integers. We can do it by sorting
these sets lexicographically and testing equality of sorted lists.

6 Related Questions

We end with posing some open problems. What is the complexity of commutation
problem for X and Y if
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and Y are regular languages given by dfa’s?

is given by a deterministic dfa and Y is finite?

is finite and given by a deterministic dfa and Y is finite?
is given by a dpda and Y is finite?

is finite and given by a dpda and Y is finite?

is regular and Y = X where size of X

b b B b B

is a constant (|Y| < k for a given k)?
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Abstract. A complete characterization of cones, semi-AFPs and AFPs
(abstract families of power series) of algebraic power series in terms of
algebraic systems is given.

1 Introduction

Berstel [I] states on page 267 that “up to now, no characterization of the family
of context-free grammars generating the languages of a cone is known”. In this
paper this problem is solved not only for (principal, full) cones but also for
(principal, full) semi-AFPs and AFPs.

In several papers, the author has characterized cones of algebraic power series
(Kuich [5J6]) and abstract families of algebraic power series (Kuich, Karner [4])
in terms of algebraic systems. In Kuich, Salomaa [8], Theorem 13.24, cones of
algebraic power series are characterized in terms of pushdown automata.

In this paper, we give a complete characterization of cones, semi-AFPs and
AFPs of algebraic power series in terms of algebraic systems. The paper contains
this and another two sections. In Section 2, we show that each principal full cone
(resp. principal cone) of algebraic power series has a full cone generator (resp.
cone generator) that is the first component of the unique solution of an algebraic
system in a certain normal form, called cone form. This leads to a characteri-
zation of principal (full) cones by the first components of the least solutions of
certain algebraic systems given in matrix form. An easy extension of this result
yields a characterization of (full) cones. In Section 3, these characterizations are
used to characterize (principal, full) semi-AFPs and AFPs.

The reader is assumed to have a basic knowledge of formal power series.
All notions and notations used in this paper are from Kuich, Salomaa [§] or
Kuich [7].

2 Cones of Algebraic Power Series

In this paper, XY, denotes a fixed infinite alphabet. All finite alphabets X', possi-
bly provided with indices, are subalphabets of X, . In the following constructions

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 204-[216] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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we sometimes assume without loss of generality that X, contains “special sym-
bols” ¢, $ or # not belonging to any of the finite alphabets X' discussed in the
same construction.

A multiplicative morphism g : X* — (A™(£7))@*? is called rational
representation. It is called regulated iff there exists a k > 1 such that, for all
w € X* with |w| >k, (u(w),e) = 0. A rational transducer (with input alphabet
XY and output alphabet X') T = (Q, i, S, P) is given by

(i) a finite set @ of states,

(ii) a rational representation p: X* — (AT ((5")))@* 4,
(iii) S € (AT (X" N))1*Q called initial state vector,

(iv) P e (A™({(X™))@*L called final state vector.

The mapping ||| : A{(X*) — A{(X"™)) realized by a rational transducer T =
(Q, 1, S, P) is defined by

1= (r Z Z Sa (ryw)p(w)g, g0 Paer 7 € ALZ™)).

q1,2€Q wex™*

The rational transducer ¥ is called regulated iff p is a regulated rational repre-
sentation. A mapping 7 : A{(X*)) — A{(X"™*)) is called a rational transduction
(resp. requlated rational transduction) iff there exists a rational transducer (resp.
regulated rational transducer) ¥ such that 7(r) = ||Z]|(r) for all r € A{(X*)).
Our rational transductions are a straightforward generalization of the rational
transductions of Berstel [I], Proposition I11.7.3 to power series.

Here and in the sequel, A always denotes a commutative semiring. If we deal
with rational representations or rational transducers that are not regulated, A
will be additionally continuous. This makes sure that all infinite sums that occur
in connection with representations and rational transducers are well-defined.

Our basic semiring will now be A{(X% ). The subsemiring of A{(X% ) con-
taining all power series whose supports are contained in some X* is denoted by

A{Z ) 1 e,

A{ X5 = {r € A(XL)) | there exists a finite alphabet X' C X
such that supp(r) C X*}.

For ¥ C Y, A{X*)) is isomorphic to a subsemiring of A{{X% }}. Hence, we
may assume that A(X*) C A{X% }}. Furthermore, we define two subsemirings
of A{{X% }}, namely, the semiring of algebraic power series by

Al W = {r € A{{X%}} | there exists a finite alphabet X C X,
such that r € A28(X*)},

and the semiring of rational power series by

A W = {r € A{{X%}} | there exists a finite alphabet X C X
such that r € A™¢ (%) }.
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Let ¥ = (Q, 11, S, P) be a rational transducer with input alphabet . The
extended mapping ||| : A{XL} — A{ X%} is then defined by

|[Z]|(r Z Z Squ (ryw)p(w) g, ,q. Py, 7€ AL

q1,2€Q wex™*

Here the rational representation y is extended to p : X% — (AMH{{ X7 1}1)@*Q
by u(w) = 0 if w ¢ X*. Hence ¥ translates only words w of X* and maps
words not in X* to 0. Again, a mapping 7 : A{XL}} — A{XL}} is called a
(regulated) rational transduction iff there exists a (regulated) rational transducer
% such that 7(r) = ||]|(r) for all r € A{ X% }}.

Each nonempty subset £ of A{{X% }} is called family of power series. In the
sequel, £ will denote a family of power series. A family of power series closed
under rational transductions (resp. regulated rational transductions) is called a
full cone (resp. cone). Define

M(L) = {r(r) | r € £ and 7 is a rational transduction}
and
M(L) ={7(r) | r € £ and 7 is a regulated rational transduction} .

Since rational transductions and regulated rational transductions are closed un-
der functional composition (Kuich [7], Theorem 7.9), £ is a full cone iff £ = M(L)
and £ is a cone iff £ = M(L). A cone £ is called principal full (resp. princi-
pal) iff there exists a power series r € A{2% }} such that £ = 9(r) (resp.
£ = M(r)). The power series r is then a full cone generator of the full cone £
(resp. cone generator of the cone £). (See Berstel [1]; and Ginsburg [2], where
cones are called trios.) Again, if we deal with full cones our semiring A will be
commutative and continuous.

We now want to characterize full cones and cones of algebraic power series
by algebraic systems in cone form. Here an algebraic system is in cone form iff
it is of the form

Yi = Zamxmm 1<i<n,
TEeEZ
where a;r € A, ajy, =1, 2ir € X, 1€ Z, Z=Y3UY2UY U{e},1<i<n, Y =
{yi |1 <i<n},and {zir |7 € Z —{y;}, 1 <i<n}n{ay, |1<i<n}=0.

In a series of theorems and lemmas we will prove that with respect to the

generation of principal cones the cone form is a normal form.

Theorem 1. A mapping 1 : A(X*) — A{X"™)) is a rational transduction (resp.
requlated rational transduction) iff there exists an ro € A™ (X)), a rational
representation (resp. regulated rational representation) pu : X* — (A{(X")@x?
and i,t € Q, i #t, such that, for all r € A{(X*)),

7(r) = (r,e)ro + Z (r, w)p(w); .

weX+



Cones, Semi-AFPs, and AFPs of Algebraic Power Series 207

Proof. Use the construction in the proof of Theorem 9.4 of Kuich, Salomaa [§].
It works for both, regulated rational transductions (with commutative semiring
A) and rational transductions (with commutative continuous semiring A). The
proof of Theorem 9.4 of Kuich, Salomaa [§] is valid in both cases. 0

We often will use the following corollary of Theorem 1 without further men-
tion.

Corollary 21 Let 7 : A{XL Y} — A{ XL} be a rational transduction (resp.
requlated rational transduction). Then there exists a rational representation p :
¥ (AT WQXQ and it € Q, i # t, such that, for each r € A{{X* 1}
with (r,e) =0,

T(r) = Y (nw)p(w)is = p(r)i;-

weX*

Lemma 22 FEach principal full cone (resp. principal cone) has a quasiregular
full cone generator (resp. cone generator).

Proof. By Theorem 11.31 of Kuich, Salomaa [§]. 0

Lemma 23 Let h : X* — (X U ¢)* be the morphism defined by h(z) = x¢ for
all x € X. Then, for r e A(X*)), M(r) = M(h(r)) and M(r) = M(h(r)).

Proof. By Lemma 13.18 of Kuich, Salomaa [g]. 0

Lemma 24 Let h: X* — (X U¢)* be the morphism defined by h(x) = x¢ for all
x € X*. Then, for all r € A(X™*)) with (r,e) = 0, there exists a strict algebraic
system y; = qi, 1 < i < n+ 1, where supp(¢;) C Z{ynt1} U Z{ynt1}Y U
yni1}Y?, 1 <i<n, and ¢, 1 = ¢, such that h(r) is the yi-component of its
unique solution.

Proof. By Theorem 14.33 of Kuich, Salomaa [§], r is the first component of the
unique solution of an algebraic system y; = p;, 1 < ¢ < n, in Greibach normal
form with supp(p;) C YU XY U XY?2:

Yi = erx(piv r)T + ZISan Zzex(pi, q:yj)xyj—i—
do1<jk<n 2oz s Pi TYjYR)TYYe, 1 <0< n.

Assume that o is the unique solution of y; = p;, 1 < i < n. We claim that h(o)
is the unique solution of the algebraic system

Yi = Ezex(pial")h(l“) + Z1§jgn Zwez(pi,xyj)h(x)yj-i-
Yo1<ih<n 2zes Pi Ty (@) yjyK, 1 <i<n.

The claim is shown by substituting h(o) into this algebraic system:

Ezex(pia x)h('r) + Zlgjgn Zweﬂ(piv l‘yj)h(l‘)h((f])—F
Z1§j,kgn Zmex(pmxyjyk)h(x)h(aj)h(%) =
h(pi(ala"'aan)) :h(gi)a 1<i<n.
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By Lemma 14.25 of Kuich, Salomaa [8], (h(r), h(o2),...,h(on),¢) is the unique
solution of the algebraic system with variables in {y1,...,Yn, Yn+1}

Yi = D pe s (Pi @) TYnt1 + 21 <j<n 2owe s (Pis TY5)TYn+1y;+
Zlgj,kgn Zmez(piazyjyk)xyn+1yjyk7 1<i<n,
Ynt1 = ¢.

Lemma 25 Let h: X* — (X U¢)* be the morphism defined by h(x) = x¢ for all
x € X*. Then, for all r € A(X*)) with (r,e) = 0, there exists a strict algebraic
system
Yi = Zaiﬂ"ri‘n’ﬂ—7 ISZSTL’
ez
where aixr € A, ay, =0, v € X, mEZ, Z = {eluYuY?2UuY? 1<i<n,
such that h(r) is the first component of its unique solution.

Proof. By Lemma 5, h(r) is the first component of the unique solution of a strict
algebraic system y; = p;, 1 <14 < t, where supp(p;) C ¢UX(Y —y;)UXY2UXY3:

Yi = (0 )¢ + D1 <<t 2owe s (Pis 2yj)y;+
Z1§j,k§t > wes (Pis TYjYK)TY YK+
Zlgj,k,mgt erg(pia xyjykym)xyjykymy 1<e<¢t.

Consider now the strict algebraic system with variables in {y¥ |z € X, 1 <i <

t}

Yi = (00 )¢+ X1 <<t 2ove s (Pi, 2y5)TY5 +
ZlngﬂSt > res(Pi, xyjyk)xyfy?r .
Doi<ikm<t 2ones Pis TYjYRYm)TY Yi Y, 1< i<t z € X.

We claim that the yf-component, z € X', 1 < i < t, of the unique solution is
given by o;. This claim is easily shown by substituting this unique solution into
the equations of the above algebraic system.

Since (p;,zy;) =0 for x € X, 1 <4 < ¢, our lemma is proven. 0

Lemma 26 Let 7: A{(X")) — A(XUS)")) be the substitution defined by 7(x) =
$*x, x € X. Then, for all v € A(X*)), M(r) = M(7(r)) and M(r) = M(7(r)).
(

Proof. Clearly, for r € A(Z*Y, 7(r) € M(r). Hence, ﬁﬂ( (r)) € M(r) and
M(7 ( )) € M(r). Conversely, define the substitution 7/ : A((ZU$)*)) — A(X*)
by 7(z) =z, x € X, f/($) = 0. Then (r(r)) =r for all r € A{(X*)). Hence,
M(r) CM(7(r)) and M(r) C M(7(r)). 0

Lemma 27 Let o be the unique solution of an algebraic system y; = p;, 1 <1i <
n, where supp(p;) C XY*. Let 7 : A{X*) — A{(X US$)*)) be the substitution
defined by 7(x) = $*x, v € X. Assume that o’ is the unique solution of the
algebraic system y; = p; + $y;, 1 <i < n. Then o' = 7(0).
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Proof. (i) We prove that 7(o) is the unique solution of the system y; = $*p;,
1<i<n:

$*pi(t(01),...,7(0on)) =

Yowey 2oacy+ Piva)$ xa(T(01),. .., T(0n)) =

Yoves ey (i za)T(xa(01, ..., 00)) =

T(pi(o1y...,00)) =7(0y), 1<i<m.

(ii) Consider the linear system
yi = 8yi +pi(oy,...,0p), 1<i<n.
By Theorem 4.17 of Kuich, Salomaa [§], its unique solution is given by

($* p1(al, .o y0n)y ey S (o, .. 0h)) .

But (¢1,...,0},) is also a solution. Hence, o} = $*p;(c],...,0,,), 1 <i<n.
(iii) Since the system y; = $*p;, 1 < i < n, has a unique solution, we infer
that o’/ = 7(0). 0

Theorem 2. Each principal full cone (resp. principal cone) in AM8{X* 1} has
a full cone generator (resp. cone generator) that is the first component of the
unique solution of an algebraic system in cone form.

Proof. By Lemmas 3-6, each principal full cone (resp. principal cone) has a full
cone generator (resp. cone generator) that is the first component of the unique
solution of a strict algebraic system

Y = E AigLix T, 1 S 7 S n,
TEZ

where air € A, ajy, =0, 2ix € X, 1€ Z, Z={c}UYUY?2UY3 1<i<n.
By Lemma 8 we can add to the i-th equation of this algebraic system the term
$y;, 1 < i < n, and get a first component of the unique solution of the new
system that is again a full cone generator (resp. cone generator) of the considered
principal full cone (resp. principal cone).

Our theorem is proved by the observation that the new algebraic system is
in cone form. 0

Corollary 28 Let £ C AY&{{3* Y}, Then £ is a principal full cone (resp. prin-
cipal cone) iff it has a full cone generator (resp. cone generator) that is the first
component of the unique solution of an algebraic system in cone form.

Let & be an algebraic system y; = p;, 1 < i < n, in cone form, i.e.,

pi = (Pis Ti)Ti + D01 < < (P Tigys)Tij Y+
> o1<jr<nPis TigkYiYn)TigeyiYu+ (%)
Y o1<jkom<n Pis Tijkm¥iYkYm)Tijkm¥YiYkYm, 1 <i<n,

where z;, Zij, Tijk, Tijkm € X, (PisTuyi) =1, 1 < i,5,k,m <n, and ({z; | 1 <
i<npU{ag; |1 <dj<mn j#FitU{zg | 1<i5k < ntU{zjem |
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1<i,j,k,m<n})Nn{zy|1<i<n} =0 Then, by definition, 9(S) is the
collection of all the following algebraic systems written in matrix form:

Yi = (pi, i) @ pu(@i) + 31 <j<p (i, Tijys) © pl@i) Y+
D o1<j<n Pis TigeYiye) © p(@ijn)Y; Vet ()
Yo1<jkmen (Pis Tigkm) @ W(Tijkm ) Y5 YiYom, 1<i<n.

Here Y, = (y}k)1§j7k§t, 1 < i < n,is at x t-matrix of variables and g is
a rational representation defined by p : ¥ — (A(X' Ue))t™>t ¢t > 1. More-
over, ® denotes the Kronecker product (see Kuich, Salomaa [§]). Furthermore,
M(S) is the collection of all algebraic systems defined above where the matrices
p(@s), p(@ig), p(ije), p(@ijem) satisty the following additional condition:

There exists an s > 1 such that each product of s of these matrices is
quasiregular. (Hence, if the matrix M is such a product then (M, e) = 0.)

The yi,-component of the least solution of the algebraic system defined above
is called the principal component of this least solution. We are now ready to
characterize principal full cones (resp. principal cones) in A*8{X* }} by the

principal components of the least solutions of the algebraic systems in (&)
(resp. M(S)).

Theorem 3. Let r be the first component of the unique solution of an algebraic
system & in cone form. Then the principal full cone 93?(7") (resp. principal cone
M(r)) coincides with the collection of all principal components of least solutions
of the algebraic systems in M(S) (resp. M(S)).

Proof. Let & be given by the equations (). Define the algebraic principal cone
type (see Kuich, Salomaa [8], page 281) ({y1,...,yn}, X, T,y1) by

Tyimm = (pis zi)zi,

Tyﬂr,yﬂr = (Pi, Hiijyj)fﬁij,

Tymyjym = (pu mijkyjyk)l‘ijk,
Tyiﬂ,yjykymfr = (pi7$ijkmyjykym)xijkma

1 <id,j,kym <n, 7€ {y1,...,yn}*. Then, by Theorem 10.7 of Kuich, Salo-
maa [8], the unique solution of & is given by (1), «)1<i<n. Hence, r = (1), .

Consider now the algebraic system (x*), where u is a regulated rational rep-
resentation. Since ((7)y, c)1<i<n is the unique solution of (x), substitution of
p(T*)y, e for Yy, 1 <i < n shows that (u(7%)y, c)1<i<n is a solution of (xx). By
Theorem 10.7 of Kuich, Salomaa [8], it is the unique solution of (xx).

We first prove the case of the principal cone. Assume that s € 9(&). Then,
by Corollary 2, there exists a regulated rational representation p’ : X* —
(ATt (DX 4 > 2 such that s = p/(r)1e. Hence, s = p'((T*)y, ) 1.00-
Observe that T' is a loop type (see Kuich, Salomaa [8], page 226). Hence, by
Theorem 11.46 of Kuich, Salomaa []], there exists a regulated rational represen-
tation p defined by p: X — (A(X' Ue))t™t ¢ > ¢/, such that (0 (T)*)y,,e)1,0 =
((e(T)*)yy,e)1,4r- Since t' > 2, renaming yields s = ((u(T)*)y, c)1,t and s is the
principal solution of an algebraic system in 9(S).
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We now show the converse. Let s be the principal component of the unique
solution of (sx). Then s = (u(T™)y, o)1, = ()1, t > 1, and s € M(7).

We now consider the case of the principal full cone. Given a rational
representation p/ : X* — (AH(EZ))XT ¢ > 1, let 4/ be the regu-
lated rational representation ' : X* — (A™((2' U {z})*))!*" defined by
p(x) = (W' (x),e)z + > e (W'(x),w)w, x € ¥, where z € Yo — X', Let
h: (X' U{z})* — 2™ be the morphism defined by h(z) = z, € X', and
h(z) = . Then, for each r € A{(X*)), we obtain p”(r) = h(y/'(r)).

Assume now that s € 9(S). Then there exists a regulated rational rep-
resentation g/ : X* — (A™((X' U {z})*))*" such that s = h(y/(r)1y¢) =
h(p' ((T%)y,,)1,¢/). As above there exists now a regulated rational representation
 defined by p: X — (A((Z' U {z}) Ue))"* such that s = h((1(T)* )y, ,e)1,t-

By Theorems 7.10 and 7.4 of Kuich [7], (R((1t(T)*)y;.c))1<i<n is the least
solution of (xx). Hence, s is the principal solution of an algebraic system in
951(6) Conversely, let s be the principal component of the least solution of (xx).
Then by Theorems 7.10 and 7.4 of Kuich [7], s = (1(T™*)y, )1+ = p(r)1,¢. Hence,
s€ M(r). O

Corollary 29 £ C A¥8{{3* W} is a principal full cone (resp. principal cone)
iff £ coincides with the collection of all principal components of least solutions
of the algebraic systems in M(S) (resp. M(S)) for some algebraic system & in
cone form.

For A = B this is a characterization of principal full cones and principal cones
by context-free grammars.

Example 1. The restricted one counter languages form a principal full cone that
is generated by the Lukasiewicz language (see Greibach [3], Berstel [1]). These
restricted one counter languages are generalized by Kuich, Salomaa [§] to power
series. Again these restricted one counter power series form a principal full cone
and again it is generated by the solution of the algebraic system y = x1yy + x».
Clearly, this principal full cone is also generated by the solution of the algebraic
system y = z1yy + xy + x2 in cone form. Hence, a power series is a restricted
one counter power series iff it is the y;;~component of the least solution of an
algebraic system Y = M 1YY 4+ MY + Ms. Here Y is a t X t-matrix of variables
Yjks 1 < j,k <tand M, My, My € (A(XUe))*t t > 1. 0

We now characterize full cones and cones of algebraic power series by alge-
braic systems in cone form.

Theorem 4. £ C A8{{3* 1} is a full cone (resp. cone) iff there exist algebraic
systems &;, i € I, in cone form such thalt £ coincides with the collection of
all principal components of least solutions of systems in M(S;) (resp. M(S;)),
1€ 1.

Proof. We first consider the case of the full cone. Let £ = 9(£'). Then £ =
U, ce M(r). Hence, our theorem is proved by Corollary 12.
The proof for the case of the cone is analogous. 0
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3 Semi-AFPs and AFPs

Let £ be a family of power series. Then &(£) (resp. &(£)) is the smallest sub-
monoid of (A{{X% }},+,0) that is closed under rational transductions (resp. reg-
ulated rational transductions) and contains £. The notation F(£) (resp. F(£)) is
used for the smallest rationally closed subsemiring of A{{ X% }} that is closed un-
der rational transductions (resp. regulated rational transductions) and contains
£.

A family £ of power series is called a full semi-AFP or a full AFP (resp.
semi-AFP or AFP) iff £ = &(&) or £ = F(£) (resp. £ = &(£) or £ = F(L)).
Here AFP stands for “abstract family of power series”.

If there exists an £ such that £ = M(L'), £ = &(£) or £ = F(£') (resp.
£ =MmL), £ =6(g) or £ =F(L)) then £ is called full cone, full semi-
AFP or full AFP generating family (resp. cone, semi-AFP or AFP generating
family). If £ is a (full) cone, a (full) semi-AFP or a (full) AFP then £ is always
a generating family.

If £ contains only one power series r € A{{ X% }} then £ is called principal full
semi-AFP or principal full AFP (resp. principal semi-AFP or principal AFP).
In this case r is termed full semi-AFP or full AFP generator (resp. semi-AFP or
AFP generator). In this case we write £ = &(r) or £ = §(r) (resp. £ = &(r) or
£ =5F(r)). For A =B, our operators S, ¥, © and § coincide with the operators
S, F, S and F of Ginsburg [2], respectively.

We first consider full semi-AFPs and semi-AFPs. The next lemma is proved
analoglously to Theorems 11.31 and 11.35 of Kuich, Salomaa [8] by help of
Lemma 7.

Lemma 31 If £ is a full semi-AFP (resp. semi-AFP) generating family of the
full semi-AFP (resp. semi-AFP) £, then

£ =1 Z $%¢ry |rr e, 1<k<m, m>1}

1<k<m
is a full cone (resp. cone) generating family of £.

We now will characterize full semi-AFPs and semi-AFPs of algebraic power series
by algebraic systems of a certain form. . 4

Let &, j € J, be algebraic systems in the cone form with equations y! = p],
1 <9 < nj. An algebraic system is called semi-AFP system iff its equations are

Yo = ¢yl + -+ eyl™ + Sy, ylt = plk, 1<i<mny,

for some ji,...,jm € J, m > 1, and is denoted by [&;,,...,8;, ]. Let r;
be the first component of the unique solution of &;, 7 € J. Then the yo-
component of the unique solution of the semi-AFP system [&;,,...,5;, ] is
given by >, crcpn $5¢75,, 1, ..., jm € J, m > 1. Observe that a semi-AFP sys-

tem [&;,,...,&;, ] isin the cone form. Hence, the collections M([&,, . .., S, ])
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(resp. M([&;,, .. .,6;,])) are defined. The equation yo = ¢yi* 4 - - -+ ¢yim + Syo
gives rise to a matrix equation

Yo = p(@)Y{" + -+ p(e)Y7™ + u($)Yo,

where Yy = (y?k)1§j7k§t is a t X t-matrix of variables and p is a rational
(resp. regulated rational) representation defined by u : X — (A(X' U g))t*"
By definition, the y?,-component of the least solution of an algebraic system in
M([S,,,...,6;,]) (resp. M([S;,,...,6;,])) is called the principal component
of this least solution.

Theorem 5. Let G;, j € J, be algebraic systems in the cone form. Letr;, j € J,
be the first component of the unique solution of &;. Then the full semi-AFP
S({r; | j € J}) (resp. semi-AFP &({r; | j € J})) coincides with the collection
of all principal components of the least solutions of the algebraic systems in
M([S;,,...,6,,.]) (resp. M([S;,,...,6;,.])) for all ji,...,jm € J, m > 1.

Proof. We only proof the case of the semi-AFP. The proof for full semi-AFPs is
analogous.
Lemma 14 implies

S({rjljed) =M > $er .. im€J m>1}).

1<k<m

Since ) ;<< $7¢r;, is the yo-component of the unique solution of the semi-
AFP system [S;,,..., 6, 1, j1,---,Jm € J, m > 1, the collection of all principal
components of the least solutions of the algebraic systems in M([S;,,...,S;,.])
coincides, by Theorem 11, with IMM({> 1<, $°¢75, | 41, Jm € J, m > 1}).
The equality

m{ > $ s, |jdmed m>1) = ) m{ > $er,})

1<k<m Jleeodm€d, m>1 1<k<m
proves our theorem. 0

Corollary 32 £ C AMe{{X* Y} is a full semi-AFP (resp. semi-AFP) iff £ coin-
cides with the collection of all principal components of the least solutions of the
algebraic systems in M([S,, ..., 6, 1) (resp- MG,y 65.1)), J1s-- s dm €
J, m > 1, for some algebraic systems &;, j € J, in the cone form.

Since every principal full cone (resp. principal cone) is a full semi-AFP (resp.
semi-AFP), the characterization of principal (full) cones in Section 2 is valid
also for principal (full) semi-AFPs (see Kuich, Salomaa [§], Theorem 11.26, and
Berstel [1], Example V.4.2).

We now consider full AFPs and AFPs. The next lemma is proved analoglously
to Theorem 11.31 and Corollary 11.41 of Kuich, Salomaa [8] by help of Lemma 7.
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Lemma 33 If £ is a full AFP (resp. AFP) generating family of the full AFP
(resp. AFP) £, then

L ={( > $er)$#|mel, 1<k<m, m>1}

1<k<m
is a full cone (resp. cone) generating family of £.

We now will characterize full AFPs and AFPs of algebraic power series by alge-
braic systems of a certain form. . 4

Let &;, j € J, be algebraic systems in the cone form with equations y; = p/,
1 <4 < nj. An algebraic system is called AFP system iff its equations are

Yo = ¢yl yo + -+ eyl yo + Syo +#, Yy =plt, 1<i<n,,

for some ji,...,5m € J, m > 1. This AFP system is denoted by [&;,,...,6;,].
Let 7; be the first component of the unique solution of &;, j € J. Then the
yo-component of the unique solution of the AFP system [S;,,...,&;, ] is given
by (3 crem $5¢r; ) $ 4, j1,...,jm € J, m > 1. Observe that an AFP system
[6,,...,6;.] is in the cone form. Hence, the collections M([S,,,...,&;, ])
(resp. M([S5,, . ..,6;,])) are defined. The equation yo = ¢yl yo+- - -+ ¢yimyo +
$yo + # gives rise to a matrix equation

Yo = pu(@)Y{ Yo + - 4 pu(€) Y7 Yo + pu($)Yo + u(#)

where Yy = (y?k)1§j7k§t is a t x t-matrix of variables and p is a rational
(resp. regulated rational) representation defined by u : ¥ — (A(X U ¢g))*t
By definition, the y?,-component of the least solution of an algebraic system in
M([S,,,...,6,,.]) (resp. M([S},,...,6;.])) is called the principal component
of this least solution.

Theorem 6. Let &;, j € J, be algebraic systems in the cone form. Let rj,
Jj € J, be the first component of the unique solution of &;. Then the full AFP
S{r; | 5 € J}Y) (resp. AFP F({r; | j € J})) coincides with the collection
of all principal components of the least solutions of the algebraic systems in
M([S;,,...,6,,.1) (resp. M([&;,,...,6;,.1)) forall ji,...,jm e J, m>1.

Proof. Similar to the proof of Theorem 15; but use now Lemma 17. 0

Corollary 34 £ C AYe{{X* 1} is a full AFP (resp. AFP) iff £ coincides with
the collection of all principal components of the least solutions of the algebraic
systems in M([S;,,..., 6, 1) (resp. M([Sj,,....6,. 1)), jis--wsim € J, m >
1, for some algebraic systems &;, j € J, in the cone form.

The last case to be considered is the case of principal full AFPs and princi-
pal AFPs. The next lemma is proved analogously to Theorem 11.42 of Kuich,
Salomaa [§] by help of Lemma 7.
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Lemma 35 Ifr € A{X%}} is a full AFP (resp. AFP) generator of the principal
full AFP (resp. principal AFP) £ then ($*¢r)*$*# is a full cone (resp. cone)
generator of £.

We will now characterize principal (full) AFPs of algebraic power series by
algebraic systems of a certain form. Let & be an algebraic system in the cone
form with equations y; = p;, 1 < i < n. An algebraic system is called principal
AFP-system (with basis &) iff its equations are of the form

Yo = ¢y1yo + Syo + #, yi=pi, 1<i<n.

This principal AFP-system is denoted by [&]. Observe that a principal AFP-
system is a special case of an AFP-system. Hence, the next two results are
corollaries of Theorem 18.

Corollary 36 Let & be an algebraic system in the cone form. Let r be the first
component of the unique solution of &. Then the principal full AFP @(r) (resp.
principal AFP F(r)) coincides with the collection of all principal components of
the least solutions of the algebraic systems in IMM([S]) (resp. M([S])).

Corollary 37 £ C AM8{{5* 1} is a principal full AFP (resp. principal AFP) iff
£ coincides with the collection of all principal components of the least solutions
of the algebraic systems in M([S]) (resp. M([S])) for some algebraic system &
i cone form.

Ezxample 2. The one counter languages form a principal full AFL that is gen-
erated by the Lukasiewicz language (see Greibach [3], Berstel [I]). These one
counter languages are generalized by Kuich, Salomaa [8] to power series. These
one counter power series form a principal full AFP that is again generated by
the solution of the algebraic system y = z1yy + x5. Clearly, this principal full
AFP is also generated by the solution of the algebraic system y = x1yy+xy+xs.
Hence, a power series is a one counter power series iff it is the z1;-component of
the least solution of an algebraic system

Z:1\43YVZ‘|‘]\44Z—|—]\457
Y = MYY + MY + M>.

Here Z,Y are t x t-matrices of variables z;, y;x, 1 < j, k < ¢, respectively, and
M, My, My, M3, My, M5 € (A(X Ue))>t ¢ > 1. O

References

1. Berstel, J.: Transductions and Context-Free Languages. Teubner, 1979.

2. Ginsburg, S.: Algebraic and Automata-Theoretic Properties of Formal Languages.
North-Holland, 1975.

3. Greibach, S.: An infinite hierarchy of context-free languages. J. Assoc. Comput.
Mach. 16(1969) 91-106.



216

W. Kuich

Karner, G., Kuich, W.: On certain closure operators defined by families of semiring
morphisms. J. Algebra 217(1999) 1-20.

Kuich, W.: An algebraic characterization of some principal regulated rational
cones. J. Comput. Systems Sci. 25(1982) 377-401.

Kuich, W.: Matrix systems and principal cones of algebraic power series. Theoret.
Comput. Sci. 57(1988) 147-152.

Kuich, W.: Semirings and formal power series: Their relevance to formal languages
and automata theory. In: Handbook of Formal Languages (Eds.: G. Rozenberg and
A. Salomaa), Springer, 1997, Vol. 1, Chapter 9, 609-677.

Kuich, W., Salomaa, A.: Semirings, Automata, Languages. EATCS Monographs
on Theoretical Computer Science, Vol. 5. Springer, 1986.

. Nivat, M.: Transductions des langages de Chomsky. Ann. Inst. Fourier 18(1968)

339-455.



New Small Universal Circular Post Machines

Manfred Kudlek! and Yurii Rogozhin?

! Fachbereich Informatik, Universitat Hamburg,
Vogt-Kolln-Strafle 20, D-22527 Hamburg, Germany
kudlek@informatik.uni-hamburg.de
2 Institute of Mathematics and Computer Science, Academy of Sciences of Moldova,
Str. Academiei 5, MD-2028 Chisinau, Republica Moldova
rogozhin@math.md

Abstract. We consider a new kind of machines with a circular tape and
moving in one direction only, so-called Circular Post machines. Using 2-
tag systems we construct some new small universal machines of this kind.

1 Introduction

In 1956 Shannon [19] introduced the problem of constructing very small universal
(deterministic) Turing machines. The underlying model of Turing machines is
defined by instructions in form of quintuples (p,z,y, m,q) with the meaning
that the machine is in state p, reads symbol x € X', overwrites it by y, moves by
m € {—1,0,1}, and goes into state q. Another equivalent model is defined by
quadruples (p, z, a, q) where o € Y U{—1,0,1}. This model is also equivalent to
so called Post machines [12]. Whereas the quintuple model allows to construct
equivalent machines with 2 states this is impossible for the quadruple model [1].

Let UTM(m,n) be a class of universal Turing machine with m states and n
symbols. It was known that there exist universal Turing machines in the follow-
ing classes: UTM(22,2), UTM(10,3), UTM(7,4), UTM(5,5), UTM(4,6),
UTM(3,10), UTM(2,18) [17I18] and the classes UTM(2,2) [5], UTM(2,3),
and UTM(3,2) [13] are empty. Recently it was shown that there exist universal
Turing machines in the classes UTM(19,2) [3] and UTM(3,9) [7], improv-
ing the previous results UTM(22,2) and UTM(3,10). The last results reduce
the number of classes UTM(m,n) with an unsettled emptiness problem (i.e if
UTM(m,n) is empty) from 49 to 45.

We introduce (deterministic) Circular Post machines (CPM). These are sim-
ilar to those presented in [2], with the difference that the head can move only in
one direction on the circular tape. It is also possible to erase a cell or to insert
a new one. We consider 5 variants of such machines, distinguished by the way
a new cell is inserted. In [6] it has been shown that all variants are equivalent
to each other, and also to Turing machines. We also show that for all variants
there exist equivalent Circular Post machines with 2 symbols, as well as with 2
states.

To construct small universal Circular Post machines we use a method first
presented in [I0] (see also [I6J17]). This method uses tag systems [9] which

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 217-[226] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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are special cases of monogenic Post Normal systems [15], namely of the form
s;vu — ua; with v € X8~ and k > 1 a constant. In [10] it is also shown that
2-tag systems (i.e. k = 2) suffice to simulate all Turing machines, with halting
only when encountering the special symbol s .

Since Circular Post machines are also monogenic Post Normal systems we
expect to get a more natural simulation of tag systems and perhaps smaller
universal machines.

Circular Post machines may be useful for studying the formal models of
biocomputing where the DNA molecules are present in the form of a circular
sequence [14].

In a previous article [6] it was shown that such machines can simulate all
Turing machines, and some small universal circular Post machines have been
constructed, namely in the classes UPMO(7,7), UPMO(8,6), UPMO0(11,5),
and UPMO0(13,4). In this article we present some new results on circular Post
machines, and more universal machines, namely UPMO0(4,18), UPMO0(5,11),
UPMO0(6,8), UPMO0(9,5) (improvement of UPMO(11,5)), UPMO0(12,4)
(improvement of UPMO0(13,4)), and UPMO(18,3). Here UPMi(m,n) de-
notes the class of universal circular Post machines of variant ¢« with m states and
n symbols.

2 Definitions

Here we introduce some variants of circular Post machines.

Definition 1. A Circular Post machine is a quintuple (X, Q,qo,qy, P) with a
finite alphabet X where 0 is a the blank, a finite set of states Q, an initial state
Ao € Q, a terminal state qf € Q, and a finite set of instructions of the forms

pr — q (erasing of the symbol read)

pz — yq (overwriting and moving to the right)

p0 — yq0 (overwriting and creation of a blank)

The storage of such a machine is a circular tape, the read and write head
moving only in one direction (to the right), and with the possibility to cut off a
cell or to create and insert a new cell with a blank.

This version is called variant 0 (CPMO). Note that by erasing symbols the
circular tape might become empty. This can be interpreted that the machine,
still in some state, stops. However, in the universal machines constructed later,
this case will not occur.

In this article it will assumed that all machines are deterministic.

There are variants equivalent to such machines [6].

Variant CPM1 : The instructions are of the form
pr —q Pr — yq pz — 2q0 (0 blank)
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Variant CPM2 : The instructions are of the form
pr—q pr — yq pz — yq0 (0 blank)

Variant CPM3 : The instructions are of the form
Pr—q P — yq P — yzq.
Variant CPM4 : The instructions are of the form
P —q P — yq P — yzq.

3 Basic Results

Here we present some new basic results on circular Post machines. The first
results show that there are no universal circular Post machines with either only
one state or one symbol, respectively.

Theorem 1. CPM’s with one symbol 0 simulate finite automata only.

Proof. Since there is only one symbol the instructions are of the form p0 — q,
p0 — g0, or p0 — q00. These are essentially productions of Right Regular
(Biichi) systems [21], and therefore generating only regular sets.

O

Theorem 2. CPM’s with one state have decidable word, emptiness, and finite-
ness problems.

Proof. Since there is only one state, such a CPM can also be interpreted as an
EON system (context-free normal system) with productions of the form x — A,
T — y, or © — yz. Moreover, these systems are deterministic since there is only
one productions for one symbol. For languages generated by such systems the
following inclusions hold [4] :

DON C EDON C EDTOL , ON C EON C ETOL.

Therefore, the problems mentioned above, are decidable.

O

In the previous theorem ON denotes the class of languages generated by
context-free Post Normal systems, i.e. rewriting systems with productions of the
form au — wua. Such systems are called deterministic, denoted by DON if for
each symbol a there is at most one production. The letter E denotes the fact
that the generated language consists only of words from a subalphabet of termi-
nal symbols. Finally, EDTOL and ETOL denote the classes of (deterministic)
context-free Lindenmayer systems with tables and subalphabet of terminal sym-
bols [20].
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Lemma 1. Fach Circular Post machine can be simulated by another one with
the circular tape always of length > 2.

Proof. Encode any w € X* by AAw with A ¢ 3, and add the instructions
pA — Ap.
O

In [6] was shown

Proposition 1. For any CPMi (i = 2,3,4) there exists an equivalent CPMi
with 2 states (excluding the halting state).

Here we prove it also for ¢ = 0, 1.

Theorem 3. For any CPMi (i = 0,1) there exists a simulating CPMi with 2
states.

Proof. By Lemma 1 it suffices to consider CPMi’s with the tape always of length
> 2. Only the third form of instruction has to be considered.

Simulation of p0 — yqO0.
Length 2 : B _ o _ B} S
1()s = ()25 = 2()5= ()25 10) ()= (,2)2(0) = 1(,2) ()= =
1() () = 42(5) ;) — A01(7)— (2)2140% () (6)10-1() (5)0 >
(200 — () (410 > - 1) (4)0 — s1()0— s(%) 20
1) () = s1() () — s a1 ()1 -
1(,2) ()= = 1s(5)(
Length 3 :

1(0)st — ()25t — (O)s2t - z(g) — ()28 () ()12
(21)26)7 = () (17> 1, ,

Ao(pfl)~ (0) - 1A6§pf1) (1) — e

A(A)l(g)(;) - A(jsl(t) — 240s(7) — N

4 )051(;) 1(; )( )05—> (pﬁl)z(g‘)() - (,%) N10s = - —
1(,’ )(A)05—> ()(p)ﬁs—ftl( 0s — t()20s —

t(q).( J1s — o — l(q)( )st — (qyl)z(g)st — (4—1) O)1st — - —

1(,7) (3 5t%~~~%1(‘)( )st — y1(%)st

Length > 3 : as for length 3.

Instructions used
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1s — sl 25 — 52

15— 351 25— ()1

14 — Al 24— ()1

10 — 01 20 — ()1
1O = @2 20 = ()10<a<n
1(%) = (,°)2 20) — ()2
1) = ()2 [2() = (7)1
1(5) = 42(5) 12(p) — 01

10 — 01 20 — ()1

1) = (,50)2

1) = (2 20 = ()t
1(5) — s1

1() = (%)

1(}) — y1

Simulation of pz — yq0. B B
Replace (%) by (7). (°) by (%), A'by X, (4) by (), s well s 10) — A2(0)
(

by 1(g) — X2 (2)7 and 1(’2) — (3)2 by 1();) — 2)2 in the previous part.
O

For completeness we also mention [6] :

Proposition 2. To every CPMi (i = 0,1,2,3,4) there exists an equivalent
CPMi with 2 symbols.

4 Universal Circular Post Machines

Here we present a number of new universal circular Post machines of variant 0.
In the tables yq stands for px — yq, y for pz — yp, q for px — q, yqz for
Pz — yqz, and H for the unique halting state.

UPMO(4, 18)

Icebag dhfx y prs t u
23 bagd pdyprs t u
Icehlfxl1 Hhfxrdyprs t u
34 bagdlbag e Icab g
prytsu z hfx y prflh2d2g3d3

A0 | N
leJia}te]

B W=
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Ny =1, Ngp1 = N +my (1 < k<n), Npt1 =N, +m, —1
blank : y

Encoding of symbol s; : IVic

Encoding of o : a™itb---baNim() g, of o, = aNnib - gNrmim
Separators : e, d

The initial configuration is
eba™11b- - baMimr g gaNnip . baNnmo d1LIN [N eINve |

In the first stage IV" is read, altogether N, b’s and g’s are changed into h’s
and 2’s, respectively, the a’s in between into f’s, and IV cI™sc is erased, giving
ehfNuh . hfNimg ..o ggNrb - baNrm g - baNemm d4INee - - eI Ne e,

In the second stage, starting with 4, INtc- .- cI™Vvc becomes pNer - - - rpNep,
e is changed into y, d into z, a1 b - - ba’Nrm () g into sVt - - - tsNrmm 4y and copied
as pNrir - ppNem e at the end of p™Vir - rpNer.

In the third stage, starting with 4, both parts of the tape are restored, and
a new cycle may start.

The machine stops if in the first stage 2 encounters d.

UPMO(5,11)

ITceb agdhfx y
23 b a gd2cl c3y
ITceh3 fx3 hf h4y
34 b a gdlbag e
fhyhlf5g3 Hhfx y

b ag dhf {4y

Ny =1, Npp1 = Ny +my, (1<k<n)
blank : y

Encoding of symbol s; : INic
Encoding of «; : aNitp.. -baNim(i)g
Separators : e, d

CU i W N+

The initial configuration is
eba™N11h .- baNim g ... gaNerh o paNnm gd 1IN e[Noc - eINve .

In the first stage IV" is read, altogether N, b’s and g’s are changed into h’s
and 2’s, respectively, the a’s in between into f’s, and IN7cIV+c is erased, giving
ehfNuh . hfNimg .. gaNrb - bgNrme g - bgNemm d4TNee - - eI Ne e,

In the second stage, starting with 4, I™Vec- - cINvc becomes fNth - hfNwh,
e is changed into y, aN1b---baNrm g into fN71h .- hfNrm) g and copied as
fNrh o b fNem) b at the end of fNth .- hfNeh.

In the third stage, starting with 3, both parts of the tape are restored, and
a new cycle may start.

The machine stops if in the first stage 4 encounters d.



UPMO(6, 8)

Ic e b adhf

1
2
3
4
5
6

2 3 c3e b3 a6 cl
Ic e h3 f h f
34 e b adlba
fh e h1fs Hhf
fa4e b a d hf
h4e b a d hf
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Ni =1, Npy1 = N +mp + 1 (1<k<n)
blank : e

Encoding of symbol s; : INic

Encoding of a; : a™i1b- - - baNim) b
Separators : e, d

The initial configuration is

eba™11b - - baMim@bb - - bbaNr1b - - - baNem bbd 1IN eI Nec - eINve |

In the first stage I™N" is read, N, b’s are changed into hs, the as in between
into f’s, and IVrcINsc is erased, giving
ethuh . thmm hh - - - hhaNrip - - baNy-mmg e bgNem) d4INte - - eI Nw e,

In the second stage, starting with 4, I™Vec- - cINvc becomes fNth - hfNwh,
the part a™1b---baNrmbb is changed into fN"1h---hfNrm)hb and copied as
fNrh o b fNem) bat the end of fNth .- hfNeh.

In the third stage, starting with 3, both parts of the tape are restored, and
a new cycle may start.

The machine stops if in the first stage 4 encounters d.

UPMO(9, 5)

I cab d

S VIO T W=
QO = = =

2 4 a7hb4
I ¢cIc3 d
cl ab
5 a8 H
cI6cl d
c a b Ibd
a b cbd
a b c9d
a b3 d

T oo

Ny =1, Npy1 = N +2my, — 1 (1<k<n)
blank : d

Encoding of symbol s; : INic

Encoding of o : a™itbb- - - bbaNimi) b
Separators : d, bbc

The initial configuration is

dba™11bb - - - bba™N b - - - ba N1 bb - - - bbaNrm () bbbel INT cINsc - - cINv e .

In the first stage IV is read, N, b’s are changed into ¢’s, the a’s in between
into I’s, and I™VrcI™sc is erased, giving
chNll cC- - CcINlm,(l) Cc--- CaNTl bb [P bbaNrm,(T) b ISP bbaNnm,(n) bbbCSINtc [P CINw C.
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In the second stage, starting with 5, the part a¥71bb- - - bba™m(" b becomes
INrice- - ceINrm e, and is copied behind INec- .. [Nvc as [Nric. .. c[Nrme.

In the third stage, starting with 9, the instruction part of the tape is restored,
and a new cycle may start.

The machine stops if in the first stage 5 encounters bbb.

UPMO0(12,4)
I ¢ a b
112 5
2| ¢ a3 bl
3|lb a4 a b
4|1 c b2 N; =1, Ngy1 =N +mp +1 (1§k§n)
55 6 blank : a
6|1 c a7 bA Encoding of symbol s; : IVNic
7b8 a9 a b Encoding of o : INitc - cINimtce
81 ¢ I6a b Separators : a, bch
9|10 cA aB H
O/ c c6a b
AT ¢ c9a b6
B c4 c 1

The initial configuration is

acIMuic...cIMmwee- - ccINric. - cINnmm) cebeb1 I N7 eI Noc - - - cINwe .

In the first stage IV is read, N, ¢’s are changed into a’s, the I’s in between
into b’s, and IVrcINsc is erased, giving

aabM1a - - ab™Nmaa - - -aalNric- - cINrme e - - caNrme) ecbeb5 TN e - - - eIV e,

In the second stage, starting with 6, the part IV1¢c---caNrm( ce becomes
aNr1b- - baNrmmac, and is copied behind INtc- - INwe as IN7c. .- cINrmn e,

In the third stage, starting with 9, the instruction part of the tape is restored,
and a new cycle may start.

The machine stops if in the first stage 7 encounters bcb.
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UPMO(18, 3)

C
7 8 aK N1:1,Nk+1:Nk+mk (1§k§n)
I c a9 blank : a

c6 10 Encoding of symbol s; : INic
TA ¢ a Encoding of a; : IV cac- - - cacINim® caac
Separators : a, cc

AOHEOQWE P o0 muo otk Wi~
o
)
&

The initial configuration is

N,

acaca™N cac - - - caca™M1m® cqac - - - caaca™N cac - - - cacaNrm caacecI 1IN eI N+ ¢

ceveINwe

In the first stage I~ is read, altogether N, cac’s and caac’s are changed
into cI¢’s and cIIc’s, respectively, the I'’s in between into a’s, and I™VrcI™Vsc is
erased, giving
aclcIMclc---cleINimellc---clIca™™ cac - - - caca™N™m ™ caac - - - IN"1b

- cacNrm) caacccI 8Nt - - - cINwe.

In the second stage, starting with 8, the part a™cac- - - caca™ " caac is
changed into INriclc- - - cleINrmclac, and copied to the end of INic--- [Nwe
as INrig. .. eI Nem e,

In the third stage, starting with 7, the instruction part of the tape is restored,
and a new cycle may start.

The machine stops if in the second stage 9 encounters ccl.

Acknowledgement. The authors acknowledge the very helpful contribution of
INTAS project 97-1259 for enhancing their cooperation, giving the best condi-
tions for producing the present result.
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Problem, and Rational Languages
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Abstract. We present three results on divisibility monoids. These di-
visibility monoids were introduced in [I1] as an algebraic generalization
of Mazurkiewicz trace monoids. (1) We give a decidable class of presen-
tations that gives rise precisely to all divisibility monoids. (2) We show
that any divisibility monoid is an automatic monoid [5]. This implies
that its word problem is solvable in quadratic time. (3) We investigate
when a divisibility monoid satisfies Kleene’s Theorem. It turns out that
this is the case iff the divisibility monoid is a rational monoid [25] iff it
is width-bounded. The two latter results rest on a normal form for the
elements of a divisibility monoid that generalizes the Foata normal form
known from the theory of Mazurkiewicz traces.

1 Introduction

Different mathematical structures have been proposed to model the behavior of
concurrent systems, among them process algebras, sets of partially ordered sets,
Petri nets etc. One particular approach in this line of research is that introduced
by Mazurkiewicz [21], now known as trace monoids. Since Mazurkiewicz’s ob-
servation that trace monoids can be used to model the behavior of 1-safe Petri
nets, much research has dealt with the topic, see [9] for a collection of surveys.
Despite their success, certain limitations of trace monoids have been observed.
Therefore, several generalizations were considered. One of these generalizations
are divisibility monoids [12] E In this paper, we describe the relation to other
classes of monoids known in theoretical computer science, namely to automatic
[17], rational [25] and Kleene monoids. As corollaries, we obtain a quadratic
lower bound for the complexity of the word problem and a characterization of
those divisibility monoids that satisfy Kleene’s theorem.

Mazurkiewicz traces model the sequential behavior of a parallel system in
which the order of two independent actions is regarded as irrelevant. One con-
siders pairs (X,I) where X is the set of actions, and I is a symmetric and

! Similar monoids have been considered in [7J6] where they are related to braid and
other groups traditionally of interest in mathematics.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 227-[239] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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irreflexive binary relation on X' describing the independence of two actions. The
trace monoid or free partially commutative monoid M(X, I) is then defined as
the quotient X* /~ where ~ is the congruence on the free monoid X* generated
by all equations ab ~ ba with (a,b) € I. Thus, originally, trace monoids are
defined by a decidable class of presentations. An algebraic characterization of
trace monoids was given only later by Duboc [13]. Divisibility monoids are a
lattice theoretically easy generalization of these algebraic conditions. Our first
result (Theorem [I)) describes a decidable class of presentations that give rise
precisely to all divisibility monoids. Since the canonical presentations for trace
monoids belong to this class, our result can be seen as an extension of Duboc’s
characterization to the realm of divisibility monoids.

For trace monoids, the word problem can be solved in linear time [§]. From
our presentation result, an exponential algorithm for the word problem in divis-
ibility monoids follows immediately. But we show that one can do much better:
The work on automatic groups [I5] has been generalized to the realm of semi-
groups. Intuitively, a semigroup is automatic if it admits a presentation such
that the equality can be decided by an automaton and such that the multipli-
cation by generators can be performed by an automaton [I7J5]. In particular,
Campbell et al. [5] showed that the word problem for any automatic semigroup
is solvable in quadratic time. Theorem [2] shows that any divisibility monoid is
an automatic semigroup. Hence, we can infer from the result of Campbell et al.
that the word problem for any divisibility monoid can be solved in quadratic
time. We do not know whether this result can be improved, but we have serious
doubts that a linear time algorithm exists. Kleene [18] showed that in a free
finitely generated monoid the recognizable languages are precisely the rational
ones. It is known that in general this is false, but Kleene’s result was general-
ized in several directions, e.g. to formal power series by Schiitzenberger [26], to
infinite words by Biichi [4], and to rational monoids by Sakarovitch [25]. In all
these cases, the notions of recognizability and of rationality were shown to coin-
cide. This is not the case in trace monoids any more. Even worse, in any trace
monoid (which is not a free monoid), there exist rational languages that are not
recognizable. But a precise description of the recognizable languages in trace
monoids using c-rational expressions could be given by Ochmariski [22]. A fur-
ther generalization of Kleene’s and Ochmanski’s results to concurrency monoids
was given in [I0]. The proofs by Ochmanski as well as by Droste heavily used
the internal structure of the elements of the corresponding monoid. The original
motivation for the consideration of divisibility monoids in [T2] was the search for
an algebraic version of these proofs. We succeeded showing that in a divisibility
monoid with finitely many residuum functions, the recognizable languages coin-
cide with the (m)c-rational ones (cf. [12] for precise definitions of these terms).
Thus, two main directions of generalization of Kleene’s Theorem in monoids are
represented by Sakarovitch’s rational monoids and by trace monoids. Since the
only trace monoids that satisfy Kleene’s Theorem are free monoids, these two
directions are “orthogonal”, i.e. the intersection of the classes of monoids in con-
sideration is the set of free monoids. In [I2] we already remarked that there are
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divisibility monoids that satisfy Kleene’s Theorem and are not free. Thus, our
further extension of Ochmariski’s result to divisibility monoids [12] is not “or-
thogonal” any more. In this paper, we describe the class of divisibility monoids
that satisfy Kleene’s Theorem. Essentially, Theorem B] says that a divisibility
monoid satisfies Kleene’s Theorem if and only if it is rational if and only if it
is width-bounded. Thus, in the context of divisibility monoids, the classes of
Kleene monoids and rational monoids coincide which is not the case in general
[23], and we give an internal characterization of these monoids.

Our proofs that any divisibility monoid is automatic as well as the proof that
any divisibility monoid satisfying Kleene’s Theorem is rational, use a normal
form for the elements of a divisibility monoid. This normal form generalizes the
Foata normal form from trace theory. It is studied in Section Bl Furthermore,
we rely on the results by Campbell et al. from [5] on automatic semigroups, by
Sakarovitch from [25] on rational monoids, on basic properties of distributive
lattices that can be found in [2] and on Ramsey’s Theorem [24].

2 Basic Definitions

2.1 Order and Monoid Theoretic Definitions

Let (P, <) be a partially ordered set and y € P. By |y, we denote the principal
ideal generated by y, i.e. the set {x € P |z < y}. For x,y € P, we write  —< y
if x < y and there is no element properly between = and y. A set A C P is
an antichain if any two distinct elements of A are incomparable. The width of
a partially ordered set (P, <) is the supremum over all natural numbers n such
that there exists an antichain A C P with n = | A|. The width of P is denoted by
w(P, <). If the width of (P, <) is finite, any antichain in P has at most w(P, <)
elements. If the width is infinite, (P, <) contains finite antichains of arbitrary
size. In particular, the width of a finite partially ordered set is always finite.
A chain is a set C C P whose elements are mutually comparable. For x € P,
the height h(x) in the poset (P, <) is the maximal size of a chain all of whose
elements are properly below z. The length of the poset (P, <) is the maximal
height of its elements.

A lattice is a partially ordered set (P, <) where any two elements x,y € P
admit a supremum z V y and an infimum x A y, i.e. a least upper and a largest
lower bound. The lattice (P, <) is distributive if for any x,y,z € P we have
xV(yAz)=(xVy)A(zVz). For many results concerning lattices see [2]. In
particular, any two maximal chains in a finite distributive lattice have the same
size.

A triple (M, -, 1) is a monoid if M is a set, - : M x M — M is an associative
operation and 1 € M is the unit element satisfying 1 -2 = -1 = « for any
x € M. Let (M,-,1) be a monoid and X C M. Then, by (X) we denote the
submonoid of M generated by X, i.e. the intersection of all submonoids of M
that contain X. If (X) = M, X is a set of generators of M. The monoid M is
finitely generated if it has a finite set of generators. Let X be a set. Then X*
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denotes the set of all words over X. With the usual concatenation of words and
the empty word as unit element, this becomes a free monoid generated by X.

A subset L of a monoid M is rational if it can be constructed from the fi-
nite subsets of M by the operations concatenation -, union U and iteration {.)
(also known as Kleene-star). A set L C M is recognizable iff there exists a finite
monoid (S,-,1) and a homomorphism 1 : M — S such that L = n~1n(L). Rec-
ognizable sets are sometimes called recognizable languages. In general, the sets
of recognizable and of rational subsets of a monoid are different and even incom-
parable. If the notions of recognizability and rationality coincide in a monoid
M, then the monoid M is said to be a Kleene monoid. Kleene showed that this
holds in free finitely generated monoids:

Kleene’s Theorem [18]. Let X be a finite set. Then a set L C X* is rational
iff it is recognizable.

Let X be a set and § : X* — X* a function which is not necessarily an
homomorphism. Let furthermore M be a monoid. The function £ is a normal
form function for M if it is idempotent, the kernel ker(3) = {(v,w) € X* x X* |
B(v) = B(w)} is a monoid congruence, and X*/ker(3) =2 M. A monoid M
is rational [25] if there exist a finite alphabet X and a normal form function
B X* — X* for M such that {(v,8(v)) | v € X*} is a rational subset of the
monoid X* x X*.

In [25]23], the authors are particularly interested in closure properties of the
class of rational monoids. Sakarovitch [25] Theorem 4.1] also shows that any
rational monoid is a Kleene monoid (there are Kleene monoids which are not
rational, see [23] for an example).

2.2 Divisibility Monoids

Let M = (M,-,1) be a monoid. We call M cancellative if x -y -2z =z -y -z
implies y = 4’ for any xz,y,y’,2z € M. This in particular ensures that M does
not contain a zero element (i.e. an element z such that z -z = x - z = z for any
x € M). For x,z € M, x is a left divisor of z (denoted x < z2) if there is y € M
such that z -y = z. In general, the relation < is not antisymmetric, but reflexive
and transitive, i.e., a preorder.

Lemma 1. Let (M, -, 1) be a cancellative monoid and a € M. Then the mapping
a:(M,<) = (a-M,<) defined by a(x) := a - x is a preorder isomorphism.

Let X := (M \ {1}) \ (M \ {1})%. The set X consists of those elements of M
that do not have a proper divisor, its elements are called irreducible. Note that
X’ is contained in any set generating M.

Definition 1. A monoid (M,-,1) is called a left divisibility monoid provided
the following hold

1. M is cancellative and its irreducible elements form a finite set of generators
of M,
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2. x Ny exists for any x,y € M, and
3. (lx, <) is a finite distributive lattice for any x € M.

A left divisibility monoid is width-bounded if there ezists a natural number n € N
such that w({x, <) < n for any x € M, i.e. if the widths of the distributive lattices
Jx are uniformly bounded.

Note that by the third axiom the prefix relation in a left divisibility monoid
is a partial order relation. Since, by Lemma [l y < z implies -y < = - z, a left
divisibility monoid is a left ordered monoid. Ordered monoids where the order
relation is the intersection of the prefix and the suffix relation were investigated
e.g. in [2] under the name “divisibility monoid”. Despite that we require more
than just the fact that (M, -, <) be a left ordered monoid, this might explain
why we call the monoids defined above “left divisibility monoid”. Since Birkhoff’s
divisibility monoids will not appear in our investigations any more, we will simply
speak of “divisibility monoids” as an abbreviation for “left divisibility monoid”.
“Divisibility semigroups” are investigated in several papers by Bosbach, e.g. [3].
Despite the similarity of the name, we baptized our monoids independently and
there seems to be no intimate relation between Bosbach’s divisibility semigroups
and our divisibility monoids.

Let (M,-,1) be a divisibility monoid and let x,y € M with z -y = 1. Then
1 < <1 implies z = 1 since by the third axiom < is a partial order. Hence we
have y = x -y = 1, i.e. there are no proper divisors of the unit element.

By the second requirement on divisibility monoids, the partial order (M, <)
can be seen as the set of compacts of a Scott-domain. This in particular ensures
that any set A C M that is bounded above in (M, <) has a supremum in
this partial order. Since, in addition, any element of M dominates a finitd?
distributive lattice, (M, <) is even the set of compacts of a dI-domain (cf. [}
27]). Thus, we have in particular (x Vy) Az = (x A 2) V (y A z) whenever the left
hand side is defined.

Ezample 1. Using standard results from trace theory [211[9], it is easily seen that
any (finitely generated) trace monoid is a divisibility monoid. Now let X' =
{a,b,c,d} be an alphabet. Let ~' be the least congruence on the free monoid
27 that identifies the words ab and cd. In a trace monoid, the equality ab = cd
implies {a,b} = {¢,d} for any generators a,b, ¢, d. Hence the quotient monoid
X% /~1 is not a trace monoid. But, as we will see later, it is a divisibility monoid.
Similarly, let ~2 identify aa and bb. Again, X*/~? is no trace but a divisibility
monoid. Finally, identifying aa and bc again results in a divisibility monoid as
Theorem [M below shows.

Since a divisibility monoid (M, -, 1) is generated by the set X of its irreducible
elements, there is a natural epimorphism nat : * — M. Let |z| denote the
length of the lattice | which equals the size of any maximal chain deduced by

2 We just remark that the requirement (in the definition of a divisibility monoid) on
the lattices Jx to be finite is not really necessary since it already follows from the
other stipulations [12].
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1. Tt is easily checked that @ —< y iff there exists @ € X with x - nat(a) = y for
any z,y € M. Hence the maximal chains in |z correspond to the words w € X*
with nat(w) = z. This implies that any two such words have the same length
which equals |z|.

Since nat is an epimorphism, there is a congruence ~ on the free monoid
X* such that X*/~ is isomorphic to the divisibility monoid (M, -). Hence, we
can reformulate the stipulations in Definition [I] into requirements on the con-
gruence ~. E.g. the property of M to be cancellative would be reformulated to
“for any words u,v,w € X* with uv ~ uw or vu ~ wu, we get v ~ w”. Although
such a reformulation might look more effective than the original definition, it is
not finite since it makes statements on words of arbitrary length. We now show
that there is a decidable class of finite representations that gives rise precisely
to divisibility monoids.

In [I2] Lemma 3.4], we showed that the congruence ~ is generated by equa-
tions of the from ab ~ cd for a,b,c,d € X. So let X be a finite set and let ~ be a
congruence on the free monoid X* that is generated by all equivalences ab ~ cd
for a,b,c,d € X. We aim at a characterization of the fact that M = X*/~ is
a divisibility monoid. In this monoid, the elements from X (more precisely, the
equivalence classes [a] for a € X)) are the irreducible elements since ~ is length
preserving. Hence M is finitely generated by its irreducible elements. To ensure
that M is cancellative, we need at least that the following holds for any elements
a,b,c,b/,c € X

abc ~ ab'c’ or bea ~ b'c’a implies be ~ b'c. (2.1)

Note that (2.1) requires the cancellation for words of length 3, only. In the same
spirit, we now weaken the second requirement concerning the existence of infima:
Suppose b # ¢, but ab ~ a'b’ and ac ~ a’c’ for some a, b, c,a’, V', € . Then one
can infer from (2] that ab ¢ ac. Since ~ is length preserving, [a] and [a'] are
maximal lower bounds of [ab] and [ac]. Since by the second axiom of divisibility
monoids infima of any two elements exist, we obtain a = a’. Thus, the following
requirement is a weakening of the above mentioned second axiom to words of
length 2:

ab~a'b ,ac~a'd and b# cimply a = a’ (2.2)

for any letters a,b,c,a’,b',¢’ € X. The third axiom on divisibility monoids is
restricted verbatim to words of length 3:

({([abc]), <) is a distributive lattice (2.3)

for any letters a, b, c € X. The following theorem states that the three properties
we identified are sufficient to characterize all divisibility monoids:

Theorem 1. Let X be a finite set and E a set of equations of the form ab ~ cd
with a,b,c,d € Y. Let ~ be the least congruence on X* containing E. Then

X* [~ is a divisibility monoid if and only if (Z1), (22) and (Z3) hold for any
a,b,c,a’ b/, € X. Conversely, each divisibility monoid arises this way.
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We indicated that indeed any divisibility monoid arises this way. For the
first statement let R = {ab — cd | (ab,cd) € E} be the (symmetric) semi Thue
system associated with the set of equations E. Any two R-equivalent words can
be transformed into each other by at most one application of a rule from R at
the first position (this statement is proved using deep results from the theory of
semimodular and of distributive lattices [2]). From this property of R, one can
then infer that X*/~ is a divisibility monoid (cf. [19, Chapter 8] or [20]).

Note that for a finite set of equations E of the form ab ~ cd, it can be
checked effectively whether the three properties (21)), (2:2)) and (Z3) are satisfied
by the least congruence containing E. Hence Theorem [1l describes a decidable
class of finite presentations that give rise to the class of all divisibility monoids.
Christian Pech of Dresden using the GAP4-system [16] computed that there are
219 divisibility monoids with 4 generators and 8371 divisibility monoids with 5
generators as opposed to only 10 resp. 34 trace monoids.

3 A Foata Normal Form

Throughout this section, let (M,-,1) be a fixed divisibility monoid and let X
denote the set of its irreducible elements. In this section, we will define a Foata
normal form for elements of M that generalizes the known Foata normal forms
from the theory of Mazurkiewicz traces. These Foata normal forms are the basis
for our proofs in the following sections that any divisibility monoid is automatic
and that a width-bounded divisibility monoid is rational. We define the set of
cliques & to consist of all nonempty subsets of X' that are bounded above, i.e.,
X={AC XY |0+ Aand sup(A) exists}
Next we define the set FNF C &* of Foata normal forms as

{A1A4y.. A, e X" |Vt € A, 1VB e X :supB # (sup A;) - t for 1 <i < n}.

Since the condition that constitutes membership in FNF is local, FNF is a ra-
tional language in the free monoid &*. Let o : & — M denote the mapping
that associates with any clique A € & its supremum sup A in M. This map-
ping extends uniquely to a monoid homomorphism « from &* to M. Then
a(A1As ... A,) = (sup Ay) - (sup Az) - - - (sup A4,,). This mapping is not injective,
but surjective since a({a1}{az}...{an}) = a1 -az---a, for any a; € ¥ and ¥
generates M. The set FNF is particularly useful since it provides normal forms
for the elements of M, i.e. since the restriction of « to FNF is a bijection:

Lemma 2. The mapping o | FNF : FNF — M is bijective.

Proof. To show injectivity, one proves for any A; As ... A,, € FNF that A; is the
set of irreducible elements a € X that divide a(A;45...A,) and continues by
induction.

To show surjectivity, one builds the Foata Normal Form of x inductively by
setting 1 =2, A; ={a € X | a < z;}, and a(A;) - xi401 = 2. |



234 D. Kuske

Thus, for any x € M, the set a~(x) N FNF is a singleton. We denote the
unique preimage of z in FNF by fnf(z) and call it the Foata Normal Form of .

Now let 5 : &* — &* be defined by § = fnfoa, i.e. (W) is the Foata normal
form of the element a(W) for any word W over the alphabet &. This function is
idempotent. Since fnf is injective, we obtain ker(a) = ker(/3). Since a is a monoid
homomorphism, ker(3) is a congruence. Finally &*/ker(8) = &*/ker(a) = M
holds since « is surjective. Thus, we obtain

Lemma 3. The function fof o a : &* — &* is a normal form function for the
divisibility monoid M.

Next we show that the Foata Normal Form of nat(w) can be computed from
the word w € X* by an automaton. In general, this automaton has infinitely
many states, but for width-bounded divisibility monoids its accessible part will
be shown to be finite.

An automaton over the monoid S is a tuple A = (Q, S, E, I, F) where

1. @ is a set of states,
2. EC Q@ xS xQ is a set of transitions, and
3. I, F C @ are the sets of initial and final states, respectively.

The automaton A is finite if E is. A computation in A is a finite sequence of
transitions:
a a a
Po—p1 P2 pa.

It is successful if pg € I and p,, € F. The label of the computation is the element
ay - as - - - a, of the monoid S. For a computation with first state pg, last state p,,
and label a, we will usually write py — p,, without mentioning the intermediate
states. The behavior of A is the subset |A| of S consisting of labels of successful
computations in A.

Lemma 4. There exists an automaton Apr with state set M x (XU {e}) over

the monoid X* x &* that has a computation (1,¢) (w,B1 Bag-Brm) (z,C) iff
B,, = C, fnf(nat(w) - z) = B1Bsy ... By, and |fuf o nat(w)| = m.
foranywe X*, B,e X for1<i<m,zeM and C € ¥. = XU {e}.

Proof. For (x,A),(2,C) € M x &, and (a,B) € X x &, there is a transition
(x,4) % 2,0 iff

l.a<z,B=c¢,a-z=z,and C = A, or

2. agx,B=C+#¢, ABEFNF,and a-z =z - (sup B). O
We can think of (1, ¢) (81 B2y Bm) (z,C) as denoting the fact that, on input
of the word w € X*, the automaton outputs B1Bs ... B, and reaches the state
(z,C). Thus, by the lemma above, the automaton stores the last letter of its
output B,, from & in the second component C of the state reached. Further-
more, it outputs the Foata normal form of some element nat(w) - z of M that
is an extension of the input. The “difference” between the input nat(w) and the
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output a(B1Bs ... B,,;) (seen as elements of M) equals z and is stored in the
first component of the reached state. The last property mentioned in the lemma
above ensures that the Foata normal forms of nat(w) and of nat(w) - z have
the same length m. Intuitively, the difference between the input nat(w) and the
output a(B1Bs...B,,) is not too “large”.

Note that the automaton outputs only elements of FNF. Even more, if z =1
the automaton outputs the Foata normal form of the input. Let (1,¢) be the
only initial state and let the set of final states be {1} x &.. Then the behavior
of the automaton Ay, is (the graph of) the function fnf o nat : X* — &*.

4 Divisibility Monoids Are Automatic — The Word
Problem

Since the equations that define a divisibility monoid are length preserving, the
word problem for any divisibility monoid is decidable. In this section, we show
that it can be solved in quadratic time.

For an alphabet X, let Y. = YU{e} and Xy = Y. x 2.\ {(¢,e)}. Let
furthermore v = s152... 5, and w = {1ts .. .1, be words over X with s;,¢; € X.
We define

(s1,t1)(s2,t2) ... (Sn, tn) (€, tnr1) (€, tnr2) . - (€,1m) ifn<m
('U,w)o = (81,t1)(82,t2>...<8n,tn) ifn=m
(s1,t1)(82,t2) - - (Sm> tm) (Sm+1,€) (Sma2,€) - .- (Sn,e)  ifn>m

Then (v, w)® is an element of the free monoid X3. Now let M be a monoid,
X} a finite set, L C X™* a recognizable language in the free monoid X* and
7 : X* — M a homomorphism. Then (X, L,n) is an automatic structure for M
[B] if n(L) = M and if the sets

L_ ={(v,w)°®|v,w € L and n(v) = n(w)} and
L, ={(v,w)°® | v,w € L and n(va) = n(w)}

are rational subsets of X5 for any a € 2. The monoid M is an automatic monoid
if it admits an automatic structure.

We will show that any divisibility monoid is automatic. More precisely, let
M be a divisibility monoid. For A € &, choose a word w4 € X* with nat(w4) =
a(A). Then the mapping & — X* : A — w4 admits a unique extension to a
monoid homomorphism ¢ : @* — X*. Let L = ¢(FNF) denote all words over
X of the form (A1) (As) ... (A,) for some cliques A; such that AjAs... A,
is a Foata normal form. We are going to prove that the triple (X, L, nat) is an
automatic structure for the divisibility monoid M:

Note that ae = nat ot). Since, by Lemma 2] the mapping o | FNF is surjective,
we obtain M = a(FNF) = nat otp(FNF) = nat(L).

Next, we show that L_ is rational. Recall that FNF C (¢* is rational. Hence
its image L with respect to the homomorphism ) is rational, too. This implies
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immediately that the set {(v,v)® | v € L} is rational in X%. Now let v,w € L
with nat(v) = nat(w). Then v = % o fnf o nat(v) = 1 o fnf o nat(w) = w. Hence
we showed L= = {(v,v)® | v € L} which is rational in X7.

It remains to show that for a € X' the set L, is rational in X3. Note that
L, = {(v,¥(fnfonat(va))) | v € L}. To show that this set is rational, we have to
construct an automaton that outputs v (fnf o nat(va)) on input of v for v € L.
Since this can indeed be achieved (cf. [20]), we obtain

Theorem 2. Let M be a divisibility monoid. Then M is an automatic monoid.

Using that the word problem for automatic monoids can be solved in
quadratic time [B], we obtain immediately

Corollary 1. Let M be a divisibility monoid. Then the word problem for M can
be solved in quadratic time.

5 When Does Kleene’s Theorem Hold?

As mentioned in the introduction, Kleene’s Theorem holds in a divisibility
monoid M iff it is width-bounded iff it is rational. To obtain this result, we
first sketch the proof that any width-bounded divisibility monoid is rational.
The crucial step in the proof is expressed by the following lemma

Lemma 5. Let (M,-,1) be a width-bounded divisibility monoid and n € N such
that w(lz, <) <n for any x € M. Let x,z € M with |fnf(zz)| = |fuf(z)|. Then
|z] < 2(n+1)|2].

Using Lemma [ we obtain that the automaton Aj; has only finitely many
reachable states for M width-bounded, i.e., the reachable part A of the automa-
ton Ajys is a finite automaton. Note that the behavior of A and that of Ay
coincide. Thus, by [14], the behavior |A| = |Ax| = {(w, fuf o nat(w)) | w € Z*}
is a rational set in the monoid X* x &/*.

We consider again the homomorphism 1 : &* — X* that we constructed in
the previous section. Since ¢ is a homomorphism, the set {(W,y(W)) | W €
&*} is rational in &* x X*. Furthermore, natoy) = « and therefore fnf o o =
fnf o nat o). Hence the function fnf o v is the product of two rational functions
fof o nat and . This implies by [14] that the set {(W, fnf o «(W)) | W € &*}
is rational since X* is a free monoid. Recall that by Lemma [, the function
fnf o v is a normal form function for the divisibility monoid M. Hence we showed
that a width-bounded divisibility monoid indeed admits a rational normal form
function, i.e. is a rational monoid:

Proposition 1. Any width-bounded divisibility monoid is rational.

By [25, Theorem 4.1], this proposition implies that any width-bounded divis-
ibility monoid is a Kleene monoid. The remainder of this section is devoted to the
inverse implication: Let M be a divisibility monoid that is not width-bounded,
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i.e., for any n € N, there is z € M such that the width of the distributive lattice
Jz is at least n. This implies, that for any & € N, there exists z € M, such
that the lattice ({1,2,3,...,k}?, <) (with the coordinatewise order) can be em-
bedded into the lattice |z. Let f be such embedding. If the divisibility monoid
M has finitely many residuum functions (see below), we can apply Ramsey’s
Theorem [24] twice and obtain 1 < i< <n,1<j<j <n,and z,y € M
such that f(i,j) - @ = f(i,j), f(¢',)) -« = f('.j"), f(i.) -y = f(i,]), and
f@i,3") -y = f(i,5'). By cancellation, this implies = - y = y - 2. Furthermore
x || y since f is a lattice embedding and M is cancellative. This was the proof
of the following lemma that we state after defining residuum functions: Let M
be a divisibility monoid and x,y € M. We say that x and y are complementary
(denoted z || y) if z Ay = 1 and the set {x,y} is bounded above. Hence, two
nonidentity elements of M are complementary if they are complements in one
of the lattices |z with z € M. Since bounded elements have a supremum, there
exists 4’ € M with z -y = x V y. This element 3’ is uniquely determined by z
and y since M is cancellative. We call it the residuum of y after x and denote
it by r,(y). Thus, r, is a partial function from M to M whose domain is the
set of elements that are complements of x. Let Ry, denote the set of all partial
functions r, for some z € M. The divisibility monoid M is said to have finitely
many residuum functions if Ry is finite[d

Lemma 6. Let (M,-,1) be a divisibility monoid with finitely many residuum
functions that is not width-bounded. Then there exist x,y € M \ {1} such that
x|y andx-y=y-x.

Now we can characterize the divisibility monoids that satisfy Kleene’s The-
orem.

Theorem 3. Let (M, -, 1) be a divisibility monoid. Then the following assertions
are equivalent

1. M is width-bounded,

2. M is a rational monoid and has finitely many residuum functions, and

3. M is a Kleene monoid and has finitely many residuum functions.

Proof. A width-bounded divisibility monoid is rational by Proposition [l Now
let s;,t; € M for 1 <i < mnsuchthat t =s7-892-- s, and y =1t1 -to---t, are
complementary. Then the elements s1 - s5---8sp Vity -to---t,_ for 1 <k <n
form an antichain that is bounded above by z = x V y. Hence the lattice |z has
width at least n— 1. Now let M be width-bounded such that the lattices |z have
width at most n — 2. Then, as we just saw, at most one of two complementary
elements of M has length at least n. Let M,, denote the finite set of elements of
M of length at most n. For x € M \ M,,, the domain of r,, is therefore contained
in M, and, since r; is length-preserving, so is its image. Hence there are only
finitely many residuum functions 7, for x € M \ M,. Since M, is finite, M
therefore has only finitely many residuum functions.

3 Tt is not known whether this class is a proper subclass of all divisibility monoids.
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Any rational monoid is a Kleene monoid by [25 Theorem 4.1]. For the re-
maining implication assume by contradiction M not to be width-bounded. Then,
by Lemmal[6], there are z,y € M \ {1} such that z-y = y-x and z || y. Hence the
mapping (0,1) — z and (1,0) — y can be extended to a monoid embedding from
(N x N, +) into M. The image of {(n,n) | n € N} in M under this embedding is
a rational set which is not recognizable. Thus, M is not a Kleene-monoid. a

6 Open Questions

There are several open questions that call for a treatment: Is the lower bound
for the complexity of the word problem given in Corollary [ optimal? We did
not consider the nonuniform word problem, i.e. the complexity of an algorithm
that takes as input a presentation as described in Theorem [l and two words and
outputs whether these two words denote the same monoid element. Furthermore,
we still do not know whether there exist divisibility monoids with infinitely many
residuum functions.
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Abstract. We introduce Concurrent Timed Automata (CTAs) where
automata running in parallel are synchronized. We consider the sub-
classes of CTAs obtained by admitting, or not, diagonal clock constraints
and constant updates, and by letting, or not, sequential automata to up-
date the same clocks. We prove that such subclasses recognize the same
languages but differ from the point of view of succinctness.

1 Introduction

Since their introduction by Alur and Dill [1], Timed Automata (TAs) have been
one of the most studied models for real-time systems. TAs extend classic w-
Automata by introducing variables measuring time, called clocks: Transitions
are guarded by clock constraints, which compare the value of a clock with some
constant, and perform reset updates, which reset a clock to the initial value 0.

Later, both diagonal clock constraints, which compare the values of two
clocks, and constant updates, which set the value of a clock to some constant,
have been added to TAs. These new features do not increase the class of lan-
guages accepted by TAs (see [5l6]). In fact, for each TA of size n and with d
diagonal clock constraints there is an equivalent TA of size n x 2¢ without diago-
nal clock constraints (see [2] for the proof). Moreover, for each TA of size n there
is an equivalent TA of size polynomial w.r.to n and with only reset updates.

Extensions of T'As to deal with parallelism have been proposed by Bornot and
Sifakis [3/4] and by Lanotte et al. [§]. In the model of [3/4], an action from the
environment is sensed either by all automata running in parallel, if the action is
a “communication action”, or by one single automaton, otherwise. In the model
of [8], the environment performs more than one action at the same instant, and
each of the automata running in parallel can sense its own subset of actions.

In the present paper we propose a variant of TAs with parallelism, called
Concurrent Timed Automata (CTAs), where automata running in parallel are
perfectly synchronized, in the sense that they can compute only by sensing, at
each instant, the same action from the environment. C'T'As can be translated
into equivalent Alur and Dill’s TAs by using the cartesian product. CTAs with-
out clocks correspond to Drusinsky and Harel’s Concurrent Automata [7]. Such
Concurrent Automata can be mapped to w-Automata, and the exponential lower
bound of this mapping has been proved in [7]. From this result, the exponential
lower bound of mapping CTAs to Alur and Dill’s TAs follows.
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Our model is included in those of [3/4] and of [8]. We show that notwisthand-
ing its simplicity, our model is suitable to investigate the role that some features,
which may or may not be offered by the model, play in the parallel setting.

First of all we analyze the power of diagonal clock constraints. We show that
mapping CTAs with diagonal clock constraints to CTAs without diagonal clock
constraints is always possible, and we prove both the exponential lower and
upper bounds of such a mapping. Note that the upper bound in the sequential
case is polynomial w.r.to the number of states and transitions and exponential
only w.r.to the number of diagonal clock constraints (see [2]).

Then, we analyze the power of constant updates. We show that mapping
CTAs with constant updates to CT'As with only reset updates is always possible,
and we prove both the exponential lower and upper bounds of such a mapping.
Note that the upper bound in the sequential case is polynomial.

Finally, we consider C'TAs with private clocks, i.e. the subset of CTAs where
the value of a clock can be updated by only one sequential automaton (the owner
of the clock), and can be read by all sequential automata running in parallel.
We prove the exponential lower and upper bounds of mapping C'TAs without
diagonal clock constraints and with constant updates to C'T'As with private clocks
and with the same sets of clock constraints and updates. We prove also the
polynomial upper bound of mapping the other subclasses of CTAs (i.e. CTAs
with diagonal clock constraints and CTAs without diagonal clock constraints and
with only reset updates) to the corresponding subclasses with private clocks.

We view our results as a starting step towards the study of parallelism in
TAs. We intend to study in the future the réle of the nondeterministic updates,
introduced in [56], in the parallel setting. We intend also comparing communi-
cation through clocks, which is used both in our model and in that of [3/4], with
explicit communication (automata view the current state of other automata and
the time elapsed since their activation), which is used in the model of [§].

2 Concurrent Timed Automata

Timed words

Given a time domain T, a timed sequence over T is an infinite non decreasing
sequence (t;);>1 such that, for each ¢ € T, there is some t; > t.

Given a finite alphabet of actions X, a timed word w = (a;,t;);>1 over X and T
is an infinite sequence such that (a;);>1 is a sequence of actions, denoted also
untimed(w), and (¢;);>1 is a timed sequence over 7.

Clock valuations and clock constraints

We assume a set X of variables, called clocks. A clock valuation over X is a

mapping v : X — T assigning time values to clocks. For a clock valuation v and

a time value ¢, v+t denotes the clock valuation such that (v +¢)(z) = v(z) + .
Given a subset of clocks X C X, the most general set of clock constraints

over X, denoted C(X), is defined by the following grammar, where ¢ ranges over

C(X),z,ye X,qeT and # € {<,<,=,#,>,>}.

pu=a#qle—y#aldNd|-6|6Vé|true
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Constraints of the form x —y # q are called diagonal clock constraints. The subset
of diagonal free clock constraints, denoted Cqr(X), excludes such constraints.
We write v = ¢ when the clock valuation v satisfies the clock constraint ¢.
Formally, v =z #q iff v(z)#q, v F 2 —y#qiff v(x) —v(y) #q, v |F ¢1 A b2
iff vl ¢y and v =g, v = v E @D, vE GV o iff v = ¢y or v = do, and
v [ true.

Updates

Updates modify values of clocks. Formally, an update up over a set of clocks X is
a finite collection (up')1<;<k, where up’ is a simple update of the form z; := g;,
with 2; € X and ¢; € T, and z; = z; implies ¢; = g;, for every 1 < i < j < k.
The update up maps a given clock valuation v to the valuation up(v) such that:

_J@ ifx=ux; and up® is the simple update z; := ¢;
up(v)(z) {v(m) if v & {xy1,..., 28}

For a set X C X, let U(X) denote the set of updates over X, and let Up(X) de-
note the set of reset updates, i.e. updates with simple updates of the form x; := 0.

The formalism
A Concurrent Timed Automaton is a tuple A = (X, X, Ay,..., A, R), where:

— X is a finite alphabet of actions.
— X is a finite subset of clocks in X. g
A; = (8;,8Y,8;) is a sequential automaton, with states S; = {s9,.. .,s‘i il ,

initial state s? and set of transitions §; C S; x [C(X) x X x U(X)] x S;.
- RC Ulgz‘gm S; is the set of repeated states.

A configuration of A is a collection of states ¢ = (5'1“, coy8tmY €8 XX Sy

r m
The initial configuration cq is the collection of the initial states (sJ,...,s% ).

Y m
There is a step from a configuration ¢ = (s;”,... shm) to a configuration

’ m
= (skr, . sk

r m
sf’i $i,a,up;

date.
A path P in A is an infinite sequence of steps co == ¢1 == ¢ . ... It is accepting

if it passes infinitely often through configurations containing some state in R.

A run r of A through the path P is a sequence {co,vo) .l {(c1,v1) 22t

(c2,v9) ..., where (t;);>1 is a time sequence, and, if ¢; is the configuration

(s}fl,,sﬁl) and the step c; L5 ¢iy1 of P is formed by the set of tran-
¢;+1,ai+1»u;ﬁ;+1 h

sitions S;LJ — sjiJrl’j, with 1 < j < m, then it holds that:

through action a, written ¢ == ¢/, if there are transitions
g ) b

sf", 1 <i < m (all automata read a), and (ups,...,up,) is an up-

— wo(x) = 0 for every x € X
= vi+ (i —t) @y foreach 1 <j <m

— v = (Wit up) (v + (tir — ).

The label of the run r is the timed word w = (aq,t1), (ag,t2). ... If the path P
is accepting then the timed word w is accepted by A. The set of all timed words
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accepted by A is denoted by £(A), and is the (timed) language accepted by A.
We denote with untimed(L(A)) the set {untimed(w) |w € L(A)}.

The subclasses
Given sets C C C(X) and U C U(X), the class CTA(C,U) contains the CTAs
whose transitions are guarded by constraints in C and perform updates in U.
The subclass of CTA(C,U) with private clocks, denoted CTA,, (C,U), con-
tains the CTAs A= (X, X, Aq,..., A, R) in CTA(C,U) where there is a parti-
tion Xy,...,X,, of X s.t., if an update x := ¢ is in A;, then x € X;. A; is called
the owner of the clocks in X; and is the unique automaton that updates them.
The subclass of sequential CTA(C,U), denoted STA(C,U), contains the CTAs
in CTA(C,U) having only one sequential component. Alur and Dill’s model corre-
sponds to STA(Cqr (X),Up(X)). Note that STA(C,U) and STA,,(C,U) coincide.
We shall consider the classes of Fig[ll. We shall prove that they do not differ
from the point of view of expressiveness, but do differ from that of succinctness.
Given two classes of CTAs C and C’, we write:

— C ~ (' iff for each element A € C there is an equivalent (i.e. accepting the
same language) element A’ € C’ that is polynomial w.r.to A, and conversely;

— C % (' iff for each element A € C there is an equivalent element A’ € C’
that is at most exponential w.r.to A;

— ¢ -5 ¢ iff there is a family of languages (L, )m>0 accepted by a family
(Am)m>0 € C, with A, polynomial w.r.to m, and every family (B,,;,)m>0 € C’
accepting (L, )m>o is such that B, is at least exponential w.r.to m;

—C—>C’iffC—l>C’andCi>C’,andC<—>C’iffC—>C’andC’—>C.

Theorem 1. All relations of Figl hold.

In Sect. [3 we prove that C ~ C’ for each pair of classes C, C’ such that C ~ C’

is in Figlll In Sect. @ (resp. Sect.H) we prove that C — C’ (resp. C N C') for
each pair of classes C, C’ such that either C — C’ or C +— (’ is in Figlll

CTA(C(X).U(X)) ~ CTA,(C(X),UX))

CTA(Car (X),U(X))
l CTA (C(X),Up(X)) ~ CTA(C(X),Us(X))

CTAp (Cap (X),U(X)

CTA(Ca (X), Uo(X)) ~ CTApr(Car(X

Fig. 1. Relations of succinctness
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3 Polynomial Reductions

Here we prove that all relations ~ in Fig[ll hold. Without loss of generality, we
assume that clock constraints x # ¢ and = — y # ¢ are such that # € {>, <}.

Proposition 1. CTA(C(X),Uy(X)) ~ CTA,-(C(X),Up(X)).

Proof. Since CTA(C(X),Up(X)) 2 CTA, - (C(X),Up(X)), it suffices to prove
that, for each A = (X, X, A1,..., A, R) € CTA(C(X),Up(X)), there is some
A’ € CTA,, (C(X),Up(X)) polynomial w.r.t. A such that L(A) = L(A").

We obtain A’ = (2, Usexiz1, - zm}, AL, AL, R) as follows:

. each clock z is replaced by 1, ..., Ty, owned by A},..., Al , respectively;
. each reset z := 0 in A; is replaced by x; := 0 in A};

3. each constraint x > ¢ (resp.: ¢ < ¢, x —y > ¢q, x —y < q) is replaced
by Niepm @i = @ (vesps Viepm @i < @ Niepm) Viepm @i — ¥ 2 ¢
Viewm Niepm @i =¥ <)

[N

Intuitively, = is reset in A iff some x; € {x1,...,2,,} is reset in A’. Therefore,
x > q (resp. x < q) iff the clock zp € {z1,...,2,} that has been most recently
reset satisfies x, > ¢ (resp. zp, < q), i.e. /\ie[l,m] x; > q (resp. Vie[l,m] i < q).
Moreover, if yr € {y1,...,Ym} is the clock replacing y that has been most
recently updated, x —y > ¢ (resp. z —y < q) iff zp, —yr > q (resp. xn — yx < q),
Le. /\ie[l,m] \/jeu,m] Ti —Y; = g, (resp. Vie[l,m] /\je[l,m] T —Y; <q).

We note that A’ is polynomial in size w.r.t. A. We prove that £(A") C L(A).
The other inclusion can be proved analogously.

Assume a timed word W' = (ay,t1)(az,t2)... € L(A’). There is a run ' =
a,t ag,t

(co,vph) B (c1,v)) 22 ... such that co == ¢; == ... is an accepting path.
Let vg = vj. To prove that v’ € L(A), we prove that there is a run r =
(o, vo) wh (c1,v1) 2% guch that vi(x) = min{vi(z1),...,vi(xm)}

It suffices to prove that (c;,v}) epLlin (
(Ci+1,vi+1). This follows from two facts:

1) If v} + tiy1 — t; = ¢ for an arbitrary constraint ¢', then v; + t;41 — t; = ¢,
with ¢ the constraint from which ¢’ is derived. This follows from the definition
of ¢’ and the relation between v} and v;.

, . . ait1,ti+1
Ciy1,Vi, 1) implies (c;,v;) ==

2) If (¢;,v}) Ra=tha (Ciy1,vj ) resets xp, then (c;,v;) Gl (Cix1,vix1) resets
z, and 0 = viq1(x) = min{vj (z1),...,0,..., v (2m)}
If (i, v)) Grlen (Ciy1,vj ) resets no clock in {x1,..., 2y, }, then it holds that

Ui+1($) = U,(.T) +tip1 — = mm{v;(xl) +tig1 — i, ... ,U;(aﬁm) +tit1 — ti} =
min{vi,(x1),..., v 1(Tm)}. O

Let us consider the CT A A’ of the proof above. Since diagonal clock con-
straints are derived only from diagonal clock constraints that appear in A, if

A€ CTA(Cy (X),Up(X)) then A" € CT A, (Cyr (X),Up(X)). Therefore, we in-
fer the following result.

PI‘OpOSitiOl’l 2. CTA(Cdf<X),Uo<X)) ~ CTAPT(Cdf(X),Uo(X)).
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We consider now CTAs with diagonal constraints and constant updates.
Proposition 3. CTA(C(X),U(X)) ~ CTA,(C(X),U(X)).

Proof. Since CTA(C(X),U(X)) D CTA,,(C(X),U(X)), it suffices to prove that,
for each A = (E, {at, . 2"}, A A, R) € CTA(C(X),U(X)), there is
some A" € CTA,,(C(X),U(X)) polynomial w.r.t. A such that £(A) = L(A).
The proof is done in two steps. In the first step we construct the CTA A" =
(2, X" AL, AN AL AL L R) € CTA(C(X),U(X)) such that:

- X'=XU Uke[l,m] Ujeu,n]{siﬂg} U UjE[l,n]{yj’ 27}

— Each component A}, with k € [1,m], is obtained by adding to each transition
t in Ay, and for each clock a7, either {s] := 0,t] := 1}, if 27 is updated in
t, or {s], := 0, t, := 0}, otherwise. Note that t] — s = 1if A updates 7,
whereas t] — sk = 0 otherwise.

— Each component Aj,  ;, with j € [1,n], keeps track of the component that
has most recently updated :cﬂ . Mere precisely, A} ; sets clocks y?) and 27 S0

that, for each 1 < k < m, 27 —y’ = k — 1 iff the most recent update on x’

has been done by the component A}. We define A!/ +5 88 follows:
° AZHJ has states isy, willy, .. .,zsm,wzllm, with is; initial. State isy is

entered iff A} is the component that has most recently updated 27 and
A m+; predicts that 27 is not updated in the current step. State willy, is
entered iff A7 +; predicts that A} is updating 27 in the current step.
e For each action a there are transitions
L (isn, Niepm) (] — 57 = 0),a,{}, isn)
2. (iSh, Nic[1,m] (tq — sl =0),a,{z7 ==k — 1,97 := 0}, willy,)
3. <wzllk,tk k =1,a,{},isk)
4. (willy,t], — s = 1,a,{z7 := h— 1,37 := 0}, willy,).
The first checks that the predlctlon that 27 was not updated in the past
step is correct (Ajep,m) (] —s] = 0)), and predicts that 27 is not updated
in the current step (isp, is entered) The second checks that x7 was not
updated in the past step and predicts that =7 is updated in the current
step by A} (will, is entered). The third checks that 27 was updated by
A} in the past step (tfg — si = 1) and predicts that 27 is not updated in
the current step. The last checks that 27 was updated by A}, in the past
step and predicts that 27 is updated by A} in the current step.

In the second step we replace each clock =7 by a:{, o, @) with xf owned by AY.
We replace each update z7 := ¢ in A with =] := g. We add n components that

ensure that if in a step two different clocks a:fl, a:ff replacing 27 are updated, then
they have the same value. We derive A’ = (2, XA LA o, R) as follows:

- X' =X"\X)u Uje[Ln] Uie[l,m] {z7} '
— for each i € [1,m], A} is obtained from A} by replacing each update =7 := ¢
with z] := ¢, and by modifying constraints of transitions as follows:
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e 27 > ¢ becomes /\he[l,m](zj —y =h—1=ua] >q)
e 27 < ¢ becomes /\he[l,m](zj —y =h-1= xfl <q)
o z7 — 2 > g becomes /\he[1,m](zj -y =h-1= /\ke[l,m](zi -~y =
k—1= ] — i >q)) o o
e 1/ — ' < ¢ becomes /\he[l’m](zj -y =h-1= /\ke[l’m](zl -y =
k—l:xi—xfc < q)).
— foreach 1 < j <n, A;,H‘ = A;:Hrj

J
— foreach 1 <j<n, A ,, +; checks that if in the previous step two different

clocks x{L and xi were both updated, then they have the same value. It has
a state s and transitions (s, Ape1,mikep,m)((t, — s, = 1) A (t], — 51, = 0)) =

x] — xi =1,a,{},s).

A" (resp. A’) is polynomial w.r.t. A" (resp. A) and L(A") = L(A") = L(A). O

4 Exponential Upper Bounds

Here we prove that CTA(C(X),U(X)) — CTA(Car(X),Up(X)), from which it
follows that all arrows in Fig[dl represent exponential upper bounds.

Proposition 4. CTA(C(X),U(X)) - CTA(C4r(X),Up(X)).

Proof. Given any CTA A € CTA(C(X),U(X)), we obtain an equivalent au-
tomaton § € STA(C(X),U(X)), exponential w.r.to A, by cartesian product.
Following [2], we transform S into an equivalent &’ € STA(Cyr(X), U (X)), with
|S’| = |S| x 24, where |S’| and |S| are the size of S’ and S, and d is the number of
diagonal constraints in S. So, &’ is exponential w.r.to A. As pointed out in [5],
&’ can be transformed into an equivalent 8" € ST A(Cqp(X),Up (X)), polynomial
w.r.to §’. So, §” is equivalent to A and exponential w.r.to A. O

Corollary 1. IfC — C' or C <— C' is in Fig[dl then C = C'.

5 Exponential Lower Bounds

In this section we prove that all arrows in Figll represent exponential lower

bounds. The result follows from CTA,, (C(X),Up(X)) — CTA(Cqs(X),U(X)),

CTA,, (Cap(X),U(X)) - CTA(C(X),Uy(X)) and CTA(Cys(X),U(X))

CTAp, (Cap(X),U(X)), which are proved below.

Simulation of diagonal constraints

We show that CTA,,(C(X),Up(X)) —= CTA(Cqs(X),U(X)), i.c. simulating di-
agonal constraints implies, in general, an exponential growth of the CTA.

Let (Am)mso = ({0, 01 U 426 5k Aoy - -+ Amn, {65} )mzo be the fam-
ily in CTA,,(C(X),Uo(X)) with Ay and Ay, k > 1, represented in Fig@l The
tamily (A, )m>0 accepts the family (L, )m>0 of timed languages over {a, b} such
that:
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— untimed(Ly,) = (b*a®"" )*
— every timed sequence underlying a timed word in L,, is strictly increasing.

b b ¢
To > 0 'e, VOgigk—1 Yi > Ti

zo: =10 T =0
a a a a
zo >0 yO >0 No<icr1 ¥ < i No<icr1 ¥ < T
yo :=0 zo :=0 yp =0 =0
(%) : ()
\/ogz‘gkfl Yi 2 @i ‘
Yk = 0

Fig.2. Automata Ag and Ak, k > 1 (go and g are the initial states)

The idea is that Ao, ..., A,, are able to count 2™ occurrences of the action
a. More precisely, Ay, ..., A,, implement a counter modulo 27+,
Let bo, . .., by, be coefficients in {0,1}. When > ;... 2% % by occurrences of a
have been counted, the component Aj, is either in state gy, if by = 0, or in state
q},, if by = 1. So, every 2" =145, 2% occurrences of a, Ay, ..., A, are
in state qq, ..., gm, respectively, and occurrences of b can be read.
Whenever a is read, A, changes its state iff Ag, ..., Ax_1 are in state ¢j, ..., q,_q-
This corresponds to the fact that by switches from 0 to 1, or conversely, every
T4+ > gcicr 2¢ occurrences of a. The component Ay, infers that Ay, ..., Ap_1

are in state ¢, ..., q;_,, respectively, by the fact that yo < zoA.. Ayp_1 < Tp_1.
This is correct, since clock y; (resp. x;) is reset every time ¢ (resp. ¢;) is entered.

This example shows that a sequential component can use diagonal clock
constraints to communicate its actual state to other components.

Proposition 5. CTA,,(C(X),Uy(X)) - CTA(Cqr (X),U(X)).

Proof. Let (Ly,)m>0 be the family of languages accepted by the family (A, )m>0
in CTA,,(C(X),Uy(X)) considered above. Since A,, is polynomial w.r.to m, it
suffices to prove that every family (B,,)m>0 in CTA(Cqr(X),U(X)) accepting
(Lim)m>0 is such that B, is at least exponential w.r.to m.

Assume any family (By,)m>0 in CTA(Cqr(X),U(X)) accepting (L )m>o0. Since
B,, can count 2™+ occurrences of a, it has at least 2 *! configurations. If such
occurrences of a are counted by a single sequential component of B,,, then such a
component has at least 211 states. So, it suffices to prove that the occurrences
of a cannot be counted by n > 1 components in B,,, through any cooperation.
Assume, by contradiction, that such components By, ..., B, exist. In this case,
there must be some B; that can check whether another B;, with j # ¢, is in some
state g; or not. The condition “Bj; is in state g;” must correspond to some non
diagonal clock constraint, since the components of B, can communicate only
through clocks. So, let ¢; be the diagonal free constraint representing “B; is in
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state ¢;”. Let us rewrite ¢; as ¢j1 V...V ¢;, with each ¢;; a conjunction of
atomic constraints z#g¢. First of all we note that no constraint z;; = ¢;; can
appear in ¢; ;, since conditions “Bj; is in state ¢;” and “B; is not in state g;”
must hold for intervals and not for discrete instants. Moreover, we can prove
that some constraint x;; < g;;, or x;; < g;,, appears in ¢;; for each 1 <7 < h.
In fact, in the contrary case, some step must be performed to set the clocks, so
to maintain ¢;; (and, therefore, ¢;) false when g¢; is not active (otherwise the
growing of clocks will make ¢; true when g; is not active). Since such a step can
be performed only when receiving a or b, the input rate results to be constrained.
This is a contradiction, since in L,, the input rate is free (more precisely, the
interval of time between two subsequent actions can be arbitrarily large). So,
we have proved that some constraint x;; < gj;, or x;; < q;;, appears in ¢;;
for each 1 < ¢ < h. Now, whenever ¢; is enabled and ¢; is going to become
false (i.e., every ¢, ; is going to become false), a step must be performed to set
the clocks, thus maintaining ¢; true. Once again, such a step can be performed
only when receiving a or b, the input rate results to be constrained, and this is
a contradiction, since in L,, the rate of the input is free. a

Simulation of constant updates

Here we show that CTA,,.(Car (X),U(X)) = CTA(C(X),Up(X)), L.e. simulating
constant updates implies, in general, an exponential growth of the CTA.

Let (Apm)m>0 = (({a, b}, Uogigm{gﬂia Zits Aoy oy Am, {q0}))m>0 be the fam-
ily in CTAp-(Cqr(X),U(X)) with Ag and A, k > 1, represented in FigBl The
family (Am)m>0 accepts the family (L, )m>0 of timed languages over {a, b},
where L, contains the timed words (a, to), (b,t), (a,t1), (b,t}) ... such that:

— to > 5 and, foreach ¢ >0, ;41 <t; +5

— for each 0 < ¢ < 2m+1 — 1, t2+(27"+1><n) — tiy(2am+ixn) is in a set T;. More

precisely, if 1 = Zogkgm 2F x by, with bg,...,b, € {0,1}, then, for each
0<k<m,either 1 — 1/2¥ € T}, if by = 0, or 1 — 1/25+™ € T}, if by, = 1.

Fig. 3. Automata Ag and Ay, k > 1 (go and g are the initial states)

The idea is that Ay, ..., A,, are able to count 2™+! occurrences of the action
a. More precisely, Ao, ..., A,, implement a counter modulo 2™+!.
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Let by, . . ., b, be coefficients in {0,1}. When i = >, -, 2% x bj, occurrences of
a have been counted, the component Ay, is either in a state in {qy, s}, }, if by =0,
or in a state in {q}, sk}, if by = 1. So, when the subsequent occurrence of a is
read, the clock zj, takes either 1/2F if b, = 0, or 1/2K+™ if b, = 1. This implies
that the time elapsed between the a and the next occurrence of b is in the set
T;, which contains either 1 — 1/2% if b, = 0, or 1 — 1/2F+™ if b, = 1.
Note that the sets T, ..., Tom+1_; are pairwise different.
Whenever a is read, Ay, changes its state iff Ay, ..., Ay are in state qp,...,q)_1,
respectively. This corresponds to the fact that by switches from 0 to 1, or con-
versely, every 1+ i, 2" occurrences of a. The component Ay, infers that
Ao, ..., Ax_1 are in state q(,...,q}_, by the fact that zo > 5A... Axp_1 > 5.
This is correct, since clock z; is set to 5 (resp. 0) every time ¢; (resp. ¢}) is left,
and two subsequent occurrences of a are separated by less that 5 units of time.
This example shows that a sequential component can use constant updates
to communicate its actual state to other components.

Proposition 6. CTA,, (Cqr(X),U(X)) N CTA(C(X),Us(X)).

Proof. Let (L, )m>o0 be the family of languages accepted by the family (A, )m>0
in CTA,,(Cq(X),U(X)) considered above. Since A, is polynomial w.r.to m, it
suffices to prove that every family (Bp)m>0 in CTA(C(X),Up(X)) accepting
(Lym)m>o0 is such that B,, is at least exponential w.r.to m.

Assume an arbitrary By, in CTA(C(X),Uy(X)) accepting L,,. It must have at
least 2™*! configurations, cg,...,com+1_;, such that, whenever ¢; is activated,
an occurrence of b must be read after a time chosen in T;. First of all we observe
that, whenever ¢; is activated, to check whether a time in T; is elapsed we can
observe only clocks that are reset (and not arbitrarily set, since constant updates
are not allowed) when ¢; is activated. We mean that we cannot observe clocks
that are reset before. The reason is that the step leading to ¢; is caused by an
occurrence of a that arrives nondeterministically in the interval [¢,t+5), where ¢
is the arrival time of the previous occurrence of a. As a consequence, from every
state in ¢; at least |T;| transitions depart, each representing waiting for a time
in T;. This implies that no state in ¢; can be in any configuration ¢;, with j # 4.
It follows that at least 2 *! states are in B3,,, which implies the thesis. O

Simulation of private clocks
Here we show that CTA(Car(X),U(X)) - CTA, (Car(X),U(X)), i.e. simulat-
ing non private clocks implies an exponential growth of the C'TA with diagonal
free clock constraints and constant updates.

Let (Am)m>1 = (({a},{z}, A1, ..., Am,{q0}))m>1 be the family in
CTA(Caqr(X),U(X)) such that Ay, k > 1, is represented in Fig[l
The family (A,,)m>1 accepts the family (L,,).,>1 of timed languages over {a}
containing the timed words (a,t1)*(a,t2)* ... (a,t,)* ... such that:

—t1=2m+1landte —t1 €e{2m+1—-1,2m+1-2,...,2m+ 1 —m};
— t; —t;_1 € T; implies tiy1 —t; € (E\{Qm—l—l—k‘})U{Qm—&—l—(k+m)} or
tivi—tie (\{2m+1—(k+m)})U{2m + 1 -k}, for some 1 < k < m.
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a,xr=2m+ 1,z :=k

O
‘ () (/e =2m+1
J;:2m+1

a,x=2m+ 1,z :=k+m

Fig.4. The automaton Ag, k > 1 (gx is the initial state)

At instant t; = 2m+ 1, there is a finite sequence of n > 0 steps from configu-
ration (¢1, . .., ¢m) to itself. Moreover, there is a step where an automaton Ay, for
some 1 < k < m, leaves state g, enters state ¢;, and sets the clock z to value k,
and where automata Ay, ..., Ag_1, Aks1, ..., Ay perform the transitions leaving
and entering states q1,...,qk—1,qk+1, - - - , ¢m, respectively. Now, the next step is
performed at instant to = t; + (2m + 1 — k). Since k can be arbitrarily chosen
in {1,...,m}, it holds that ts —t; € {2m+1—-1,2m+1—-2...,2m+1—m}.

Now, assume that at time ¢;_1 Ay leaves gy, (resp. qj,), enters gj, (resp. g;) and
sets © to k (resp. k +m), and that Ay,..., Ag_1, Ak+1,..., A do not change
state. The time ¢; —t;_; that elapses until the next step is performed is 2m+1—k
(resp. 2m + 1 — (k 4+ m)). Moreover, the time that elapses between ¢; and #;14
cannot be 2m + 1 — k (resp. 2m + 1 — (k +m)), and can be 2m + 1 — (k + m)
(resp. 2m+ 1 — k). In fact, the transition from g}, to gi (resp. from ¢ to gj.) can
be performed at time ¢;, and that from g to ¢, (resp. from g, to gx) cannot.

Proposition 7. CTA(Cy(X),U(X)) -5 CTA,, (Cap(X),U(X)).

Proof. Let (L, )m>1 be the family of languages accepted by the family (A, )m>1
in CTA(Cq(X),U(X)) considered above. Since A,, is polynomial w.r.to m, it
suffices to prove that every family (B,,)m>1 in CTA,(Car(X),U(X)) accepting
(Lym)m>1 1s such that B, is at least exponential w.r.to m.

Assume, by contradiction, that a family (B,,)m>1 in CTA,, (Cqr(X),U(X)) ac-
cepting (L, )m>1 exists which is not exponential w.r.to m.

Since B, accepts words (a,t1)*(a,t2)* ... (a,ty)* ..., where t;41 — t; can be in
one of 2™ different sets, B,, has at least 2" different configurations simulating
configurations ¢y, . .., cam of A,,. Therefore, B,,, cannot have only one sequential
component. So, let us assume that it has n sequential components, By,..., B,.
Let us call T;1 the set of possible values of ;41 — t;.

Since Ty = {2m+1—1,2m~+1-2,...2m+1—m} and, for each i > 2, T} is either
(T\{2m+1-khHu{2m+1—(k+m)} or (T;\{2m+1—(k+m)}HhU{2m+1—k}
for some 1 < k < m, it holds that from each configuration ¢; it is possible to
reach m configurations in {c,...,com } through a step. Let ¢; 1,. .., ¢;m be the
configurations such that ¢; ; is reached from c¢; when A; changes state and as-
signs 7; € {j,j +m} to z, and Ay,..., Aj_1,Aj41,... A, do not change state.

Assume that ¢; is the u*® configuration entered, i.e. time elapsed between enter-
ing ¢; and exiting ¢; is in set T},.

Let s1,...,s, be the states in the sequential components By,..., B,, respec-
tively, such that ¢; = (s1,...,5y). There is a total function f : {1,...,m} —
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{1,...,n} such that, given any 1 < h < m, there are: 1) a state sy(,) with
f(h) € {1,....n}, 2) a transition from state s;(;) to a state s, assigning
a value 7, to some clock wy) of By, 3) a transition either from s}(h) or
from a state that is entered whenever s}(h) is, guarded by a clock constraint
Tf(h) = qg(n), Where such a guard checks that the amount of time 2m +1 — 7, is
elapsed. The transition from s’f( ny 18 needed because there must be a step leaving
c¢i,n 2m + 1 — 13, instants after c; 5, is entered.

Now, given hy # ho, in general it holds that f(h1) # f(hz), otherwise there is
a state in B,, for each configuration of A,,, thus contradicting that B,, is not
exponential w.r.to m. So, let us assume that f(hy) # f(hz2). There is a step from
(s1,-..,8n) to a configuration where both s/f(hl) and s}(hz) are active. In such a
configuration, both a transition guarded by the clock constraint s,y = qs(n,),
and a transition guarded by the clock constraint s,y = gfn,) can be per-
formed. This implies that an occurrence of a can be read in this configuration
2m +1 —Tpp,y or 2m + 1 — 7¢(p,) units of time after it is entered. This implies
that T,,+1 \ T\, has two elements, thus contradicting that B, accepts L,y,. O

From Propositions B, 6] and [ it follows that all arrows in Figl[ll represent
exponential lower bounds.

Corollary 2. IfC — C' or C +— C' is in Figl then C — C'.
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Abstract. We study the power of finite machines with infinite time to
complete their task. To do this, we define a variant to Wojciechowski
automata, investigate their recognition power, and compare them to in-
finite time Turing machines. Furthermore, using this infinite time, we
analyse the ordinals comprehensible by such machines and discover that
one can in fact go beyond the recursive realm. We conjecture that this
is somehow already the case with Wojciechowski automata.

Introduction

Finite automata on infinite sequences have been introduced by Biichi in [5]
to prove the decidability of the monadic second order theory of (w, <). Biichi
automata differ from finite automata on finite sequences only by its condition
of acceptance of a word. A word is accepted by a Biichi automata if and only
if the set of states, through which the automata goes an infinite number of
times during an ezecution (there may be several executions if the automata is
nondeterministic), contains at least a final state.

Independently, Muller introduced in [11] deterministic automata on infinite
words such that a word is accepted if and only if the set of states, through which
the automata goes an infinite number of times during an ezecution (there may
be several executions if the automata is nondeterministic), belongs to a table
given with the automata.

McNaughton proved in [I0] that (deterministic) Muller automata and nonde-
terministic Biichi automata accept the same infinite sequences and that those in-
finite sequences can be described by w-regular expressions of the form J"_, a;- 6%
where «; and (; are regular expressions of finite words and such that none of
the 3;’s contain the () symbol.

Then Biichi introduced in [6] finite automata that are able to describe
transfinite sets of sequences. Using those automata, he proved the decidabil-
ity of the monadic second order theory of (a,<), where « is a countable
ordinal. It featured special transitions for limit ordinal stages such that the
state reached at that limit stage & depends only on previously reached states
{s €S |V8 < &Iy > B p(y) =s}. He modified again the definition to use them
to prove the decidability of the monadic second order theory of (w1, <).

Choueka generalized in [7] Biichi’s ideas to get automata on transfinite se-
quences of length less than w™ for a given n < w. The difference with Biichi’s

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 252-[263] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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approach is in the behaviour at limit stages : for a limit ordinal £ = 8 + w"
(n<wand B=0o0r 8 >w"), s belongs to p(£) if and only if there is an infinite
number of k < w satisfying o(8 + w"” ! - k) = s. Note that ¢ is only defined for
n < w and that ¢(¢) depends only on (¢(a)), .. These automata recognize (as
the Biichi automata) words that can be described by regular expressions similar
to Biichi’s w-regular expressions.

Wojciechowski then introduced in [15] automata on arbitrary transfinite se-
quences, similar to Biichi’s, and corresponding regular expressions (in [16]), de-
scribing words recognized by these automata, with a f operato that is the
transfinite analogue of the w operator. If we work only on words used by Choueka
automata, Wojciechowski and Choueka automata are equivalent. Wojciechowski
automata are thus the automata that we will use for our base study.

Following those definitions, several studies of Bedon, Carton and Perrin [4//1]
213[T2] have focused on generalization of classical finite automata theorems and
characterizations to infinite and transfinite words. In fact, it is Perrin and Pin’s
[13] that brought some years ago the study of finite automata on infinite words
to the author’s attention and stirred his interest in the field.

w is only the first infinite ordinal, hence automata on arbitrary transfinite
sequences constitute a natural generalization of automata on infinite words, read
w-indexed words. Studying the behaviour of automata on ordinals is also liable
to lead us to the right concepts for automata at large, including automata on w-
words. Moreover, these automata have potential applications in semantics and
in decidability problems, e.g. Biichi’s results. Muller had also introduced his
automata on infinite words in order to study the behaviour of asynchronous cir-
cuits. Physicists have already investigated tasks involving infinitely many steps,
called supertasks, the first of which is done, for example, in a half second, the
next in a quarter second, and so on, so that the entire job is completed in a
finite amount of time. More useful supertasks, perhaps, have been proposed to
determine the truth of an existential number-theoretic question. Physicists have
been surprisingly able to construct general relativistic models in which the su-
pertasks can apparently be carried out. But our interest resides in not so much
finding what is physically possible to compute in a supertask so much as what
is mathematically possible.

In order to study the power of infinite time, we define a natural extension
to Wojciechowski automata, called WW2?-automata. YW2-automata work on a two-
way w-tape and have pebbles that appear only after an infinite amount of steps
after their usage. The two-way tape lets us study the recognition power of our
automata on common objects as finite sequences on a finite alphabet, read finite
inputs, or w-sequences on a finite alphabet, read reals for input. This lets us com-
pare the power of recognition of our automata to that of common abstract state
machines, e.g. pushdown automata, counter machines, Turing machines. . . A first
surprising result about those automata is the power obtained by infinite time
combined with the eventual pebbles. By using the non-bounded property of in-

1 a# is either the empty word or the letter a repeated a finite number, an infinite
number or a transfinite number of times.
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finite time, we manage to use potentially an infinite amount of pebbles and
bridge directly the gap between (finite time) Turing computability and regular
languages.

Still another model of supertasks is infinite time Turing machines. Jeffrey
Kidder defined infinite time Turing machines in 1989, and he and Joel Hamkins
worked out the early theory at Berkeley. With a fresh look in 1996, a few of
the formerly puzzling questions were answered, and a more advanced theory
developed and appeared in [8]. Some still more puzzling questions were answered
later on in 2000 by Philip Welch in [T4] to arrive now at a more mature theory.

We begin by recalling in section 1 the definitions of Biichi and Wojciechowski
automata and by giving some simple examples of them. Next in section 2, we de-
fine W2-automata and investigate their power compared to pushdown automata.
We also prove a “pumping lemma” (lemma B]) for Wojciechowski automata in
order to differentiate their power to W?2-automata’s. Our analysis of the power
of W2-automata leads in section 3 to the comparison with infinite time Turing
machines (theorem Bl and Hl). We highlight, in section 4, the ordinal oriented
aspects of our study. We show in theorem [T that the ordinals comprehensible
by W2-automata go much farther than what is usually thought and conjecture
about ordinals comprehensible by regular Wojciechowski automata.

1 Infinite Words and Finite Automata

1.1 Biichi and Wojciechowski Automata

Definition 1. A Biichi automaton is a quintuplet A = (Q,X,9, Z, F) where
(Q, X,9) is a finite automaton, and Z and F are subsets of Q) called respectively
set of initial states and set of final states.

A finite path of A is successful if its origin is in Z and its end is in F'. An
infinite path is successful if its origin is in Z and it goes infinitely often through
states of F. The set of finite (respectively infinite) words recognized by A is the
set of labels of successful finite (respectively infinite) paths of A. A set of words
M is recognizable if there is an automata A that recognizes precisely the words
of M.

The set of words described by {a,b}*a“ is not recognizable by a determin-
istic Biichi automaton. However it is recognizable by a nondeterministic Biichi
automaton. Nondeterministic Biichi automaton are thus more powerful than de-
terministic ones. Muller automata give a more satisfying definition from that
point of view.

Let us now consider words u of a finite alphabet X as a-sequences (« is
an ordinal) on X. We now define continuous a-sequences in order to define
Wojciechowski automata.

Definition 2. An a-sequence ¢ on @) is continuous if for any successor ordinal
B, o(B) € Q and if for any limit ordinal 3,

e(B)={q€Q|{v<B|v(v)=q} is cofinal to B}
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Remark 1. A continuous a-sequence is completely determined by its values at
successor ordinals {o(B) | B € Succ, § < a}.

Definition 3. A Wojciechowski automaton, or W-automaton, is a quintuplet
A =(Q,X,0,i, F) with X a finite alphabet, Q the finite set of its states, 6 C
p(Q) x X x Q the transition relation, i € Q the initial state, and F C p(Q) the
finite set of its final states.

From now on, by state we mean an element of p(Q) = P(Q)U Q.

Definition 4. A run with label u € X%, o € Ord, of an W-automaton A =
(Q,X,0,i, F) is a continuous (o + 1)-sequence ¢ such that ¢(0) =i and for all
B <a,

(p(B),u(B),p(B+1)) €6

A run is successful if p(a) € F.

A word u € X7 is recognized by A if and only if there is a successful run of A
with label u. A set of words M is recognizable by A if this automaton recognizes
only the words belonging to M.

One can easily build (see [9]) W-automata recognizing respectively a*, a¥,
a*”, {a® | a € Succ}, {a® | a € Lim} and a*.

Here is an exampl of an automaton recognizing a® for o < w; but not
recognizing a“*.

FEzrample 1.1

/‘K
QK a\ ’a
/

Fig. 1. A W-automaton recognizingﬂ a® for a < w1

2 A square state is a state belonging to P(Q). A final state is with an inner (smaller)
circle.

3 Why? See [9]. This example prompts questions about recognizable ordinals: for what
ordinal «, is there an W-automaton recognizing the singleton a®? for what ordinal
a, is there an WW-automaton recognizing a word of “length” a? For some time, it was
commonly thought that we would not go further than € (not to talk about wfk).
We come back to those questions at the end of the paper.
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2 Infinite Time Finite Automata on Reals

2.1 Infinite Time Behaviour

We propose the following variant of Wojciechowski automata. It will hopefully
turn out to help us in understanding Wojciechowski automata and infinite time
machines at large.

A 2-way Wojciechowski automaton, or WW2-automaton is a WW-automaton on
a 2-way countable tape. The special behaviour of the automaton compared to
normal Wojciechowski behaviour is at limit stages. At a limit stage, the head of
the tape is plucked from wherever it might have been racing towards, and placed
on top of the first cell.

If we have a finite input, there are several ways of delimiting the input.
We can have special end markers - and - that indicate the boundaries of the
input. We will opt for a letter b representing “blank” cells (we are working with
“infinite time”...surely, we cannot restrict ourselves to a finite accessible part
of the tape).

An W?2-automaton also has its tape changed at limit stages in the following
way : if at a previous successor stage the head of the tape stayed (stopped) on
a cell for at least one stage, this cell has now the value f if it didn’t before and
is erased to b if it already contained the value f (the value of the cell is toggled
between § and b).

Definition 5. A W?2-automaton is a quintuplet A = (Q, X, 6,4, F) with: ¥ a
finite alphabet, Q the finite set of its states, § C p(Q)x XU{b, b} xQx{+,],—}
the transition relation, i € @Q the initial state, and F' C p(Q) the finite set of its
final states.

A run with label ¢ € (XU {b,5})“" (0 is a function of the form a — (w —
(XU{b,t})), a € Ord, of an W?-automaton A = (Q, X,d,i, F) is a continuous
a + 1)-sequence (g, Ppos) on ©(Q) X N such that p4(0) =1, ©pes(0) = 0 and
o(0) € X¥ is the original content of the tape and for any ordinal § < «,

(©q(8),0(B8)(#pos(B)), £q(B + 1), p(@pos (B + 1) — ¢pos(B))) € & (2.1)
where p(1) =—, p(0) = and p(—1) =<,

o is the evolution of the tape’s content : o((3) is the tape’s content at stage (.
pq and @,0s give respectively the state of the machine and position of its tape’s
head at every stage. (2-1) says that from one stage to the next one, the machine
obeys its transition relation J.

and if B is a successor ordinal, o(B) = o(8 — 1), otherwise (8 is a limit
ordinal), Vn € w,

o(8)(n) = {7’( (B=)(n)) if 36— <y < B such that @pes(y+ 1) = @pos(y) =1,

o
o(B-)(n)  otherwise,

and ppos(B) = 0, where B_ is the greatest limit ordinal < § and for all a €
Y U{b,u}, 7(a) =1 if a #b, b otherwise.
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o only changes at limit ordinal stages, where the tape’s head goes back to
the origin and the cells where the head stopped before this limit stage (and after
the previous limit stage) alternate between f and b : if the value belonged to
Y U {b}, it is now f; if it was B, it is now b. If we are at an hyper-limit (limit of
limits) ordinal stage, the value of the cell is the converging value if there is one,
1 otherwise.

A run is successful if pq(a) € F. A word u € X% is recognized by A if and
only if there is a successful run of A with u as the original tape content. A set
of words M is recognizable by A if this automaton recognizes only the words
belonging to M.

The reader is invited to guess what language the following WW?-automaton
recognizes.

Example 2.2
O 0. O
h @ B @ @ @ - fg}
f4} - @ fs - @ -
a, — a, — b, —
Fig. 2. A W2-automaton recognizing ... (see proposmonIII)

We will work with an alphabet of only two letters, say {0,1} or {a, b}, beyond
the other technical letters as b and .

In order to justify our definition of W?2-automata, we prove@ the following
simple lemmae.

Lemma 1. Every 2-way finite automaton can be transformed in a never stop-
ping 2-way finite automaton with the same language of recognized words.

Lemma 2. The following two variants of W?-automata recognize the same lan-
guages (of finite or infinite words) than W?-automata :

— put toly, at limit stages, only those cells where the head has stopped previously
infinitely often;

4 For the proof, see [9]. Due to space limitations, this is applicable whenever the proof
is omitted.
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— replaceﬁ the “change the stopped cells at limit” behaviour by having pebbles
who are used in the same way than in traditional pebble automata with the
difference that the pebbles are actually placed only at limit stages on the
requested cells, i.e. where the automaton previously asked to place them. So,
the pebbles become only “visible” then.

Proposition 1. L., = {a"b" | n € N} is recognizable by W?-automata.
Proof. We describe the behaviour of the required automata :

1. first, we need to verify that the tape is composed by a’s followed by b’s;
2. we repeat the following two points at either the state following the previous
point or at the limit state {g;} :
a) check that there are still b’s at the end of the tape,
b) starting from the first cell, we look for the first a on the tape (after the
potential i’s) and loop (stopping there) on a special state gy,
c¢) from the {q;} state, we look for the first b (after the potential § and a’s)
and loop (stopping there) on a special state gy,
3. if there are no more b’s at the end of the tape and only natural’s on the
tape, we enter the “accept” state.

The described automata clearly recognizes only the words belonging to L.,.

The reader should have recognized the behaviour of the automaton of exam-
ple 2.2 and thus guessed the language recognized.

Theorem 2. Algebraic languages C languages recognized by W?-automata.

Proposition 2. The languages Lpa = {s € {a,b}* | s = s%}, L /s = {a™b"a"
| n € N}, Legnom = {a™™a™™ | n,m € N}, Lye, = {ss | s € {a,b}*} are
recognized by W?-automata even if some are not algebraic.

Proposition[2 shows that WW2-automata recognize strictly more than algebraic
languages using the infinite time at its disposal. We will see in the next section
where the limit is.

Do W2-automata gain something compared to W-automata? To see this, we
prove the following “pumping lemma” for W-automata.

® The transition relation now has two more fields (x{o, e} x {yes, no}) : the first one
looks for the presence (o) or absence (o) of a pebble on the cell and the second
commands the dropping of the (not yet visible) pebble. A run with label o and
pebbles labels opeppies € {0,017, Tarop € {yes,no}* is then now a continuous
(o + 1)-sequence (g, Ppos) such that opeppies (0)(n) = o for all n and for any ordinal
B <, (£4(8),5(8)(#pos(8)),0q (B+1),p(#pos (B+1) —Ppos (8)),0 pevpics (8) (£p0s (8)):0 drop (B) (#pos (B))) €
5 Now, only the pebble monitor (cpepbies) changes; the tape’s content does not change
anymore. At limit stages, opepsies reflects the pebbles (virtually) dropped (o arops) at
earlier successor stages .
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Lemma 3. Let A= (Qa, X, 04,74, Fa) be an W-automaton. For each reachable
state g € P(Qa) (there is a run ¢ of A going through q), there is a state ¢’ € Qa
such that ¢ € ¢ and a sub-run out of ¢ going from ¢ to itself without going
through a state of P(Qa) (3n,n" € Ord o(n) = ¢(n') = ¢’ et Vn <& <n" ©(§) ¢
P(Qa))

Corollary 1. W2-qutomata are strictly more powerful (recognition-wise) than
W-automata.

Proof. The argument is exactly the usual one, proving that L., is not regular,
with our pumping lemma [Blinstead of the usual finite automata pumping lemma.

3 Compared to Infinite Time Turing Machines. ..

3.1 Infinite Time Turing Machines

Hamkins and Lewis [§] defined infinite time Turing machines. They simply ex-
tend the Turing machine concept into transfinite ordinal time.

Definition 6. An infinite time Turing machine is a Turing machine with three
separate tapes, one for input, one for scratch work, and one for output. The
scratch and output tape are filled with zeros at the beginning of any computation.
At non-limit stages, it behaves like a normal Turing machine according to its
transition relation. At limit stages, the head is plucked from wherever it might
have been racing towards, and placed on top of the first cell. Moreover, it is placed
in a special distinguished limit state. For a given cell of the tape, at a limit stage
it takes the value of the lim sup of the cell’s values before the limit.

Hamkins and Lewis studied the theory of such infinite time machines and
obtained a nice theory. The power of these machines lies between I1} and A}. The
finite time Turing machine halting problem becomes decidable. They generalize
the classical s-m-n and recursion theorems and study the basic features of the
structure of infinite time degrees.

3.2 Where Is the Limit?
Theorem 3. W?2-automata recognize any (finite time) decidable language.

W?2 thus really have more recognition power than finite automata or even
pushdown automata.

Corollary 2. All the languages in theorem[d and proposition [ are recognizable
by W2-automata.

We now know that sets recognizable (which is the same thing as writable
sets from scratch) with finite time Turing machines are recognizable by W?2-
automata. The W?2-automata used so far are with a N-tape. Having a Z-tape
bridges the gap to infinite time Turing machines. Of course, Wé—automata have
the same power of recognition as W2-automata. It suffices to encode the right
part of the Z-tape on even positions of the N-tape and folding the left part on
the odd positions.
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Theorem 4. W2-automata recognize any infinite time decidable language.

Proof. Having a Z-tape, we can encode the two counters at the left of the origin
(first cell) of the tape and use the right part of the tape as an N-tape for the
one-tape Turing simulation.

Using Wojciechowski-type limit states, we can easily simulate the one-limit-
state behaviour of infinite time Turing machines. In the simulation of the Turing
machine by the two-counter automaton, when the transition says to change from
0 to 1 or vice versa we need to go through a special state gjim sup to ensure that
if it changes infinitely often, we will able to notice it and simulate a value of 1
(the lim sup of 0 and 1).

Remark 5. The simulation of the “ome-limit-state behaviour” in the proof of
theorem@ takes at most w? steps. By doing a crude job, we can make it take
exactly w® steps.

Theorem 6. W?-automata recognizable languages are infinite time decidable.

Proof. The only difficulty is in simulating the Wojciechowski-type limit states.
We take some place on the work tape to put flags, initialized to 0, for each
state of the simulated automaton. When we simulate the automaton and are in
state ¢now, we put the flag corresponding to ¢, to 1 and put to zero the other
flags corresponding to states ¢ # gnow- Hence, at a limit stage our infinite Turing
machine will be in its limit state and by looking at the flags on the scratch tape,
we will be able to see what are the states through which our machine has gone
infinitely often (whose flags have toggled infinitely and so are now equal to the
lim sup 1) and thus what Wojciechowski-type limit state we should simulate.

4 Machine Comprehensible Ordinals

We have already seen in the examples of section [l that we can construct W-
automata to recognize only the word a® for certain ordinals « like w and w?. For
certain ordinals A like wy, we can construct YW-automata recognizing all a® for
a < X but not a’.

For machines with a countable tape, we can code countable ordinals on the
tape by the encoding of its well ordering € in a real : a well order R is encoded
in r € R (r is a sequence of 0 and 1’s) by

for all n,m € N, nRm if and only if 7, m) =1

where (.,.) is a canonical pairing function. Hamkins and Lewis have shown that
many ordinals are writable (in the above way) from scratch (blank input tape)
by infinite Turing machines.

Theorem 7. Infinite time Turing machines can write the ordinal o for any
o < Aing where \ins 15 a recursively inaccessible countable ordinal. Hence, the
writable ordinals cover easily the recursive ordz'nal:@, wfk and much more.

6 A countable ordinal is recursive if encodable, as described above, by a Turing com-
putable real. w{¥ (ck is for Church-Kleene) denotes the smallest non recursive ordinal.
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Proof. See [§].

Corollary 3. W2-automata can recognize the ordinal o for any o < Aing, hence
all the recursive ordinals, wi* and much more.

Proof. By theorem [l

Definition 7. An ordinal o is clockable by a class of machines C if there is
7o € Caomll and a machine belonging to C that halts in the “accept” state on
mput ro tn o many steps.

An ordinal « is all-til clockable by a class of machines C if « is not clockable
and there is a machine M belonging to C such that for all § < «, there is
73 € Caom such that M halts in the “accept” state on input rg in B many steps.

For W-automata, recognizable and clockable ordinals are the same because
of the one-way nature of the tape’s head. As we saw at the beginning of this
section, w and w? are clockable by W-automata and w; is all-til clockable by
W-automata.

Theorem 8. Recursive ordinals, w{* + w and many ordinals less than an un-
reachable ordinal v are clockable by infinite time Turing machines with many
gaps in between. In fact, no admissible ordinal is clockable.

Proof. See [g].
Corollary 4. For every clockable (by infinite time Turing machines) ordinal

@ < Yinf, there is a countable ordinal 3 > « such that 3 is clockable by W?-
automata.

Welch [14] has shown the following theorem.
Theorem 9. vi,¢ is in fact Ainy and so is recursively inaccessible.
Corollary 5. vz, the supremum of clockable ordinals by W?-automata, is

equal to Ainf, the supremum of writable ordinals by infinite time Turing ma-
chines, and is recursively® inaccessible.

Proof. Use corollary [4 and Welch’s theorem [9

Lemma 4. Fuvery ordinal up to w* is clockable by W?-automata.
Proof. If a is clockable by W2-automata, then so are o + 1 and o + w.

We can go much farther for ordinals clockable by W?2-automata, :

" Cgom is the set of inputs accepted by machines of class C. Of course, for C = W?-
automata, Cqom = R; and W—automata o, is transfinite sequences on Y.
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Theorem 10. Recursive ordinald are clockable by W2-automata.

Theorem 11. The ordinal wi* + w? is clockable by W?-automata.
See [9] for the proofs of theorems [ and [TT1.

Theorem 12. If an ordinal o is clockable by infinite time Turing machines, wa
is clockable by W?-automata.

Proof. Remark Bl tells us that for a task that will take w steps (one limit stage
behaviour) on an infinite time Turing machine, we can crudely simulate it in w?
steps with an W?-automaton.

All-til clockable ordinals are more of a mystery than clockable ordinals. Rec-
ognizable ordinals are not comparable inclusion-wise with all-til clockable ordi-
nals, even if both families of ordinals contain the clockable ones. No admissible
ordinal is clockable (see [§]) even if some are writable (or recognizable). Even w;
is an all-til clockable ordinal by W-automata!

The picture for comprehensible ordinals by infinite time machines is the fol-

lowing. recognizable ordinals

/

clockable ordinals "

pY

all — til clockable ordinals

Using theorem [[0} one can construct an W2-automaton proving that w{®
is all-til clockable by such automata. All-til clockability is clearly an intriguing
property showing the extent of the power of the underlying machines. There
is some reasons to think that many ordinals are even all-til clockable by W-
automata.

We conjecture the following.

Enthusiastic Conjecture. Mangﬂ propeIE all-til clockable ordinals by W?3-
automata are all-til clockable by W-automata.

Concluding Remarks

The remarkable property of W? is that by adding very few power (or features),
compared to W-automata on a two-way tape, we obtain directly Turing power.
Moreover, when using the pebble variant (see lemma [2)) of definition [3, to be
able to get (finite time) Turing recognizability power, we only need to use very
few pebbles and more surprisingly, infinitely rarely.

In section H] we see that there are many more (and greater) ordinals compre-
hensible by finite state machines than usually thought. We conjecture that this
is also the case with original W-automata.

8 See the note for theorem [T
9 At least some other than w;.
10 Non-clockable but still all-til clockable.
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Less raving questions are the following :
Is wf* all-til clockable by W-automata? Is there some all-til clockable (by

Wh-automata) admissible ordinal?

Acknowledgements. I would like to thank Jacques Mazoyer for his remarks
on this paper, his suggestions and his boundless enthusiasm. I am especially
indebted to Jean-Eric Pin who started me off on this topic years ago.
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Abstract. Multiplicity constraints in a UML composite class diagram
may be inconsistent. An algorithm is given for eliminating all such in-
consistencies. Using this algorithm an algorithm is constructed which
for two given composite class diagrams solves the equivalence problem.
These algorithms can be embedded in CASE tools for automated detec-
tion of multiplicity inconsistencies.

1 Introduction

As object modeling gains popularity, starting from the pioneering work [1], a
need emerges for methods of handling and evaluating models. Object models
are used in various stages of system development - from requirements definition
to system design. One problem is to validate the model as it gets transformed and
refined in the lifecycle of system development. Research is already being done
on this topic [2I3l4]5]. A more general problem is to compare several alternative
object models of the same ”real world”.

The ultimate goal of our current research is to formalize this ”intuitive”
equivalence for object models represented with UML class diagrams. Consider
the class diagrams modeling directed graphs shown on Figure [l

Formally, we have here 3 totally different class diagrams. Each of them de-
scribes different instance diagrams. But intuitively we know that all these 3
diagrams describe the same "real world” - directed graphs.

Formalization of this ”intuitive” equivalence is based on composite classes
and before we can proceed, certain problems have to be solved. The equivalence
of composite classes is one of the problems, and it gives immediate applicable
results. The results of the research on the equivalence of composites are presented
in this paper.

2 Composites in UML Class Diagrams

Composition is a form of aggregation with strong ownership and coincident life-
time of part with the whole, as described in [6l7]. The parts of a composition may
include classes and associations. The meaning of an association in a composition
is that any tuple of objects connected by a single link must all belong to the

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 264-274] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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same container object. One of the ways of showing composition is by graphical
nesting of the symbols of the elements for the parts within the symbol of the
element for the whole. A nested class element may have a multiplicity within its
composite element. The multiplicity is shown in the upper right corner of the
symbol for the part. An example of a composite class ”Cat” and its instance are
shown in Figure

Cat

Tom: Cat

Connected to

1 1
1 1 1 1
Head Connected to Body Connected to

1

4
7
Leg

1
Tail

‘ :Head }

Connected to

:Body

opfiectdd 1

Comeceao | 1Al

Fig. 2. A composite class and its instance

In this paper we consider only a simplified class diagram (only binary asso-
ciations and only four most popular multiplicity intervals: 1..1, 0..1, 1..*, 0..%)
that represents the contents of one composite class. Such diagram we will call a
composite class diagram.

Actually, any class diagram can be regarded as the content of the composite
class ”World” where every class has multiplicity 0..* if no other multiplicity is

specified.
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3 Basic Definitions and the Main Theorem

Definition 1. A composite class diagram (CCD) is a class diagram consisting
of classes and binary associations, where every class has a multiplicity and only
four multiplicities for classes and associations are allowed: 1..1, 0..1, 1..%, 0..%,

Definition 2. Two CCDs are identical if they are equal as labeled graphs (where
graph labels are the names and multiplicities of classes and associations).

Definition 3. An instance of a CCD X is an instance diagram that satisfies all
the multiplicity constraints of classes and associations of X.

Definition 4. Two instance diagrams are identical if they are equal as labeled
graphs (where graph labels are the class names of objects and association names

of links).

Definition 5. Two CCDs X and Y are equivalent if their corresponding sets
of instances are identical (i.e. for every instance i of X there exists an instance
i of Y such that i and i’ are identical, and for every instance i of Y there exists
an instance i’ of X such that i and i’ are identical).

As it turns out, the equivalence problem is not trivial. Figure[3 shows three
composite class diagrams that look quite different, but it can be proved that
they describe the same set of instance diagrams, so they are equivalent by our
definition.

1 0" 1114 04 0. 1 0.7 1 1.1 1 0.1
A B B A B B
0.1 1 1 0.1
s Q s Q
0 1.1 1 1.1
1 R 1 0.1 0." R 0.1 1
D (¢} D C
(a) (b)
1 L 1 1
A P B
1 1
s Q
1 1
1 R 1 1
D (¢}

(c)

Fig. 3. Equivalent composites
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The diagram (c) in Figure[3has the strongest multiplicities and (incidentally)
it is the most precise of all possible composite class diagrams that describe the
same set of instance diagrams. We will introduce a special term — a canonical
composite class diagram — to denote diagrams with this property.

The main result of this paper is the following Theorem.

Theorem 1. The equivalence problem of CCDs is algorithmically decidable.

4 Reduction Rules

The algorithm for solving the equivalence problem of CCDs is based on the
reduction of inconsistent multiplicities within those CCDs. Before we present
the reduction rules, we will introduce notation for working with multiplicities of
classes and associations.

Consider the following fragment of a CCD - two classes A and B, connected
with an association R (Figure HI).

Fig. 4. A fragment of a composite class diagram

The fact, that the association R connects the classes A and B, we will denote
as < A— R — B >. Multiplicities of the classes and the association ends we will
denote as card(A), card(B), card(R.A) and card(R.B), respectively.

Now we will introduce the multiplicity reduction rules for elimination of mul-
tiplicity inconsistencies in CCDs. There are 6 multiplicity reduction rules.

Rule 1. If a CCD contains a cycle of associations (Figure[d) < A; — Ry — Ay —
Ry —...— A, >, where Ay = A, and for every i = 1l.n — 1 : card(R;.4;) =
0..1orl..1 and card(R;.A;+1) = 1..1orl..x, then for every i = 1.n — 1 we
replace the multiplicities of R;.A4; and R;.A;+1 with 1..1.

Rule 2. If a CCD contains a fragment < A — R — B >, where
card(A) = 0..1orl..1 and card(R.A) = 1..1 and card(R.B) = 0..1orl..1 and
card(B) = a.. * (a = Oorl), then we replace the multiplicity of the class B
with a..1 (further in the text we will use the assignment symbol 7:=" for
denotation of a replacement — in this case it would be card(B) := a..1).

Rule 3. If a CCD contains a fragment < A — R — B >, where
card(A) = 1..1orl..x and card(R.B) = 1..1orl..x and card(B) = 0..a(a =
lorx), then card(B) := 1..a.

Rule 4. If a CCD contains a fragment < A — R — B >, where
card(B) = 0..1orl..1 and card(R.B) = a.. * (a = 0..1), then card(R.B) :=
a..l.
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— A1 R‘ A2 |
Hn-1 HZ
An-1 A3
L L

Fig.5. A cycle of associations

Rule 5. If a CCD contains a fragment < A — R — B >, where
card(A) =1..1 and card(R.A) = 1..1 and card(B) = 1..1orl..x and
card(R.B) = 0..a(a = lorx), then card(R.B) = 1..a.

Rule 6. If a CCD contains a fragment < A— R— B > and a chain of associations
<Cy—Ry —Cy—Ry—..—C, > (Figurell), where C; = A and C,, = B
and card(A) =0..1 and card(R.A) = 1..1 and
for every i = 1.n — 1 : card(R;.C;y1) = 1..1orl..x and
card(R.B) = 0..a(a = lorx),
then card(R.B) := 1..a.

1.1ort1.”

2 n-1

1.1or1.”

Fig. 6. Conditions for the reduction rule 6

It is easy to prove the following Lemma.

Lemma 1. The multiplicity reduction rules retain the equivalence of CCDs.
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Definition 6. A CCD is canonical if it is not possible to apply any of the mul-
tiplicity reduction rules to it.

Definition 7. The canonical form of a CCD X is a canonical CCD, that is
obtained from X wusing the multiplicity reduction rules.

From Lemma, [Tl follows that two CCDs are equivalent iff their canonial forms
are equivalent. So Theorem [l will be proved if we will prove Theorem

Theorem 2. Two canonical CCDs are equivalent iff they are identical.

The proof will be presented in the last section. In the following sections we
will introduce some Lemmas needed for the proof.

5 Properties of CCDs

In this section some easily provable properties of CCDs are formulated.

Lemma 2. For every CCD X there exists an instance containing exactly one
object from every class and one link from every association of X.

Lemma 3. If a CCD X contains a fragment < A — R — B >, where
card(R.A) = card(R.B) = 1..1, then every instance of X contains an equal
number of objects of classes A and B.

Lemma 4. If a CCD X contains a fragment < A — R — B >, where
card(R.A) = 0..1orl..1 and card(R.B) = 1..1orl..x, then for every instance d of
X holds the inequality a < b, where a — the number of objects of the class A in
d, and b — the number of objects of the class B in d.

Lemma 5. If a CCD X contains a fragment < A — R — B >, where
card(R.A) = 0.. x orl..x or card(R.B) = 0..10r0..x, then for every two integers
a and b that satisfy the inequality a > b > 1, there exists an instance of X, in
which the number of objects of class A equals a and the number of objects of
class B equals b.

Lemma 6. Let CCD X contain a fragment < A— R— B >. Let d be an instance
of X. Let d’ be another instance diagram, obtained from d by changing only the
links of the association R. If the resulting configuration of R links in d' satisfies
the multiplicity constraints of the association R, then d' is an instance of X.
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6 Properties of Canonical CCDs

In this section some properties of canonical CCDs are formulated.

Lemma 7. For every canonical CCD there exists an instance containing exactly
1 object from every class with multiplicity 1..1 or 1..* and no objects from classes
with multiplicity 0..1 or 0..%.

Lemma 8. For every canonical CCD there exists an instance containing exactly
1 object from every class with multiplicity 0..1 or 1..1 and 2 objects from every
class with multiplicity 1..* or 0..*.

Lemma 9. If a canonical CCD X contains a fragment < A — R — B >, where
card(A) = 0..1 and card(R.A) = 1..1 and card(R.B) = 0..10or0..x, then there
exists an instance of X, containing exactly 1 object of the class A and no objects
of the class B.

Lemma 10. If a canonical CCD X contains a fragment < A— R— B >, where
card(R.B) = 0..  orl..x, then card(B) = 0.. * orl..x.

Lemma 11. If a canonical CCD X contains a fragment < A— R— B >, where
card(A) =1..1 and card(R.A) = 1..1 and card(R.B) = 0..10r0..%, then
card(B) = 0..10r0..x.

Lemma 12. If a canonical CCD X contains a fragment < A— R— B >, where
card(R.A) = 0..1orl..1 and card(R.B) = 1..1orl..x and card(B) = 1.. * or0..x,
then there exists an instance of X, containing exactly 1 object of the class A and
2 objects of the class B.

Proof of these Lemmas is based on Lemmas [3, [4 and [5.

7 Proof of Theorem

It is obvious that two identical CCDs are equivalent. So, we need to prove that
two canonical CCDs that are not identical are not equivalent - i.e., there exists
an instance diagram that satisfies one of the CCDs but not the other one.

If two CCDs are not identical, then there can be 3 cases: one CCD contains
a class or an association that is not present in the other CCD, multiplicities of
some class differ, or multiplicities of some association end differ. Let’s examine
each of these cases.

Case 1. One CCD X contains a class or an association A that is not present in
the other CCD Y.

From Lemma [Z] there exists an instance d of X that contains one object or
link of A. Obviously this instance d doesn’t satisfy the CCD Y. So X and Y are
not equivalent.
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Case 2. Multiplicities of some class A differ. There are two subcases:

1. In one CCD (X) card(A) = 0..10r0..%, but in the other CCD (Y') card(A) =
1..1orl..x. Then from Lemma [ follows that there exists an instance d of
CCD X that contains no objects of A. This instance d doesn’t satisfy the
CCD Y. So X and Y are not equivalent.

2. In one CCD (X) card(A) = 0..xorl..x, but in the other CCD (Y') card(A) =
0..1or1..1. Then from Lemma R follows that there exists an instance d of CCD
X that contains 2 objects of A. This instance d doesn’t satisfy the CCD Y.
So X and Y are not equivalent.

So, if multiplicities of some class A differ, then CCDs are not equivalent.

Case 3. Multiplicities of some association end differ.

First we define an enumeration N for the four used multiplicities as follows:
1: 0%, 2: 0.1, 3: 1..%, 4: 1..1.

Consider two canonical CCDs X and Y that both contain a fragment <
A—R—B >, and in the enumeration N card(R.B) in X comes before card(R.B)
in Y. To prove that these CCDs are not equivalent, we will find an instance of
X that doesn’t satisfy card(R.B) in Y. A set of instances of X that contains
such an instance we will call a set of representative instances for the association
end R.B. We will prove that such a set exists for all possible multiplicities of A,
R.A, R.B and B.

To help to find sets of representative instances we define a set of representa-
tive fragments of instance diagrams for every multiplicity of R.B (according to
the enumeration N) containing one or two instance diagram fragments. Figure [7]
shows all the eight sets of representative fragments. For each of the multiplicities
of R.B there are two or three subcases, depending on the multiplicities of A and
R.A. For example, let R.B have the multiplicity 1: 0..x. If card(A4) = 0.. % orl..x
then the corresponding set of representative fragments is 1.a, consisting of just
one fragment 1.a.1. But if card(A) = 0..1orl..1 and card(R.A) = 0..1 then the
corresponding set of representative fragments is 1.b, consisting of two fragments
—1.b.1 and 1.b.2.

It is easy to see that, if in the enumeration N multiplicity a comes before
multiplicity b, then its set of representative fragments contains a fragment, that
doesn’t satisfy b. For example, the fragment 1.b.1 doesn’t satisfy multiplicity 2:
0..1, the fragment 1.b.2 doesn’t satisfy multiplicity 3: 1..x, and both of them
don’t satisfy multiplicity 4: 1..1.

Definition 8. The set of representative instances of CCD X for a given associ-
ation end R.B is a set of instances of X, where for every representative fragment
of card(R.B) there is one instance that contains it.

For each of the ten representative fragments (Figure [7) we will prove that
there exists an instance of the canonical CCD X that contains exactly the num-
ber of objects of the two involved classes that we need for the fragment. Then



e
1.b)

1.b.2

0.1, 1.1 |4 4

1.c.2

2.2) RN
o) - . R
20) 0TI e

3.b)

Fig. 7. Representative fragments for multiplicities of an association end




Equivalence Problem of Composite Class Diagrams 273

according to Lemma [l we can reorganize links to get the instance containing the
fragment.

Fragment 1.a.1. According to Lemma [0 card(B) = 0..xorl..x. Then accord-
ing to Lemma Bl there is an instance containing 2 objects from the class A and
2 objects from the class B.

Fragment 1.b.1. According to Lemma [0 card(B) = 0..*orl..x. Then accord-
ing to Lemma [§] there is an instance containing 1 object from the class A and 2
objects from the class B.

Fragment 1.0.2. According to Lemma[lthere is an instance containing exactly
1 object from every class.

Fragment 1.c.1. According to Lemma [0 card(B) = 0..xorl..x. Then accord-
ing to Lemma [§] there is an instance containing 1 object from the class A and 2
objects from the class B.

Fragment 1.c.2. If card(A) = 1..1, then according to Lemma [Tl card(B) =
0..10r0..x. Then according to Lemma[7 there is an instance containing 1 object
from the class A and no objects of the class B.

If card(A) = 0..1, then according to Lemma Bl there is an instance containing
1 object from the class A and no objects of the class B.

Fragment 2.a.1. According to Lemmal[2 there is an instance containing exactly
1 object from every class.

Fragment 2.b.1. According to Lemma there is an instance containing 2
objects from the class A and 1 object from the class B.

Fragment 2.c.1. If card(A) = 1..1, then according to Lemma [l card(B) =
0..10r0..%. Then according to Lemma [7 there is an instance containing 1 object
from the class A and no objects of the class B.

If card(A) = 0..1, then according to Lemma [l there is an instance containing
1 object from the class A and no objects of the class B.

Fragment 3.a.1. According to Lemma [0 card(B) = 0..xorl..x. Then accord-
ing to Lemma [[2] there is an instance containing 1 object from the class A and
2 objects from the class B.

Fragment 3.b.1. According to Lemma [0l card(A) = 0..xorl..x and card(B) =
0..xorl..x. Then according to Lemma[§ there is an instance containing 2 objects
from the class A and 2 objects from the class B.

So, if multiplicities of some association end R.B differ, then CCDs are not
equivalent.

This concludes the proof of Theorem [

8 Conclusion

In the paper a reduction algorithm is presented that for a given composite class
diagram produces the corresponding canonical composite class diagram. It uses
a set of rules to eliminate the multiplicity inconsistencies in the diagram.

We prove that two composite class diagrams are equivalent if and only if they
can be reduced to the same canonical composite class diagram.
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These presented algorithms can be used in CASE diagramming tools to detect
multiplicity inconsistencies in class diagrams.

Besides that we are planning to use these results in solving the ”intuitive”
equivalence problem for class diagrams. One way of defining the ”intuitive”
equivalence of class diagrams is via composite classes: two class diagrams we
call ”intuitively” equivalent, if, by replacing some classes with composite classes,
they can be transformed into class diagrams that are strictly equivalent.
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Abstract. We prove that both minimum and maximum traveling sales-
man problems on complete graphs with edge-distances 1 and 2 are ap-
proximable within 3/4. Based upon this result, we improve the stan-
dard approximation ratio known for maximum traveling salesman with
distances 1 and 2 from 3/4 to 7/8. Finally, we prove that, for any
e > 0, it is NP-hard to approximate both problems within better than
5379/5380 + €.

1 Introduction

Given a complete graph on n vertices, denoted by K,,, with edge distances ei-
ther 1 or 2 the minimum traveling salesman problem (min_TSP12) consists in
minimizing the cost of a Hamiltonian cycle, the cost of such a cycle being the
sum of the distances on its edges (in other words, in finding a Hamiltonian cycle
containing a maximum number of 1-edges). The maximum traveling salesman
problem (max_TSP) consists in maximizing the cost of a Hamiltonian cycle (in
other words, in finding a Hamiltonian cycle containing a maximum number of
2-edges). A generalization of TSP12, denoted by TSPab, is the one where the
edge-distances are either a, or b, a < b. Both min_ and max_TSP12, and TSPab
are NP-hard.

Given an instance I of an NP optimization (NPO) problem IT and a polyno-
mial time approximation algorithm A feasibly solving I7, we will denote by w(I),
M (I) and B(I) the values of the worst solution of I, of the approximated one
(provided by A when running on I), and the optimal one for I, respectively.
Commonly ([9]), the quality of an approximation algorithm for an NP-hard
minimization (resp., maximization) problem IT is expressed by the ratio (called
standard in what follows) py(I) = A(I)/B(I), and the quantity py = inf{r :
pa(I) < r, I instance of IT} (resp., pa = sup{r : pa(I) > 7,1 instance of IT})
constitutes the approximation ratio of A for IT. Another approximation-quality
criterion used by many well-known researchers ([2JIJ3J4/I415]) is what in [7

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 275-[286] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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6] we call differential-approximation ratio. It measures how the value of an ap-
proximate solution is placed in the interval between w(I) and 3(I). More for-
mally, the differential-approximation ratio of an algorithm A is defined as 6,(I) =
lw(I)=AI)|/|w(I)—B(I)|. The quantity oy = sup{r : 05(I) > r, I instance of IT}
is the differential approximation ratio of A for II. Another type of ratio, very
close to the differential one, has been defined and used in [5]. There, instead
of w(I), the authors used a value zg, called reference-value, smaller than w(T).
The ratio introduced in [B] is defined as dy(I) = |6(I) — \(I)|/|B(I) — zg|. The
quantity |8(I) — M\ (I)] is called deviation of A, while |3(I) — zr| is called abso-
lute deviation. For reasons of economy, we will call dy(I) deviation ratio. For a
given problem, setting zg = w(I), dy(I) = 1 — §4(I) and both ratios have, as it
has already mentioned above, a natural interpretation as the estimation of the
relative position of the approximate value in the interval worst solution-value —
optimal value. In [2], the term “trivial solution” is used to denote the solution
realizing the worst among the feasible solution-values of an instance. Moreover,
all the examples in [2] carry over NP-hard problems for which worst solution can
be trivially computed. This is for example the case of maximum independent set
where, given a graph, the worst solution is the empty set, or of minimum vertex
cover, where the worst solution is the vertex-set of the input-graph, or even of the
minimum graph-coloring where one can trivially color the vertices of the input-
graph using a distinct color per vertex. On the contrary, for TSP things are very
different. Let us take for example min_TSP. Here, given a graph K, the worst
solution for K, is a maximum total-distance Hamiltonian cycle, i.e., the optimal
solution of max_TSP in K,,. The computation of such a solution is very far from
being trivial since max_TSP is NP-hard. Obviously, the same holds when one
considers max_TSP and tries to compute a worst solution for its instance, as
well as for optimum satisfiability, for minimum maximal independent set and
for many other well-known NP-hard problems. In order to remove ambiguities
about the concept of the worst-value solution of an instance I of an NPO prob-
lem II, we will defined it as the optimal solution opt(II’) of an NP O problem IT’
having the same set of instances and feasibility constraints as I verifying

, max opt(/]) = min
opt(IT') = {min optgﬂg = max
In general, no apparent links exist between standard and differential approx-
imations in the case of minimization problems, in the sense that there is no
evident transfer of a positive, or negative, result from the one framework to the
other. Hence a “good” differential-approximation result signifies nothing for the
behavior of the approximation algorithm studied when dealing with the stan-
dard framework and vice-versa. When dealing with maximization problems, we
show in [TT] that the approximation of a maximization NPO problem IT within
differential-approximation ratio ¢, implies its approximation within standard-
approximation ratio 4.
The best known standard-approximation ratio known for min_TSP12 is 7/6
(presented in [12]), while the best known standard inapproximability bound is
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5381/5380 — ¢, for any € > 0 ([8]). On the other hand,the best known standard-
ratio max_TSP is 3/4 ([13]). To our knowledge, no better result is known in
standard approximation for max_TSP12. Furthermore, no special study of TSPab
has been performed until now (a trivial standard-approximation ratio or b/a
of a/b is in any case very easily deduced for min_ or max_TSPab).

Here we show that min_ and max_TSP12 and min_ and max_TSPab are
all equi-approximable within 3/4 for the differential approximation. We also
prove that all these problems are inapproximable within better (more than)
3475/3476 + ¢, for any € > 0. Finally, we improve the standard-approximation
ratio of max_TSP12 from 3/4 ([13]) to 7/8.

In what follows, we will denote by V' = {vy,...,v,} the vertex-set of K,
by E its edge-set and, for v;v; € E, we denote by d(v;,v;) the distance of the
edge v;v; € I; we consider that the distance-vector is symmetric and integer.
Given a feasible TSP-solution T'(K,,) of K,, (both min_ and max_TSP have the
same set of feasible solutions), we denote by d(T'(K,,)) its (objective) value. Given
a graph G, we denote by V(G) its vertex-set. Finally, given any set C of edges,
we denote by d(C') the total distance of C, i.e., the quantity }_, , cc d(i, j)-

2 Differential-Approximation Preserving Reductions
for TSP12

Theorem 1. min_TSP12, max_TSP12, min_.TSPab and maz_TSPab are all
equi-approximable for the differential approzimation.

Proof (sketch). In order to prove the theorem we will prove the following stronger
quoted proposition.

Consider any instance I = (K,,,d) (where d denotes the edge-distance
vector of K, ). Then, any legal transformation d — ~.d+n.1 of d (vy,n €
Q) produces differentially equi-approzimable TSP-problems.

Suppose that TSP can be approximately solved within differential-approxima-
tion ratio § and remark that both the initial and the transformed instance
have the same set of feasible solutions. By the transformation considered, the
value d(T(K,,)) of any tour T(K,,) is affinely transformed into vd(T(K,)) + nn.
Since differential-approximation ratio is stable under affine transformation, the
equi-approximability of the original and of the transformed problem is immedi-
ately deduced, concluding so the proof of the quoted proposition.

In order to prove that min_ TSP12 and max_TSP12 are equi-approximable it
suffices to apply the proposition above with v = —1 and n = 3. On the other
hand, in order to prove that min_ or max_TSP12 reduces to min_ or max_TSPab,
we apply the quoted proposition with v = 1/(b — a) and n = (b — 2a)/(b — a),
while for the converse reduction we apply the quoted proposition with v =b—a
and n = 2a — b. Since the reductions presented are transitive and composable,
the equi-approximability of the pairs (min_TSP12, max_TSP12) and (TSP12,
TSPab) proves the theorem.
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3 Approximating Min_TSP12

Let us first recall that, given a graph G, a 2-matching is a set M of edges
of G such that if V(M) is the set of the endpoints of M, the vertices of the
graph (V (M), M) have degree at most 2; in other words, the graph (V (M), M)
is a collection of cycles and simple paths. A 2-matching is optimal if it is the
largest over all the 2-matchings of G. It is called perfect if any vertex of the
graph (V (M), M) has degree equal to 2, i.e., if it constitutes a partition of V(M)
into cycles. Remark that determining a maximum 2-matching in a graph G is
equivalent to determining a minimum total-distance vertex-partition into cycles
into G U G (the complement of G), where the edges of G are considered of
distance 1 and the ones of G of distance 2.

As it is shown in [10], an optimal triangle-free 2-matching can be computed
in polynomial time. As it is mentioned just above, this becomes to compute
a triangle-free minimum-distance collection of cycles in a complete graph K,
with edge-distances 1 and 2. Let us denote by M such a collection. Starting
from M, we will progressively patch its cycles in order to finally obtain a unique
Hamiltonian cycle in K.

In what follows, for reasons of paper length’s constraints, lemmata [ and Bl
are presented without their proofs which can be found in [IT].

3.1 Preprocessing M
Definition 1. Let Cy and Cy be two vertex-disjoint cycles. Then:

— a 2-exchange is any exchange of two edges viu; € Cy, vous € Cy by the
edges v1vo and uiUs;

— a 2-patching of Cy and Cy is any cycle C resulting from a 2-exchange on Cy
and Cq, i.e., C = (C1 UCy) \ {viug,vaus} U {vive, urus}, for any pair
(Ulul,’UQUQ) € C1 x Cs.

A matching minimal with respect to the 2-exchange operation will be called
2-minimal.

Definition 2. A 2-matching M = (Cy,Ca, ..., C\yy)) is 2-minimal if it verifies,
V(CZ,CJ) e M x M, C; 75 Cj, Yoiuy € Ci, Yvoug € Cj, d(Ul,UQ) + d(uhuQ) >
d(urv1) + d(ugvs).

In other words, a 2-matching M is 2-minimal if any 2-patching of its cycles
produces a 2-matching of total distance strictly greater than the one of M.
Obviously, starting from a 2-matching M transformation of M into a 2-minimal
one can be performed in polynomial time. Moreover, suppose that there exist two
distinct cycles C and C” of M, both containing 2-edges and denote by uv € C and
uw'v" € C’ two such edges. Then, d(uu’) + d(vv’) > 4, while d(uv) + d(u'v') = 4,
a contradiction. So, the following proposition holds.

Proposition 1. In any 2-minimal 2-matching, at most one of its cycles contains
2-edges.
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Remark 1. If the size of a 2-minimal triangle-free 2-matching M is 1, then, since
a Hamiltonian tour is a particular case of triangle-free 2-matching, M is an
optimal min_TSP12-solution. Hence, in what follows we will suppose 2-matchings
of size at least 2.

Assume now a 2-minimal triangle-free 2-matching M = (C4, ..., Cp, Cy), verify-
ing remark [Il where by Cj is denoted the unique cycle of M’ (if any) containing
2-edges. Construct a graph H = V, Ef) where Vg = {w1,...,w,} and contains
a vertex per cycle of M’ and, for i # j, w,w; € Eg iff 3(u,v) € C; x C; such
that d(u,v) = 1. Consider a maximum matching My, | M| = ¢, of H. With any
edge w;swjs= of My we associate the pair (Cjs,Cjs) of the corresponding cycles
of M. So, M can be described (up to renaming its cycles) as

r=p—2q

M = U{Ol,CQ} U {CHUJ{Co} (3.1)

where for s =1,...,¢q, 3e* € V(C5) x V(C35) such that d(e®) =

Consider M as expressed in expression (B.l), denote by Vi the set of the
four vertices of C§ and C¥ adjacent to the endpoints of e°, and construct the
bipartite graph B = (V3 U V3, Eg) where Vi = {wy,...,w,} (i.e., we associate
a vertex with a cycle Cy, t = 1,...,7), V2 = {w!l,...,w} (i.e., we associate
a vertex with a pair (C7,C5), s = 1,...q) and, Y(¢,s), wyw® € Ep iff Ju € C4,
Jv € V5 such that d(u,v) = 1. Compute a maximum matching Mp, |Mp| = ¢
in B. With any edge w,w® € Mp we associate the triple (Cf, C5, C}). So, M can
be described (up to renaming its cycles) as

r'=r—q

M = U{ONCQ,O?,} U {cs,C5} U {CHJ{Co} (3.2)

s=q’'+1

where for s =1,...,¢, 3f° € Vs x V(C%) such that d(f*) = 1. In what follows
we will reason with respect to M as it has been expressed in expression ([B2).

3.2 Computation and Evaluation of the Approximate Solution and
a Lower Bound for the Optimal Tour

In the sequel, call s.d.e.p. a set of vertex-disjoint elementary paths, denote by
PREPROCESS the algorithm of the achievement of M (expression (3.2])) following
from the discussion of section B.1] and consider the following algorithm.

BEGIN (*TSP12x%)
compute a 2-minimal triangle-free 2-matching M in K;;
M <— PREPROCESS(M);
D+ (;
(1) FORs<+ 1 TO q DO
let g} be the edge of C} adjacent to both e°® and £f%;
choose in C§ an edge g5 adjacent to e®;
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choose in C§ an edge g5 adjacent to £°;
D+ DUCTUCZUCS\ {gi, g3, 85} U{e® £°};
0D
(2) FORs<«+q +1 TO q DO
choose in C an edge gf adjacent to e®;
choose in Cj an edge g5 adjacent to e®;
D« DUCTUCS\ {gf, g3} U{e®};
0D
(3) FORt<« 1 TO r' DO
choose any edge g¢ in Ci;
D+ DUC \ {g};
0D
(4) IF there exists in Cp an l-edge e
THEN choose an edge gy of Cp; adjacent to e;
ELSE choose any edge go of Cop;
D(—DUC()\{go};
FI
(8) complete D in order to obtain a Hamiltonian tour T(K,);
OUTPUT T(Ky);
END (*TSP12x)

Both achievement of a 2-minimal triangle free 2-matching and the PREPROCESS
of it, can be performed in polynomial time. Moreover, steps (1) to (4) are also
executed in polynomial time. Finally, step 5) can be performed by arbitrarily
ordering (mod|D|) the chains of the s.d.e.p. D and then, for i = 1,...,|D|,
adding in D the edge linking the “last” vertex of chain i to the “first” vertex of
chain ¢ 4+ 1. Consequently, the whole algorithm TSP12 is polynomial.

Lemma 1. d(T(K,)) < dM)+q+ .

Proof. During steps (1) to (4) of algorithm TSP12, set D remains a s.d.e.p.
At the end of step (4), D contains M minus the 3¢’ + 2(q — ¢') + 1" = ¢ +
2q 4+ r’ l-edges of the set UZ,:I{gf,gg,g?f} Ui_, 1 {9i 93} U, {g:} minus (if
Co # () one 2-edge of Cy plus the 2¢' + (¢ — ¢') = ¢’ + g 1-edges of the set
cupz;l{ei,f;}cupzzq,+1{es}. So D is a s.d.e.p. of size n — (g + ') — Leyzp
and of total distance d(M) — (¢ + ') — 2.1¢,»p. Completion of D in order to
obtain a tour in K, can be done by adding ¢ + " + 1¢,-p new edges. Each
of these new edges can be, at worst, of distance 2. We so have d(T(K,)) <
d(M) = (q+7r"+21¢y20) +2(q¢ + 1"+ L1oyzp) = d(M) + q =1/, qe.d.

On the other hand, the optimal tour being a particular triangle-free 2-matching,
the following lemma holds immediately.

Lemma 2. 3(K,) > d(M).

3.3 Evaluation of the Worst-Value Solution

In what follows in this section we will bring to the fore a s.d.e.p., all of its
edges being of distance 2 (called 2-s.d.e.p.). Given such a s.d.e.p. W, one can
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proceed as in step (5) of algorithm TSP12 (section B.2)), in order to construct a
Hamiltonian tour T, whose total distance is a lower bound for w(K,).

Denote by E2 the set of 2-edges of cycle Cy. If ¢ = 0, i.e., Mg = ), and if
Cy = E2, then the tour computed by TSP12 is optimal.

Lemma 3. ((¢ =0) A (Cy = E2)) = drsp12(K,) = 1.

Proof. Let k = |V(Co)| = d(M) —n and set V(Cy) = {a1,...,ar}. By the
fact that M is 2-minimal, all the edges of K, incident to these vertices have dis-
tance 2. On the other hand, between two distinct cycles in the set {C1, ..., Cp=p}
of M, there exist only edges of distance 2. Consider the family

F={{a},.. .. {ax},V(C1),...V(Cp)}.

By the remarks just above, any edge linking vertices of two distinct sets of F
is a 2-edge. Any feasible tour of K, (a posteriori an optimal one) integrates
the k + p sets of F by using at least k + p 2-edges pairwise linking these sets.
Hence, any tour uses at least k + p 2-edges, so does tour T'(K,,) computed by
algorithm TSP12, q.e.d.

So, we suppose in the sequel that ¢ = 0 = Cy # Cs. We will now prove the
existence of a 2-s.d.e.p. W of size d(M) + 4(q+ ') —n, where M is as expressed

by expression (3.2]).

Proposition 2. Between two cycles C, and Cy of M of size at least k, there
always exists a path, alternating vertices of C, and Cy, containing at least k
2-edges.

Proof. Let {a1,...,ag+1} and {b1,...,br11} be k + 1 successive vertices of two
distinct cycles C, and CY of size at least k (eventually a; = a1 if |V (Co)| =k
and by = by if |V(Cyp)| = k). We will show that there exists a path, alternating
vertices of C, and Cj, of size 2k — 1 and of distance at least 3k — 1. Consider
paths C = Ule{aibi} Ui—cz_ll {ai+1bi} and D = Uf;l{albz} Ui—cz_ll {aibi“}. By the
2-minimality of M we get: Vi =1,...,k

max {d (ai, bl) s d(ai+17 b7;+1)} =2= d(ai, bz) + d(ai“,bi“) > 3
andVi=1,....,k—1
max {d (ai, bi+1) s d (ai+1, bz)} =2= d(ai, b7;+1) + d(ai+1, bz) Z 3

Summing the terms of the expression above member-by-member, one obtains:

k k—1
D (d(ai bi) + d(aip1,big1)) + Y (d (@i, bi) + d(ai,biga)) > 6k — 3
=1 =1
6k — 3
e d(C)+d(D) > 6k —3 = max{d(C),d(D)} > [ . W — 31,
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1-edge

2-edge

Fig. 1. An example of claim [II

Application of proposition [ in any pair (C§,C5) of M results to the following.

Claim 1. Vs =1,...,q, there exists a 2-s.d.e.p. W* of size 4, alternating vertices
of cycles C7 and C5, containing a vertex of Vi whose degree with respect to W*
15 1.

In figure [[l we show an application of claim [ We assume e® = agbs; then
{a1,b1} C V. The 2-s.d.e.p. W* claimed is {bjas, (agbs, asbs),asbs} and the
degree of b; with respect to W* is 1.

Consider now the s.d.e.p. W = WSUW'], where W# as in claim [[land W'} is
any path of size 4 alternating vertices of C§ and of Cy, s = 1,...,¢, t =1,...,7".
By the optimality of My, any edge linking vertices of C3 to vertices of C} is a

2-edge. Consequently, W/ is a 2-s.d.e.p. and the following claim holds.

Claim 2. Vs = 1,...,q¢', Vt = 1,...,¢', there exists a 2-s.d.e.p. W of size 8,
alternating vertices of the cycles C{ and C3, and of the cycles C3 and Cy.

Fors=¢ +1,...,q,t=1,...7', consider the triple (Cj, C5,C}). Let e® = efes,
Vs = {uf,vj,u3,v5} and consider any four vertices aq, by, ¢; and d; of Cy. By
the optimality of Mp, any vertex of C} is linked to any vertex of V*® exclusively
by 2-edges. Moreover, the 2-minimality of M implies that at least one of ufe;
and efuj is of distance 2. If we suppose d(uf,e5) = 2 (figure ), then the path
{e5,u3, at,vi, b, us, ct,v5,d; } is a 2-s.e.d.p. In all, the following claim holds.

Claim 3. Vs =¢'+1,...,q,Vt =1,...,7, there exists a 2-s.d.e.p. W? of size 8,
alternating vertices of the cycles C7, C5 and Cy.

Let v’ > 2 and consider the (residual) cycles Cy, t = 1,...,7'. All edges between
these cycles are of distance 2. If we denote by ay, by, ¢; and d; four vertices of Cy,
the path

{ag,. oy ap, . yamy by, by by Cly ey Gy dyy ey dyy e dpr )

is a 2-s.d.e.p. of size 47" — 1 and the following claim holds.
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2-s.d.e.p.

Fig. 2. The 2-s.d.e.p. W¢ of claim Bl

Claim 4. If v’ > 2, then there exists a 2-s.d.e.p. wr' of size 4v' — 1 alternating

vertices of cycles Cy, t =1,...,7".

Lemma 4. ((q > 1) \Y ((OO 7& CQ) N (7" 75 1))) = 6TSP12(Kn) > 3/4

Lemma Hlis proved in [I1]. There, we use claims [l 2, BlandE in order to bring to
the fore a 2-s.d.e.p. W of total distance 4(¢+7") — 14=0 +d(M) —n+1c,2E2 =
d(M) —n+ 4(qg + '), the completion of which produces a Hamiltonian tour of
distance d(M) +' (¢ + ') at least.

Lemma 5. ((q = 0) A (T = 1) A (Co 7& 02)) = 6TSP12(K’I’L) > 3/4

In all, combining lemmata [l [2, Bl and B, the following theorem can be immedi-
ately proved.

Theorem 2. min_TSP12 is approximable within differential-approzimation ra-
tio 3/4.
Theorems [l and [Z induce the following corollary.

Corollary 1. min_ and max_TSP12 as well as min_- and max_TSPab are ap-
prozimable within differential-approximation ratio 3/4.

Consider two cliques and number their vertices by {1,...,4} and by {5,6,...,n+
8}, respectively. Edges of both cliques have all distance 1. Cross-edges ij,i = 1, 3,
j=5,...,n+8, are all of distance 2, while every other cross-edge is of distance 1.
Unraveling of TSP12 will produce: T = {1,2,3,4,5,6,...,n+7,n+ 8,1} (cycle-
patching on edges (1,4) and (5,n 4+ 8)), while T, = {1,5,2,6,3,7,4,8,9...,n+
7,n+ 8,1} (using 2-edges (1,5), (6,3), (3,7) and (n+8,1)) and T* = {1,2,n +
8,n+7,...,54,3,1} (using l-edges (4,5) and (2,n+38)). In figured, T* and T,
are shown for n =2 (T = {1,...,10,1}). Consequently, drsp1a(Kp+s) = 3/4 and
the following proposition holds.
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Fig. 3. Tightness of the TSP12 approximation ratio.

Proposition 3. Ratio 3// is tight for TSP12

Let us note that the differential approximation ratio of the 7/6-algorithm of [12],
when running on K, s, is also 3/4. The authors of [IZ] bring also to the fore a
family of worst-case instances for their algorithm: one has k cycles of length four
arranged around a cycle of length 2k. We have performed a limited comparative
study between their algorithm and ours one, for &k = 3,4,5,6 (on 24 graphs). The
average differential and standard approximation ratios for the two algorithms
are presented in table [Il Using corollary [[] and the facts that w(K,) < bn and
B(K) = an, the following holds.

Table 1. A limited comparison between TSP12 and the algorithm of [12] on some
worst-case instances of the latter.

H k TSP12 The algorithm of [12]

=]

5|3 0.931100364 0.846702091
2 |4 0.9000002  0.833333
215 0.920289696 0.833333
& || 6 09222222 0.833333
=

o

% |3 0.923350955 0.87013
= |4 0.9094018  0.857143
< || 5 0.92646313  0.857143
26 0928178 0.857143

Proposition 4. min_TSPab is approzimable within p < (1 + (b — a/4a) in the
standard framework. This ratio tends to oo when b = o(a).
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Revisit min TSP12. Using n < G(K,) < w(K,) < 2n, one can see that ap-
proximation of min TSP12 within § = 1 — € implies its approximation within
p=2—(1—€) =1+¢ 0< €< 1. Using the result of [8] and theorem [ one
gets the following differential-inapproximability result.

Theorem 3. min_ and mazxr_TSPab and min_. and maz_TSP12 are inapprox-
imable within differential-ratio greater than, or equal to, 5379/5380 + €, Ve > 0,
unless P=NP.

4 An Improvement of the Standard Ratio for the
Maximum Traveling Salesman with Distances 1 and 2

Combining expressions dmax_Tsp12 = 3/4, Wmax(Ky) = an and Bnax(K,) < bn,
one deduces pmax_Tsp12 = (3/4) + (a/4b). Setting a = 1 and b = 2, the following
theorem immediately holds.

Theorem 4. maz_TSP12 is polynomially approximable within standard-appro-
zimation ratio bounded below by 7/8.

The algorithm of [T2] in K,, solves max_TSP on K, within standard-approxi-
mation ratio bounded below by 2/3.

Note that standard-approximation ratio 7/8 can be obtained by the following
direct method.

BEGIN /max_TSP12/
find a triangle-free 2-matching M= {C;,Cy,...};
FOR all C; DO delete a minimum-distance edge from C; 0D
let Mp the collection of the paths obtained;
properly link the paths of Mr to get a Hamiltonian cycle T;
OUTPUT T;

END. /max_TSP12/

Let p be the number of cycles of M where 2-edges have been removed dur-
ing the FOR-loop of algorithm max_TSP12. Then, Apax tsp12(Ky) = d(M) — p,
B(K,) < d(M) and, since M is triangle-free, d(M) > 8p. Consequently,
)\max,TSP12(Kn)/ﬁmax(Kn) 2 7/8
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Abstract. The intention of the paper is first to show the applicability
of the general categorical framework of open maps to the setting of true
concurrent models with dense time. In particular, we define a category
of timed event structures and an accompanying path (sub)category of
timed words. Then we use the framework of open maps to obtain an ab-
stract notion of bisimulation which is established to be equivalent to the
standard notion of timed bisimulation. Using the fact, we finally show
decidability of timed bisimulation in the setting of finite timed structures.

Keywords: category theory, timed event structures, timed bisimulation

1 Introduction

As a response to the numerous models for concurrency proposed in the literature
Winskel and Nielsen have used category theory as an attempt to understand the
relationship between models like event structures, Petri nets, trace languages
and asynchronous transition systems [22]. Further, to provide a convincing way
to adjoining abstract equivalences to a category of models, Joyal, Nielsen, and
Winskel proposed the notion of span of open maps [I0] that is an abstract
generalization of Park and Milner’s bisimulation. Furthermore, in [18] open maps
have been used to define different notions of bisimulation for a range of models,
but none of these have modelled real-time.

Recently, the demand for correctness analysis of real time systems, i.e. sys-
tems whose descriptions involve a quantitative notion of time, increases rapidly.
Timed extensions of interleaving models have been investigated thoroughly in
the last ten years. Various recipes on how to incorporate time in transition sys-
tems — the most prominent interleaving model — are, for example, described
in [I/I7]. Timed bisimulation was shown decidable for finite timed transition
systems by Cerans in [5], and since then more efficient algorithms have been
discovered in [1320].

* This work is partially supported by the Russian Fund of Basic Research (Grant N
00-01-00898).
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On the other hand, the incorporation of quantitative information into non-
interleaving abstract models has received scant attention: a few extensions are
known of causal trees [6], pomsets [4], configurations [15], sets of posets [11], net
processes [14], and event structures [12/16].

The contribution of the paper is first to show the applicability of the general
categorical framework of open maps to the setting of true concurrent models
with dense time. Here we define a category of timed event structures, where
the morphisms are to be thought of as simulations, and an accompanying path
(sub)category of timed words, which, following [10], provides us with notions
of open maps and bisimulation. Furthermore, we show within the framework of
open maps that timed bisimulation is decidable for finite timed event structures.

There have been several motivations for this work. One has been given by
the papers [19)21122] which have proposed and investigated categorical charac-
terizations of event structure models. A next origin of this study has been a
number of papers (see [BII320] among others), which have extensively stud-
ied time-sensitive equivalence notions for interleaving models. However, to our
best knowledge, the literature of timed true concurrent models has hitherto
lacked such the equivalences. In this regard, the papers [2[16] is a welcome ex-
ception, where the decidability question of timed testing has been treated in the
framework of event structures with time notions. Finally, another motivation has
been given by the paper [9], which provides an alternative proof of decidability
of bisimulation for finite timed transition systems in terms of open maps, and
illustrates the use of open maps in presenting timed bisimularity.

The rest of the paper is organized as follows. The basic notions concerning
timed event structures are introduced in the next section. A category of timed
event structures and an accompanying path (sub)category of timed words, are
defined in section 3. A notion of TTW-open morphisms and its alternative char-
acterization are provided in section 4. In section 5, basing on spans of TW-open
maps, the resulting notion of bisimulation is studied, and shown to coincide with
the standard notion of timed bisimulation. Section 6 is devoted to decidability of
timed bisimulation in our framework. Section 7 contains conclusion and future
work.

2 Timed Event Structures

In this section, we introduce some basic notions and notations concerning timed
event structures.

We first recall a notion of an event structure [2I]. The main idea behind
event structures is to view distributed computations as action occurrences, called
events, together with a notion of causality dependency between events (which
reasonably characterized via a partial order). Moreover, in order to model non-
determinism, there is a notion of conflicting (mutually incompatible) events. A
labelling function records which action an event corresponds to.

Let Act be a finite set of actions. A (labelled) event structure over Act is 4-
tuple S = (E, <,#,1), where F is a countable set of events; < C F x F is a partial
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order (the causality relation), satisfying the principle of finite causes: Ve € E o
{¢/ € E| ¢ < e} is finite; # C E x E is a symmetric and irreflexive relation
(the conflict relation), satisfying the principle of conflict heredity: Ve,e',e” € E «
e# e <e" = e#e;1: E— Act is a labelling function.

Let C C E. Then C is left-closed iff Ve,e'! € Ece € C N € <e=¢ € C,
C' is conflict-free iff Ve, ¢’ € C - =(e # €'); C is a configuration of S iff C is
left-closed and conflict-free. Let C(S) denote the set of all finite configurations
of S. For C € C(S), we define En(C)={ee€ E | CU{e} € C(S)}.

Next we present a model of timed event structures which are a timed exten-
sion of event structures by associating their events with two timing constraints
that indicate earliest and latest event occurrence times both with regard to global
clock. Events once ready — i.e., all their causal predecessors have occurred and
their timing constraints are respected — are forced to occur, provided they are
not disabled by others events. A state of a timed event structure is a set of its
event occurred, equipped with a set of clocks corresponding to the events and
recording a global time moment at which events occur. A timed event structure
progresses through a sequence of states by occurring events at a certain time mo-
ment. An event occurrence takes no time. Let N be the set of natural numbers,
Rar the set of nonnegative real numbers.

Definition 1 A timed (labelled) event structure over Act is a tuple TS =
(S,Eft,Lft), where

— S is a (labelled) event structure over Act;
— Eft,Lft: E — R{ are functions of the earliest and latest occurrence times
of events, satisfying E ft(e) < Lft(e) for alle € E.

In a graphic representation of a timed event structure, the corresponding
action labels and time intervals are drawn near to events. If no confusion arises,
we will often use action labels rather event identities to denote events. The
<-relations are depicted by arcs (omitting those derivable by the transitivity),
and conflicts are also drawn (omitting those derivable by the conflict heredity).
Following these conventions, a trivial example of a labelled timed event structure
is shown in Fig. [

TSy :

[0, 1] 2, 3]
ap : €o az : ez

#

.
aj . ey
(1, 2]

Fig. 1.

Let I'(T'S) = [E — R{] be the set of time assignments for events from
E. Given v € I'(TS), we let A(v) = max{v(e) | e € E}. A state of TS is a
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pair (C,v), where C' € C(S) and v € I'(T'S). The initial state of T'S is a pair
(Cs,vrs) = (0,0).

In a state (C,v), the occurrence of an event e after passing a time d €
Ry leads to the state (C',v') (denoted (C,v) — e (C', V")), if ¢ = C U {e},
V' m\jey=v, V' (e) = A(v) +d and Eft(e) < v'(e) < min{Lft(e') | ' € En(C)}.

We shall write (C,v) ¥ (¢’,/), if (C,v) “B (C",1') and i(e) = a. A state
(C,v) is reachable iff either (C,v) = (Cg,vrs) or there exists a reachable state

(C",v') such that (C’,v') = (ed) (C,v) for some e € E and d € R{. Let RS(TS)
denote the set of all reachable states of T'S.

A timed word w of an alphabet Act over Rar is a finite sequence of pairs: w =
(a1,d1)(az,d2) ... (an,d,), where a; € Act and d; € Rg foralll <i < n.Given a
timed word w = (al, dy)(ag,ds) ... (an,dy), a runr of w is a finite sequence of the

form: + = (0,0) 2% (€1, 0) 2% (Covva) .. (Creryvn) “E) (Cr ).
As an illustratlon, we construct the set of the timed words corresponding to
the runs of the timed event structure 7'S; (see Fig. 1): {(ag,do) | 0 < dp < 1}
U {(al,dl) | dy = 1} U {(ao,do)(al,dl) | 0<dy <1,1<dyp+d < 2} U
{(al,dl)(ao,do) ‘ dl = 1, do = 0} ] {(ao,do)(ag,dg) | 0 S do S 1, do + dg = 2}.

3 A Category of Timed Event Structures

In this section, we define a category of timed event structures and an accompa-
nying path (sub)category of timed words.

The morphisms of our model category will be simulation morphisms following
the approach of [T0]. This leads to the following definition of a morphism that is
a function, mapping events of the simulated system to simulating events of the
other, satisfying some requirements.

Definition 2 A morphism between timed event structures TS = (S = (E, <,
#, 0, Eft, Lft) and TS' = (8" = (FE', <", #,U), Eft’, Lft'), u: TS - TS5,
is a function p: E — E' such that:

—lop=1;

— CeC(S) = pCecC(S) and the following constraints hold:
o Ve, €Cople) = ple!) = e = €5
o Vec C.Eft'(ule) < Eft(e);
e min{Lft(e) | e € En(C)} <min{Lft'(e) | e € En(u C)}.

Here we assume that the minimal value of the empty set is equal to —oc.

As an illustration, consider a morphism from the timed event structure 7'Ss
in Fig. 2 to the timed event structure 7'S; in Fig. 1 mapping events e} to e;
(0 < <2). It is easy to check that the constraints in Definition 2 are satisfied.

Let us consider a simulation property of a morphism defined prior to that.
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TSQ :

[0,1] 2,3]
ao : € as : e

.i.

#

L]
ay : €
[1,2]

Fig. 2.

Theorem 1 Given a morphism p : TS — TS' and a timed word (al,dl)

a,dq an,d n
(an, dn)- If (Cs,vrs) = (Co, ) =2 (C1m1) - (Cocryvma) 5 (Cn)
is arunin TS, then (Cgr,vrs) = (u Co, 1) (1) (1 Cryvp) oo (u Cre1y vl )

(a"—’df)( Cp,vl) is a run in TS’.

ny“n

Proof Sketch. We will prove this theorem by induction on n.
As base case, we have the empty run with just one initial state. The result is

1)
obvious. For the induction step, assume (Cs,vrs) = (Co, 1) (a1.4) (Cr,11) ...

an; n C"l’dl
(Crn—1,Vn—1) ( (Chn,vn)in TS, and (Cs/,vrg) = (p Co, V) (—> (nCy,v4)

S - . .
(an-1gn) (1 Cp—1,v)_1) in T'S’. According to the definition of the relation

(a"’ ») , there exists e,, € Eg such that l(e,) = apn, Cp = Ch1U{en}, Vn [B\{e,1=

Vn—1, yn(en) = A(Wp-1) + dn, and Eft(e,) < vn(e,) < min{Lft(e) | e €
En(C,—1)}. Since p is a morphism, then pu C,—1,pu C,, € C(S”). We now check
that (u C, \ p Cn—1) = {p(en)}. Suppose a contrary, i.e., pu(en) € p Cp_1.
Then there is an event e’ € C,,_1 such that u(e’) = u(e,). From the definition
of a morphism we get ¢/ = e,,, but it is impossible because e, € C,,_1. Hence
(1t Cp \ 1 Cp1) = {p(en)}. Again, from the definition of a morphism we have
U(pen)) = llen) = an, Eft'(ulen)) < Eft(en) < Alvp-1) +dn = A(v),_1) +
dp, < min{Lft(e) | e € En(Cp_1)} < min{Lft'(e) | e € En(pu Cp—1)}. Thus,

Ay .
(1 Co,¥jmy) “5 (0 Co ) with v, [\ e,y = Vior, and v (u(en)) =
A(v),_1) + dy, by the definition of the relation (@nin) |

Hence, in the formal sense of Theorem 1 we have shown that the morphisms
from Definition 2 do represent a notion of simulation. So, define a category of
timed event structures as follows.

Definition 3 Timed event structures (labelled over Act) with morphisms be-
tween them form a category of timed event structures CTS act, in which the
composition of two morphisms 1 : TSy — TSy and ps : TSy, — TSy is
(o opy) : TSy — T'Sa, and the identity morphism is the identity function.

Proposition 1 CTS 4. is a category.
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Following the standards of timed event structures and the paper [10], we
would like to choose timed words with word extension so as to form a subcategory
of CTS et For each timed word w, we shall construct a timed event structure
as follows.

Definition 4 Given a timed word w = (ay,dy)(az,ds) ... (an,d,), we define a
timed event structure TSy, = (E, <,#,l, Eft, Lft) as follows: E = {1,2,---,n};
< = {(Zaj) € ExXE | 1<i<y < n}; t = 0; l(’L) = (’L = 172"'”‘);
Eft(i)=Lft(i)=di1+ ...+ d;.

The purpose of the construction is to represent the category of timed words
with extension inside CT'S 4., and to identify runs of w in T'S with morphisms
from T'S,, to T'S, as expressed formally in the following two results.

Proposition 2 The construction of the timed event structure T'Sy, from a timed
word w extends to a full and faithful functor from the category of timed words
(as objects) and word extensions (as morphisms) into CTS act-

Theorem 2 Given a timed event structure T'S and a timed word w = (a1,dy)
. (an,dyn). For all run of w in TS, (Cs,vrs) = (Co,vp) (ardy) (Cr,v1) ...

(Chn—1,Vn—-1) (a"—’df') (Cn,vn) such that C; \ Ci—1 = {e;} (0 < i < n), we can
associate a morphism p : TS, — TS such that u(i) = e;. Furthermore, this

association is a bijection between the runs of w in T'S and morphisms p : T'S,, —
TS.

Proof Sketch. From the definition of a run and the construction of T'S,, it
follows that p as defined is indeed a morphism.

Next, assume y : T'S,, — T'S to be a morphism. We associate with u the run

r of w as follows: r = (Cs, vrs) = (Co, ) % (C1,m) ... (Cor, ) 5

(Chn,vn), where C; = p {1,...,i}. According to the definition of a morphism, r
is indeed a run of w in T'S. It is easy to check that the correspondence given
above is one to one. O

4 TW-Open Morphisms

Given our categories of timed event structures and timed words, we can apply
the general framework from [I0], defining a notion of TW-open maps.

Definition 5 A morphism pu : TS — TS" in CTS aet is TW-open iff for all
timed words w and w’, and morphisms such that the following diagram com-
mutes:
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!’

I
TSy TS
MII/ ,LL
TSy TS’
,LL//
there exists a morphism i : T'Sy, — TS such that in the diagram
o
TSy TS
"
_ [t
a M
TSy TS’
M//

the two triangles commute.
Our next aim is to characterize TW-openness of morphisms.

Theorem 3 Let (C1,v1) and (u Cq,vq) be reachable by w in TS and T'S’, re-

spectively. A morphism p : TS — TS" is TW -open iff whenever (u Cq,v}) (d)

(C4,v4) in T'S" then (C1,1v1) @d) (Ca,1v2) in TS and p Cy = C4,.

Proof Sketch. It follows similar lines as other standard proofs of the charac-
terization the TTW-openness of a morphism (see e.g., [9]), using the definition of
a morphism and Theorem 2. O

We do not require for the category CTS 4.t to have pullbacks. The following
weak result suffices.

Theorem 4 Given two TW -open morphisms py : TS1 = TS and us : TSy —
TS. There exists a timed event structure T'S, and TW -open morphisms uj :
TS, — TSy, phy: TSy — TSy such that the diagram commutes:

/

H2
TS,

TS5,

75,

TS
H1

Proof Sketch. As a first step we construct a structure T'S, = (Sy, F fts, Lft,)
as follows:
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— S: =4+ (Soyxo, | Ci € C(S;), 3C € C(S) » C is maximal configuration in S,
C =y C; (1 =1,2)) with So,xc, = (EoyxCay SCixCayr FO1xCas loyxcs)s
where

o Eoyxe, ={(e1,e2) €C1 xCo | e € Coe=pi(e;) (i=1,2)};

o (e1,62) <cyxc, (€1,65) & e; <; e} for some i € {1,2};

L4 #ClXCQ = ma

o loyxcy((e1,€e2)) = li(e;) for some i € {1,2};
— Eftr(el, 62) = max{Eftl(el),Eftg(eg)};
— Lftx(el, 62) = min{Lftl(el), LftQ(eg)}‘

Notice that the algebraic operation + is usually ‘interpreted’ by indicating that
all events in one component are in the #-relation with all events in the others
(see [7] for more explanation).

It is straightforward to show that T'S, is a timed event structure.

Next, define maps ) and pf, as follows: uj(e1,e2) =e; (i = 1,2). It is easy to
check that p} and pf are indeed morphisms. From the definition of a morphism
and the construction of T'S,, it immediately follows that p; o g} = uo o .

Finally, we check TW-openness of p} (checking TW-openness of pf is simi-

lar). Assume (Cs,,vrs,) (angh) | (engn) (Cyyvz) in TS, and () Cs,,vrs,)

(angs) - (angn) (uy Cyyr1) (@9 (C1,vq) in T'Sy. According to Theorem 1, we get

(1 opy Cs, ,vrs) (angn)  (angn) (pyop) Cp,v) (@) (1 C1,v") in TS. Again,

by Theorem 1 it holds (u5 Cs,,vrs,) (@rgn) | (onn) (15 Cypy 1) in T'Sy. Using

the fact that the diagram above is commutative, we have o}y = g o pb. Since
w2 is a TW-open morphism, then (u5 Cy, vo) (@) (Ch,v4) in T'Sy, and pg Ch =
w1 C1, by Theorem 3. Suppose {e}} = (C] \ pj C:), and {es} = (C) \ uhy C,).
Then from the construction of T'S,, it follows (Cy, v,) ‘8 ((CoU{(€}, eb)}), vL).
By the definition of a morphism, we obtain u} (Cy, U {(e},e5)}) = C}. Hence p}
is a TW-open morphism, by Theorem 3. O

5 Timed Bisimulation

In this section, we first introduce a notion of T'W-bisimulation, using the concept
of TW-open maps. Then the standard notion of timed bisimulation is defined in
terms of states of timed event structures. Finally, the coincidence of the bisim-
ularity notions is shown.

As was reported in [10], the open map approach provides a general concept
of bisimularity for any categorical model of computation. The definition is given
in terms of spans of TW-open maps.

Definition 6 Timed event structures T'S1 and T'So are TW -bisimilar iff there
exists a span T'Sy <— TS = T'Sy with vertex T'S of TW -open morphisms.

Notice that it follows from [I0] and Theorem 4 that TW-bisimulation is
exactly the equivalence generated by T'W-open maps.
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Next, the notion of timed bisimulation is defined in terms of reachable states
of timed event structures as follows.

Definition 7 Two timed event structures T'Sy and T'Sy are timed bisimilar iff
there exists a relation B C RS(T'S1) x RS(T'Ss), satisfying the following condi-
tions: ((Cs,,vrs, ), (Csy,vrs,)) € B and for all ((C1,11), (Ca,v2)) € B it holds:

/\

aﬁ)

—

Ci,vy) in TSy, then (Ca,v9) (@.d) (C4,v4) in TSy and

=

(a) if (C1,11
((C1,v1), (Ch, 1)) € B for some (Ch, 1) € RS(T'S2);

) = (

( )

(b) if (Ca,12) (@d) (C4,vh) in TSy, then (Ci,1v1) (@.d) (C1,vy) in TSy and
( )

((C1, 1), (Ch,14)) € B for some (Cf,v;) € RS(TSy).

—~
—

Finally, the coincidence of the bisimularity notions is established.

Theorem 5 Timed event structures T'Sy and T'Sy are TW -bisimilar iff they are
timed bisimilar.

Proof Sketch.

(=) Let TS, £~ 785 22 TS, be a span of TW-open maps. Define a relation
B as follows: B = {((01,1/1), (Ca,19)) | (Cyiyv;) € RS(TS;), 3(C,v) € RS(TS) »
wi C=C;, viou;, =v (i =1,2)}. Using Theorem 3, it is a routine to show that
B is a timed bisimulation.

(<) Assume T'S; and T'Ss to be timed bisimilar with a relation B as defined
in Definition 7. We construct a span of TW-open maps with a vertex T'S = (S,
<, #, 1, Eft, Lft) defined as follows:

- S=4 (Sc,xc, | 3(Cy,11), (Ca,1v2)) € B o C; is a maximal configuration in
S;, i =1,2) with
* Ecixo, = {(e1,62) € C1 x Cy | 3G}, CF € Ci o ((C1,11),(Cy, 1)),

(CY), () € B, (€ 5 (2t i = 1.2, (o) = )
o (e1,e2) <cyxc, (€1, €h) & e; <; e for some ¢ € {1, 2}
o #oixo, =0
o loyxcy((er,e2)) = li(er) = la(ea);
— Eft(e1,e2) = max{Eft1(e1), Efta(e2)};
- Lft(el,eg) = min{Lft1 (61), Lftg(eg)}.

It is straightforward to show that T'S is a timed event structure.

Next, define maps y; : T'S — T'S; as follows: p;((e1,e2)) = e; (i = 1,2).
By the construction of T'S we obtain that p; and po are indeed morphisms.
We shall check TW-openness of puy (TW-openness of s is proved in a sim-

ilar way). Assume (Cg,vrs) (g (angn) (C,v) in TS. According to
Theorem 1, we get: (u1 Cg,vrs,) (al—’;jl) (a"—’g") (p1 C,vq) in TSy, and

ay,d Ay dp . a,d
(pe Cs,vrs,) ( lﬁl) ( = ) (12 C,v9) in T'Sy. Suppose (g C,v1) (H) (C1,v1)

in T'S1. By the definition of timed bisimulation, we have: ((u1 C,v1), (u2 C,12)) €
B, (us C,va) ““S (€4, 1), and ((C},11), (Ch,14)) € B, for some (Ch, 1) €
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RS(TSs). Let {e1} = (C1 \ p1 C), and {ez} = (C4 \ p2 C). From the construc-
tion of T'S, it follows that (e, es) € Eg and C' = CU{(e1,e2)} is a configuration

in S. Again, from the construction of T'S we get (C,v) ((E)i) (C",v") in TS, and

w1 C' = Cf. Thus, pq is a TW-open morphism, by Theorem 3. |
TS5 : TSy : TS5 :
[0,1] [0,1] [0,1] [0,1]
a # b a a
b # b a b # b b
[0,1] [0,1] [0,1] [0, 1] [0,1] [0, 1]
Fig. 3.

The timed event structures T'S7 and T'Ss, shown in Fig. 1 and 2 respectively,
are not bisimilar. Next, consider the timed event structures in Figure 4. It is
easy to see that there are morphisms from 7'S3 to T'S4 and to T'Ss, and these
morphisms are TW-open. Hence we have a span of TW-open maps between T'Sy
and T'Ss. Timed bisimularity between T'Sy and T'S5 follows from Theorem 5.

6 Decidability

In this section, we consider decidability questions for TW-openness of a mor-
phism and for timed bisimulation in the setting finite timed event structures. i.e.
structures with finite set of events and for which all constants referred to in the
earliest and latest occurrence times of events are natural valued. The subclass
of timed event structures is denoted by TSN.

As for many existing results for timed models, including results concerning
verification of real-time systems, our decision procedure relies heavily on the idea
behind regions (equivalence classes of states) of [1], which essentially provides a
finite description of the state-space of timed event structures.

Given a timed event structure T'S and v,v' € I'(T'S), we let v ~ v/ iff (i)
for each e € E it holds: |v(e)| = |V/(e)], and (ii) for each e,e¢’ € E it holds:
wel < wlEen e w(en < Wi, and w(e)l =0 < w'(e)l = 0. Here, for
de Rar , W and |d] denote its fractional and smallest integer parts, respectively.
For v € I'(T'S), let [v] denote the region to which it belongs. Given T'S € TS,
an extended state of T'S is defined as a pair (C, [v]) with (C,v) € RS(TS). We

consider (Cg, [0]) as the initial region of T'S.
Proposition 3 Let T'S € TSN.
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(a) Given an event e and a region [v],

Eft(e) <v(e) < Lft(e) = Vin € [v]« Eft(e) <wvi(e) < Lft(e).
(b) Given extended states (C,[v]), (C’,[V']),

(Cyv) = (@) (C', V) =V € V]« (C,1n) (@d) (C",vq) for some vy € V'] and

d eRy.

For extended states (C,[v]), (C’,[V']), we shall write (C,[v]) — (@d v,
if (C,v) — (@d) (C',v"). An extended state (C,[v]) is called reachable by a timed
word w, if (C,v) is reachable by a timed word w.

We can now give a characterization of TW-open maps in terms of extended
states.

Theorem 6 Let T'S1,TSe € TSN, and (C1, [11]), (u C1,[V]]) be extended states
reachable by w in T'S1 and T'Ss, respectively. A morphism u : TSy — TSQ is TW -

open iff whenever (1 C1, [V]]) — (a 4 (C4, [Wh]) in TS, then (Ch, [1h]) — (a (02, [12])

in TSy and pp Cy = CY.

Proof Sketch. It follows from Theorem 3 and Proposition 3. O
Notice, that the theorem above implies decidability of TW-openness of a
morphism between T'S and T'S” from T Sn.

Theorem 7 Let T51, TSy € TSN. If there exists a span of TW -open maps
TS, &2 7S 22 TSy then there exists TS’ € TSN of size bounded by the size

of TS1 and T'Sy and with TW -open morphisms T51 TS =2 s TSs.

Proof Sketch. Since T'S; <~ T'S 22, T'S, is a span of TW-open maps, then
TS, and T'Sy are TW-bisimilar, by Theorem 5. This means that there exists
a timed bisimulation B between states of T'S; and T'S5. Using B we construct
TS’ as in the converse part of the proof of Theorem 5. From the construction
it follows that T'S” € TSn. The number of extended states in 7'S’ is bounded
by | E |- 2211 (c + DB where | E |=| E1 | | E5 | (| E; | is the number of
events in T'S; (i = 1,2)), and c¢ is the greatest constant appearing in the timing
constraints in 7°'S; and T'Ss. O

Corollary 1 Timed bisimulation is decidable for TS, TS’ € TSN.

7 Conclusion

In this paper, we tried to develop a categorical framework of open maps for timed
event structures to take into account processes’ timing behaviour in addition to
their degrees of relative concurrency and nondeterminism, and then to apply the
framework to characterize and, also, to decide timed bisimulation.

In a future work, we will extend the results obtained to other behavioural
equivalences of timed systems (e.g., timed variants of pomset based equiva-
lences). Some investigation on the existence of coreflection between timed true
concurrent models (timed net processes and timed event structures) are now
under way and we plan to report on this work elsewhere.
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Abstract. Polynomial time partial information classes are extensions
of the class P of languages decidable in polynomial time. A partial in-
formation algorithm for a language A computes, for fixed n € N, on
input of words x1,...,x, a set P of bitstrings, called a pool, such that
xa(z1,...,2n) € P, where P is chosen from a family D of pools. A
language A is in P[D], if there is a polynomial time partial information
algorithm which for all inputs (z1,...,2,) outputs a pool P € D with
xa(z1,...,2,) € P. Many extensions of P studied in the literature, in-
cluding approximable languages, cheatability, p-selectivity and frequency
computations, form a class P[D] for an appropriate family D.

We characterise those families D for which P[D] is closed under certain
polynomial time reductions, namely bounded truth-table, truth-table,
and Turing reductions. We also treat positive reductions. A class P[D] is
presented which strictly contains the class P-sel of p-selective languages
and is closed under positive truth-table reductions.

Keywords: structural complexity, partial information, polynomial time
reductions, verboseness, p-selectivity, positive reductions.

If a language A is not decidable in polynomial time one may ask whether it never-
theless exhibits some polynomial time behaviour. If there is no polynomial time
algorithm that answers the question “x € A?” for all inputs z, there may still ex-
ist a partial information algorithm. For a tuple of input words (z1,...,x,) such
an algorithm outputs some partial information on membership of these words
with respect to A. More precisely it narrows the range of possibilities for values
of xa(x1,...,xn), where x4 is the characteristic function for A. Many types of
partial information have been studied, including verboseness, approximability,
(strong) membership comparability, cheatability, frequency computations, eas-
ily countable languages, multiselectivity, sortability. For detailed definitions and
discussions of these notions see for example [2JTJGIT58T413].

To get a more unified picture, [5] introduced the recursion theoretic notion of
D-verboseness, where the type of partial information is specified by a family D of
sets of bitstrings. The class of polynomially D-verbose languages, whose formal
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definition given below, is denoted P[D]. Basic properties of these polynomial
time D-verboseness classes are presented in [19].

Reduction closures of partial information classes have been the focus of much
interest, mostly due to the fact that the polynomial time Turing reduction closure
of P-sel, the class of p-selective sets, is exactly P/poly. Hence, a language is Turing
reducible to a p-selective language iff the language has polynomial size circuits.
It is also known that P-sel is closed under positive truth-table reductions, but
not under 1-tt reductions. Reductions to p-selective sets have been studied in
detail in [12]. Opposed to selectivity, cheatability behaves quite differently: The
class of n-cheatable languages is known [3] to be closed under Turing reductions.
For other notions like strongly membership comparable sets [17] only little was
previously known concerning their closure properties.

Another important motivation to look at reductions to partial information
classes is that one can prove results of the following type: if P[D] contains, for
certain families D, languages which are NP-hard for certain polynomial time
reductions, then P = NP. One of the best results [7J8] in this respect is that
if P[3-S1ZE3] contains a language which is NP-hard for n'~¢-tt reductions, then
P = NP.

We fully characterise the partial information classes P[D] which are closed
under 2-tt reductions, bounded truth-table reductions and under Turing reduc-
tions. It turns out that ezactly the classes of n-cheatable languages are closed
under any of these reductions. We also treat positive truth-table reductions and
present a class P[D)] strictly containing P-sel which is closed under positive truth-
table reductions.

This paper is organised as follows. First we give some definitions and ba-
sic facts concerning partial information classes. In Section 2 we briefly discuss
closure under many-one and 1-tt reductions and give a simple combinatorial
characterisation of the classes P[D] closed under these reductions. In Section 3
we show the main theorem which characterises the classes P[D] that are closed
under different truth-table and Turing reductions. In Section 4 we examine pos-
itive truth-table reductions. Here again, we reduce the question of whether a
class P[D] is closed under positive k-tt reductions to finite combinatorics.

1 Preliminaries

Notations. Languages are subsets of X* = {0,1}*. The join of two languages A
and Bis A@B := {0z |z € A}U{lz |z € B}. Let B := {0, 1}. For a language A
the characteristic function xa: X* — B is defined by xa(z) =1 iff z € A. We
extend x4 to tuples of words by xa(z1,...,2,) := xa(21) - xa(zy). In the
following, elements of X* for which membership in languages is of interest are
called words, elements of B* which are considered as possible values of charac-
teristic functions are called bitstrings. For a bitstring b the number of 1’s in b is
denoted #; (), b[¢] is the i-th bit of b, and b[é1, . .., ix] := bi1] - - - bix]. We extend
this to sets of bitstrings by setting Pl[i1, ..., ix] :== {b[i1,...,ix] | b € P}.

Partial information classes. In order to define partial information classes, we
first need the notion of pools and families.
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Definition 1 (n-Pools, n-Families). Let n > 1. A subset P C B™ is called
an n-pool. A set D ={Py,..., B} of n-pools is called an n-family if

1. D covers B™, that is \J,_, P, = B", and
2. D is closed under subsets, that is P € D and @ C P implies Q € D.

Definition 2 (Polynomially D-Verbose). For a given n-family D a lan-
guage A is in the partial information class P[D] (respectively Gaist[D]) iff there
s a polynomially time-bounded deterministic Turing machine that on input of
n words (respectively distinct words) x1,...,x, outputs a pool Q € D such that
xa(z1,...,2,) € Q. The languages in P[D] are called polynomially D-verbose.

We present some definitions that make it easier to deal with polynomial
D-verboseness and then state some known facts which will be applied in the
following. For more details on polynomial D-verboseness see [19].

Definition 3 (Operations on Bitstrings).

1. Let S,, be the group of permutations of {1,...,n}. For o € S,, and b € B"
we define (b) := b[o(1)] - - b[o(n)].

2. Fori € {1,...,n} and ¢ € B define projections 7{: B™ — B™ by n§(b) :=
b[1]---b[i — 1] cb[i 4+ 1] --- b[n].

3. For i,j € {1,...,n} define a replacement operation p;;: B — B"™ by
pi;(b) :=b" where b'[k] := bk] for k # j and b'[j] := b[d].

We extend these operations from bitstrings to pools by w(P) := {w(b) | be P}.
An n-family D is said to be closed under permutations, projections and replace-
ments if for all permutations, projections and replacements w and all P € D we
have w(P) € D.

Definition 4 (Normal Form). An n-family is in normal form if it is closed
under permutations, projections and replacements.

Fact 1 (Normal Form). For every n-family D there is a unique n-family D’
in normal form with P[D] = P[D'].

Fact 2 (Class Inclusion Reduces to Family Inclusion). For all n-families
D and & in normal form we have P[D] C P[E] iff D C €.

Fact 3 (Change of Tuple Length). Let D be an m-family and m < n. Define
the following n-family [D], = {P CB" |Vi; <+ <ipm: Plit,...,im] €D}.
Then P[D] = P[[D],]. Furthermore, if D is in normal form so is [D],,.

Fact 4 (Intersection). For all n-families D and £ in normal form we have
P[DINPE] =P[DNE].
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Definition 5 (Generated n-Family). Forn-pools D1,..., D, the minimaln-
family D in normal form for which {D1,...,D,} C D is denoted by (D1, ...,D,).
It is the closure of {D1,...,D,} under subsets, permutations, projections and
replacements. We say that D1, ..., D, generate (D1,...,D,).

Some n-families are of special interest as their partial information classes
have been studied extensively in the literature. We write these special families
in capital letters with the tuple length attached as index.

Definition 6 (Special Families).

1. Let SEL, := ({0"711* | 0<i<n}).

2. For1 <k <2" let k-S12E,, := {P CB" | |P| < k}.

3. For1 <k <n+1 let k-CARD, := {P CB"| [{#:(b)| be P}| < k}.
4. Let BOTTOM,, := ({b| #1(b) < 1}) and TOP,, := ({b| #1(b) > n—1}).

The class P[SEL3] is exactly the class P-sel of p-selective languages, that is
languages A which have a polynomial time selector function. Such a selector gets
two words u and v as input and selects one of them. Provided u € A or v € A,
the selected word must also lie in A. The class of p-selective languages has been
extensively studied, starting with [20].

Fact 5 (SEL). P-sel = P[SELy| = P[SEL,] for n > 2.

Languages in P[(Q" — 1)—SIZEn] are called n-approximable, n-membership
comparable, non-n-p-superterse or n-p-verbose. The languages in P[n-SIZE,] are
sometimes called n-cheatable in the literature, but especially in the older lit-
erature this term is also used for the languages in P[2"-SIZEg»]|. The following
important fact is implicitly proven in [4]:

Fact 6 (SIZE). P[k-S1ZE;] = P[k-SIZE,] for n > k.

Languages in P[n-CARD,,| are called easily countable [15]. The languages in
P[TOP,] and P[BOTTOM,,] have no special names in the literature, but they will
come up in different places in the following proofs.

Reductions. In this paper all reductions under consideration will be polynomial
time truth-table or Turing reductions defined in the standard way, see [18] for
detailed definitions. We write <P for many-one reductions, gg_tt for truth-table
reductions with k queries, SE“ for truth-table reductions with a constant number
of queries, <f; for truth-table reductions with a polynomial number of queries,
and <}, for Turing reductions. We write gg_pm for positive truth-table reductions
with k£ queries. In a positive reduction for each input word the boolean function
that evaluates the answers to the queries is a monotone function. We write <P

for positive truth-table reductions with a polynomial number of queries.
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2 Many-One and 1-tt Reductions

We review what is known [T9] about closure under polynomial time many-one
and 1-tt reductions for classes P[D] and ;s [D].

Theorem 1 (Many-One Reductions). Let D be an n-family. Then P[D] is
closed under <P -reductions. Bul Yaist[D] is not closed under <P -reductions,
unless Qaiss|D] = P[D’] for some n-family D’.

Not all P[D] are closed under 1-tt reductions. To characterize the families D
for which this closure property holds, a new type of operation on bitstrings and
pools is needed:

Definition 7 (Bitflip). Forn > 1 and i € {1,...,n} define the bitflip oper-
ation flip;: B™ — B" by flip,(b) := b[1]---b[i — 1](1 — b[d])b[i + 1] - - - b[n]. This
operation is extended to pools and families of pools in the obvious way. An n-
family D is called closed under bitflip if flip;(D) =D for all 1 <i <n.

Theorem 2 (1-tt Reductions). For all n-families D in normal form, P[D] is
closed under <Y ,,-reductions iff D is closed under bitflip.

If an n-family D is closed under bitflip then P[D] is also closed under com-
plement. The converse does not hold as the family D = SELs shows.

3 From 2-tt to Turing Reductions

As we know from [20/T6] the closure of P-sel under polynomial time Turing
reductions equals P/poly. But all P[D] are proper subclasses of P/poly. Therefore
we have:

Fact 7. For SEL,, C D # 2-"SI1ZE,, the class P[D] is not closed under polynomial
time Turing reductions.

In [8, Theorem 2.9] Beigel, Kummer and Stephan construct languages A
and B such that A <!, B € €45 [TOP3] and A & P[(Q" — 1)-SIZEn] for all n. In
terms of closure under reductions this yields:

Fact 8. Let D # 2"-S1ZE,, be in normal form. If TorP,, C D or BOTTOM,, C D,
then P[D] is not closed under <Y -reductions.

On the other hand Amir, Beigel and Gasarch [3[1] and Goldsmith, Joseph
and Young [ITJI0] showed that cheatability classes are closed under polynomial
time Turing reductions.

Fact 9. For allm > 1 the classes P[n-SIZE,] are closed under S%—reductions.

In the following we show that this cannot be extended to other classes and
even that the cheatability classes are the only nontrivial classes in our context
which are closed under 2-tt reductions.

To deal with k-tt reductions, we introduce for each language A a language
Aj_tt which is many-one complete for the k-tt reduction closure of A.
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Definition 8. For a language A and k > 1 define

Aot = {(xl,...,xk7¢> | ¢: B* — B, qb(XA(ajl,...,gck)) = 1}.

This definition is inspired by the study of btt-cylinders [22/9I8]. A language is a
k-tt cylinder iff Aj¢ <P A.

Lemma 1. For all languages A and B we have B <} .. A iff B <P Aj 4.

Proof. Suppose B <} . A via M. If on input 2 the machine M computes queries
q1,---,qr and a boolean function ¢, such that ¢, (XA(ql, e qk)) = xg(z), then
x € Biff {g1,...,qk,ds) € Agty. Thus B <P Ay 4.

Suppose B <P A i via M. If on input « the reduction machine M computes
(g1, .., qr, ¢z), then asking the oracle A with queries ¢, ..., g and evaluating
the answers with ¢, constitutes the k-tt reduction to A. a

As an immediate corollary we obtain that a language class C closed under poly-
nomial time many-one reductions is also closed under k-tt reductions, iff for
every A € C we also have Ay € C.

In order to prove the main results of this section we first show a rather
basic fact on bounded truth-table reductions. Although this fact should be well
known, we could not find it in the literature. It states that polynomial time k-tt
reductions can be replaced by sequences of 2-tt reductions.

Lemma 2. Let A and B be languages with A <}, ., B Then there exist inter-
mediate languages Cy, ..., C, such that A <5, Cy <5, - <5, C, <8, B.

Proof. Let B* = {by,..., ka} where the b; are in lexicographic order. The chain
of 2-tt reductions from A to B will consist of the following two subchains

A <5 Doy <544 Do, 2tt"'<gttDb
2ttHk 2ttHk 1<2tt" 2ttH1 2ttB
The languages H; for i € {1,...,k} are defined as follows:
-—{xl,.. , T, b |XB(m1,...,aci):b€IB%i}.

Clearly, H; <V, B and H, 41 <5, H;. Thus, the second part of the chain from
A to B is correct.
The first part consists of the following languages Dy, with b € B” :

Dy = (Bk—tt N {<£C17...,£L'k,¢> | XB(xh...,xk) >lex b}) ® Hy,.

Note that Dy, = Byt © Hi and hence by Lemma [l we have A gﬁ’_m Dy, . Note
furthermore that we also have Dy, , <% Hj.

To show Dy, <5 Ds,.,, let x be an input word. If = 1y then we must
demde whether y € H}, which can trivially be done by passing on 1y as a query to

Dy, . If x = 0(x1,..., 21, ¢) we ask two queries: we ask ¢q; := O(J;l, e Ty @)
and go := 1(xy,...,xg, b;). If the answer to the second query is “yes” we know
Xo(T1,. .., Tk) = b and output ¢(b;), ignoring the answer to the first query. If
the answer to the second query is “no” we output the answer to the first query
which is, indeed, correct. a
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Corollary 1. A language class C is closed under <y, -reductions iff C is closed
under < .. -reductions.

For the formulation of our Main Theorem[, we need the following definition:

Definition 9 (k-Cone). For n,k > 1 and an n-family D in normal form an
nk-pool P is a k-cone for D if for all tuples (¢1, ..., ¢n) of functions ¢;: B¥ — B,
the set of bitstrings

{¢1(b[1,...,k]) gbg(b[k—i— 1,...72k}) ---¢n(b[(n— Dk + L...,nk]) |be P}
is a pool of D. The nk-family of all k-cones for D is denoted by k-cones(D).

Theorem 3. For an n-family D in normal form and k > 1, P[D] is closed under
polynomial time k-tt reductions iff [D]nx C k-cones(D).

Proof. Suppose [D],r C k-cones(D). Then every pool D € [D], is a k-cone
for D. To prove that P[D] is closed under <} . -reductions, by Lemma [ and
Theorem [ it suffices to show that for every A € P[D] we have Ay € P[D].
Let A € PUD] nk} via M. Then Ak € P[D] is witnessed by the following
algorithm. On input z1,...,x, test whether the z; are in syntactically correct
form, that is test whether x; = <y{, T ¢i> for some y; and ¢;. If not, replace
x; by an z} of correct syntax. If we have found a pool D for this input of
correct syntax, we find a pool for the original input by projecting D in the i-th
component to 0, using that D is closed under projections. So suppose the z;

are all of the form z; = (y},...,yL, #;). Let M compute a pool D’ € [D],, for

Yl Y Yoy eyl .,y Because D' is a k-cone for D, the pool
D = {¢1(b},....bp)d2(bT,...,b2) -+ b (b}, ..., b)) | by - b € D'}
is a pool in D and by definition of Ay we have x4, (21,...,2,) € D.
For the opposite direction, suppose that P[D] is closed under <} -reductions.

We will show [D],x C k-cones(D) by showing P[[D],] C P[k-cones(D)] and
using Fact 2l Consider a language A € P HD} nk] We will exhibit an algorithm
M 4 which witnesses A € P[k-cones(D)]. Because A € P[[D],x], we have A €
P[D]; and because P[D] is closed under k-tt reductions by Lemma [I] there is a
machine M which witnesses Ayt € P[D].

In order to keep the rest of the proof more readable, we introduce some
ad-hoc definitions and abbreviations:

gp:{(¢1a7¢n)‘¢sz—>BfOI‘1§ZSn}’
¢ = (¢17"'7¢n)7

R 1 1 2 2 n n
L= (T, ey Tl Ty oo s Thogev ey Thyevey Th)s

b::bﬁub}ﬁbfmbi R A i
Furthermore, for every input tuple x € (E *)nl~C and every ¢ € ¢ we write

Z'O(bZ: (<x%7'"amlia(bl%<x?7"'7xi7¢2>7"'a<x?a"'7x27¢n>)-
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For a bitstring b € B™*, a pool D C B™* and some ¢ € & we write

$(b) := 1(by -+ by) -+ pu (B - BF),
¢(D) :={(b)[be D}.

Finally, for a pool D C B"™ and ¢ € @ we write ¢~1(D) := {b| ¢(b) € D}.
We describe how algorithm M4 on input & computes a pool D, for z:

For all ¢ € &:
Compute M(z o ¢) =: Dy € D. (We then know x4,_,(x 0 ¢) € Dy.)
Then compute ¢~1(Dy). (It holds xa(x) € ¢71(Dy).)
Now compute
Dy = () ¢~ (Dy).

peD

Then xa(z) € Dy, and D, € k-cones(D) as ¢(D,) C Dy € Dforallp €. O

Lemma 3. Let D be an n-family in normal form. If P[D] is closed under poly-
nomial time n-tt reductions, then D = m-SIZE,, for some m € N.

Proof. Suppose P[D] is closed under n-tt reductions, where n is a fixed constant.
Let m be minimal with D C m-SIZE,,. Let D = {b1,...,by} € D be a pool of
maximal size. We have to show that for every pool E C B™ with |E| = m
already E € D. Suppose E = {ey,...,en}. By Fact Blfor change of tuple-length
we know that the pool D' := {(b;)" | b; € D }, where each bitstring consists of n
copies of an original bitstring from D, is in [D],,2. Now define boolean functions
®1,...,¢n such that ¢;(b;) = e;[i]. Then the image of D’ under (¢1,...,¢P,)
is E. Because D’ is an n-cone for D, it follows that E € D. O

Lemma 4. Let D be an n-family in normal form with SEL,, C D such that P[D]
18 closed under polynomial time 2"-tt reductions. Then D = 2™-SIZE,,.

Proof. Because P[D] is closed under 2"-tt reductions, by Theorem [3 we know
that [D]pen C 2™-cones(D). It suffices to exhibit a pool D € [D],2n and 2™-ary
boolean functions ¢y, ..., ¢, such that the image of D under (¢1,...,d,) is B™.
Note that because [SEL, |pan = SELpan by Fact [, we have SELpan C [D]p20. We
choose D C B"2" as a pool of size 2":

D :={by,...,bon} with b; := (0% ~1%)".

This means that each bitstring b; consists of the concatenation of n copies of a
bitstring of length 2". Because the bitstrings in D form an ascending chain (see
Definition B) D € SELpon C [D]pan. Let B™ = {cy, ..., can }. Now define boolean
functions ¢; such that ¢; (0277'*"11') = ¢;[j]. For those b which are not of the form

02"~%1% choose some arbitrary value for ¢;(b). The choice of ¢; ensures

(D1, ) (b)) = ¢1 (0% 71%) -, (02" 7°1F) = ¢[1]---ci[n] = e
This yields (¢1,...,¢n)(D) =B"™. O
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We sum up the preceding results in the following theorem which characterises
the classes closed under 2-tt reductions as well as under Turing reductions:

Theorem 4 (Main Theorem). For n-families D in normal form with D #
2"-SIZE,, the following are equivalent:

1. D = m-S1ZE,, for some m < n.
2. P[D] is closed under polynomial time 2-tt reductions.
3. P|D] is closed under polynomial time Turing reductions.

Proof. The class P[m-SI1ZE,,] with m < n is equal to P[m~SIZE,,] by Fact[6. The
class P[m-SIZE,,] is closed under polynomial time Turing reductions by Fact
A class closed under Turing reductions is also closed under 2-tt reductions.

If for an n-family D in normal form P[D] is closed under 2-tt reductions, then
by Corollary it is also closed under polynomial time n-tt and 2™-tt reductions.
By Lemma Bl D = m-Si1zE,, for some m. By assumption m # 2. If m > n we
would have SEL,, C D, which is impossible by Lemma @ Therefore D = m-SIZE,,
for some m < n. O

4 Positive Reductions

A motivation to investigate positive reductions is the fact that NP is closed un-
der polynomial time positive Turing reductions. In general, when dealing with
classes which are not (known to be) closed under 1-tt reductions it suggests itself
to look for closure under some kind of positive reduction. Regarding reductions
to languages in partial information classes it can happen that a reduction type,
although more powerful than some other in general, looses its extra power when
the oracle is taken from P[D] for certain D. For example it can be shown that
querying an arbitrary number of queries to a language B € P[k-SIZEy] can always
be replaced by putting only & — 1 of these queries to oracle B. Regarding posi-
tive reductions, Selman [21] showed that a polynomial time positive truth-table
reduction to a p-selective language can always be replaced by a many-one reduc-
tion. It follows that P-sel = P[SELg] is closed under ptt-reductions. We extend
this result to SELy U 2-SIZE2, a family in normal form strictly above SELs. The
partial information class P[SEL; U 2-SIZEs] is exactly the class of languages L, for
which L and its complement L are strictly 2-membership comparable, see [17].

Theorem 5. If A <P\ B and B € P[SELy U 2-S1ZEy] then A <P, B.

Proof. First, note that SELy U 2-S1ZE3 = SELy U {01, 10}. In the following we will
call this latter pool the xor-pool.

Let A <P, B via a reduction R and let B € P[SELy U 2-SIZEy] via a ma-
chine M. To show A <P B, upon input x we must compute a query ¢ such that
xa(z) = xB(q). Let ¢, ..., qx be the polynomially many queries produced by R
upon input = and let ¢ be the monotone evaluation function used by R. Note
that for once k depends on the length of the input x.

We define a graph G = (V, E) with coloured edges as follows. The vertices
V ={q1,...,qx} are exactly the queries ¢;. For each pair (¢;, ¢;) with ¢; <iex ¢;
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the machine M outputs (possibly a subset of) one of the three pools {00,01,11},
{00,10,11} and the xor-pool {01, 10}. In the first case there is a black directed
edge from g; to g;, in the second case there is a black directed edge from g; to g;.
If the xor-pool is output, ¢; and ¢; are connected by an undirected red edge.

This graph has the following two properties: First, if ¢; € B then for every
black edge going from ¢; to a vertex g; we also have ¢; € B. Second, if ¢; and g;
are connected by a red edge, then ¢; € B iff ¢; ¢ B.

We compute a single query ¢ = ¢; such that knowing x5(q) yields x5(g;)
for all other vertices. To do so, we apply the following pruning algorithm to the
graph:

Search for a red edge (g¢;, ¢;) plus another node g, which is connected to both
¢; and g; by black edges. If both black edges go from g, to ¢; and q; we know
xB(qe) = 0, for being connected by a red edge exactly one of the two words g;
and ¢; must be in B. Thus we can remove gy from the graph. Likewise, if both
edges go from ¢; and ¢; to g we know xp(g¢) = 1 and we can also remove gp.
Now, if the first black edge goes from ¢; to g, and the second from g, to g;, the
graph property yields xg(¢;) = 1 and xg(g;) = 0. Conversely, if the black edges
go the other way round, we know xp(¢;) = 0 and xp(g;) = 1. In either case we
can remove both ¢; and g;.

For the remaining graph G' = (E’,V’) there are two possible situations:
either the graph no longer contains a red edge or it contains a red spanning tree.

If the graph contains no red edge, it is a tournament; that is for all vertices in
the graph the machine R behaves like a selector. Using this selector we can com-
pute a pool from SEL /| for the characteristic string of the vertices in the graph.
To compute the special query g, we proceed as follows: for each bitstring b € P,
in order of increasing number of 1’s, compute ¢(b). If ¢(b) =0 (or ¢(b) = 1) for
all b, we do not have to query the oracle at all. Otherwise there is exactly one
bitstring such that ¢(b) = 0, but ¢(b') = 1 for the next bitstring. We take the
word at the position where a 0 in b changes into a 1 in b’ as our query gq.

If the graph has a red spanning tree, knowing the characteristic value of
any vertex in the graph immediately yields the characteristic values of all
other vertices. Hence, we can compute two bitstrings by and b; such that
xB(q1,--.,qr) € {bo,b1}. Compute ¢(by) and ¢(b1). If these are equal, we do
not need to query B at all. If they are different, there must exists a position 7
such that by[i] = ¢(by) and by[i] = ¢(b1) and we can ask q := g;. O

Corollary 2. Let D be a family with P[D] C P[SELy U 2-S1ZE3]. Then P[D] is
closed under polynomial time positive truth-table reductions.

Proof. If A <P\ B € P[D], then A <P B by Theorem B But P[D] is closed
under many-one reductions by Theorem [[] Therefore A € P[D]. O

We now exhibit some families D for which P[D] is not even closed under 2-ptt
reductions. To do this, we proceed similarly as in the previous section where we
showed that certain P[D] are not closed under k-tt reductions. For every A we
introduce a typical language Aj_pt¢ which is k-ptt reducible to A. We then define
positive k-cones and with these we characterize the families P[D] closed under
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k-ptt reductions. Finally we present some special families that do not comply
with this characterization.

Definition 10. For a language A and k > 1 define
Apopt = {(ml, Tk, @) | 6: BY = B is monotone, ¢>(XA($1, .. .,xk)) = 1} .

The following lemma is the analogue of Lemma [l for positive reductions. A
proof is almost identical to the proof of that lemma and is therefore omitted.

Lemma 5. For all languages A and B we have B Sll:—ptt A iff B <P Appst-

Definition 11 (Positive k-Cone). For k > 1 and an n-family D in normal
form, an nk-pool P is a positive k-cone for D if for all tuples (¢1,...,dn) of
k-ary monotone boolean functions ¢; the set of bitstrings

{o1(b[1, ... K]) g2 (blk +1,...,2k]) - (b[(n — 1)k +1,...,nk]) | b€ P}

is a pool of D. By k-pcones(D) we denote the nk-family of all positive k-cones
for D.

Theorem 6. Let D be an n-family. Then P[D] is closed under Sz_p
iff [D]nk C k-pcones(D).

1+ -reduction

The omitted proof is essentially the same as for Theorem Bl for k-tt reductions.

Theorem 7. Let D be a 2-family with BOTTOMs C D. If P[D] is closed under
2-ptt reductions, then D = 4-S1ZEs.

Proof. The pool {00,01,10} is in D and therefore with the definition from Fact Bl
for change of tuple-length, it is easy to check that D = {0000, 0010,0100, 1001}
is in [D]4. Choose ¢1 = ¢o as the 2-ary boolean or-function. Then we have
(¢1,2)(D) = {00,01,10,11} = B2. Because D is closed under 2-ptt reductions
(¢1, P2)(D) has to be in D. It follows that D = 4-S1ZE,. O

If a class C is closed under 2-ptt reductions then co-C also is closed under
2-ptt reductions. Therefore Theorem [7 also holds if Topy C D.

We have now characterised the families D for tuple-length n = 2 for which
P[D] is closed under positive truth-table reductions:

Theorem 8. For 2-families D in normal form with D # 4-S1ZEy the following
are equivalent:

1. P[D] is closed under polynomial time ptt reductions.
2. P|D] is closed under polynomial time 2-ptt reductions.
8. D C SELs U 2-SIZEs.

4. BOTTOMy € D and TOPy € D.

While in the previous section on general k-tt and Turing reductions a com-
plete picture was presented, in the case of positive reductions there remains work
to be done. The above result should be extended to general tuple-lengths n and
to positive Turing reductions.
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Abstract. We show that under some truth-table oracle B there are
almost exponential gaps in the (infinite often) hierarchy of bounded-
error probabilistic time, in particular BPPF = ZPTIME{ (n). This
proves a main theorem in [5], which is extended to the theoretical limit.

1 Introduction

Separation and hierarchy theorems are among the earliest and most basic results
in structural complexity theory. Without dense hierarchies it makes not much
sense to look for lower bounds. After discovering good separation results for
nondeterministic complexities, the topic seemed to be finished up to some small
open problems (e.g. the logarithmic gap in the deterministic time hierarchy).

The situation changed when probabilistic algorithms gained in importance.
The problem of separating complexity classes of probabilistic machines with
small error probability (Monte-Carlo machines) came to our attention, when we
unsuccessfully tried to derive separations for Monte-Carlo space classes from the
existence of very slowly increasing Monte-Carlo space constructable bounds [8],
[9] (cf. also [4]). Then Fortnow and Sipser [5] claimed the existence of an oracle,
under which Monte-Carlo polynomial time collapses to linear time. This had been
the first example of a relativized collapse of a natural complexity hierarchy. As
known since several years this proof is not complete (cf. Berg and Hastad [3] and
[6] and a lot of e-mail discussions between L. Fortnow and the second author
since September 1989). For an overview of the problem cf. also Hemaspaandra
[7].

There is a small number of other oracle constructions, which yield hierarchy
gaps under oracles. All of them are related to nondeterministic time: Rackoff and
Seiferas [11] show that the small gaps in the time hierarchy (i.e. the requirement,
that t(n+ 1) € o(T'(n)), cf. [12]) cannot be closed using relativizable techniques
and Allender, Beigel, Hertrampf and Homer [1] present an oracle, under which
there are almost exponential gaps in the almost-everywhere hierarchy.

In this paper we present a rigorous proof for the result claimed by Fort-
now and Sipser for truth-table oracle machines, that is we give the complete
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construction for an oracle B, under which ZPTIME[(n) = BPPJ. Further-
more we extend the gap to the theoretical limit, which is given by relativizable
separation techniques (see [1]). In particular there exist oracles C' so that

ZPTIMES (n) = BPTIMES (f), if Vk,i € N.f®) € O(2V™).

We will divide the proof of this result into two parts. In a first part (Sections 2.1
- 2.4) we attack the main combinatorical problems in our proof of the relativized
collapse. Here we consider a special coloring problem of graphs. Based on these
results we will give a proof of a relativized collapse in Section 3. In Section 4
we will add some conclusions and discuss open problems connected with the
presented results.

Our main result can also be proven for general (not only truth-table) oracle
machines and for some other complexity classes [10], but the proof is even more
involved than in this case. Earlier doubts in the completeness of the proof caused
us

— to restrict this paper to the truth-table case and
— to include a detailed proof rather than a broad discussion of the general case.

We assume that the reader is familiar with the fundamental notions of stan-
dard Turing machine models and asymptotic analysis (cf. [2]). So we won’t give
detailed exposition of the definitions but rather a short setting of the notations
we will use throughout. We will give some mathematical notations next. Machine
related notations, especially definitions of Monte-Carlo, Las-Vegas machines and
truth-table oracles, will be given in Section Bl

Let X :={0,1}. By 2* we denote the free monoid over X'. For words w € X*
we denote the length of w by |w|. The set of natural numbers is denoted by IN.
log will denote the logarithm to base 2 throughout this paper.

Let two sets M and M’ be given. The cardinality of M is denoted by §M, the
set of subsets of M is denoted by 2. We will denote partial (total) mappings
by A:C M — M' (A: M — M'). In the latter case we write also A € (M")M.
Given a subset N C M and a relation A C M x M’ we define A(N) by A(N) =
{m e M’ | 3n € N.(n,m) € A}.

Given partial mappings A, B,C :C M — M’ we denote the domain of A by
dom(A) and the restriction of A to a subset N of M by A|y. Furthermore we
extend the inclusion, union and difference of sets to mappings by

A C B & dom(A) C dom(B) A Blgom(a) = A,
AUB = C:& dom(C) = dom(A) Udom(B)NAC CABCC and
[A\ B] = C :& dom(C) = dom(A) \ dom(B) A C C A.

2 Graph Colorings

2.1 A Special Kind of Graph

We will use rather frequently directed graphs together with ’evaluation’ map-
pings, which will always fulfill common restrictions. To simplify matters, we will
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thus denote these graphs and mappings by G = (V, E) and o, respectively, where
we will assume the following restrictions on G and ¢ throughout this paper.
The set V' of vertices will always be assumed to be determined by

(G1) V = {(hzw)li € N,z € {0,1}*u € {0,1}*|z] > 2100+2* apg
uf =3+ |z[}.
Furthermore we will assume that the set E C V x V of edges fulfills

(G2) V(i,z,u), (i,x,v) € V. E(i,x,u) = E(i,z,v) and
(G3) Y(i,z,u), (j,y,v) €V. (j,y,v) € E(i,z,u) = |y| < |x

2i+1

Condition (G2) above forces edges of G to depend on pairs (4, z) rather than on
triples (i,z,u). Let o be a mapping ¢ :C V x {0,1,?}V — {0,1,¢} so that for
all (i,z,u), (i,z,u') in V and all ¢,c’ € {0,1,?}V condition (G4) hold

(G4) if c(j,y,v) = (4,y,v) for all (j,y,v) € E(i,x,u) = E(i,z,u') then
o((i,2,u),¢) = o((i,z,u), &) = o((i,z,0), ¢).

In particular, also o does only depend on pairs (i,z) (rather than on triples
(i, z,u)). o will be interpreted as a kind of ’evaluation’ mapping: Given the values
of all neighbors (determined by some c) of a pair (i, x), o evaluates to ’accepting’
(o((i,x,u),c) = 1) or 'rejecting’ (o((i, z, u),c) = 0) or error’ (o((i, z,u),c) = e).
It is not hard to guess that o will be given by the oracle-machines later on.

Given (G, o) we say that ¢ € {0,1,?}" is a coloring of (i, z,u) € V in (G, o),
iff either

o((i,z,u),c) #0, [{(i,z,u) € V]c(i,z,u') = 1}| > 22%#l and
{(i,z,u) € Vl]e(i,z,u') =0} =0

o((iy,u),€) £ 1, (i, ) € Vieli, ) = 0}] > 1244 and
{G,z,v) € Ve(i,x,u') =1} = 0.

or

We call ¢ € {0,1,?}V a coloring of (G, ) iff for all i € IN either there exist
(i,y,v) € V fulfilling o((¢,y,v),c) = e or cis a coloring of almost all (i, z,u) € V
in (G,0), i.e. there exist n; € IN so that ¢ is a coloring for all (i, z,u) with
|z| > n;.

2.2 A Simple Game

In this section we will assume that for all (i,z,u) € V there exist small neigh-
borhoods C of (i,z,u) in G totally determining o. We will call this small set of
vertices ’set of critical strings’ (of (i,z) in G). We will prove that in this case
(that is, sets of critical strings exist), there always exists a coloring of (G, o).
(This is a central step towards a relativized collapse because, as we will see later
on, suitable truth-table oracles can be easily defined by colorings.) Although the
assumption of the existence of critical sets is to strong to prove a relativized col-
lapse of the polynomial time hierarchy, it will serve as a base for and motivation
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of the more complex definitions and methods in the next sections. Notice that
our proof of a relativized collapse in Section [3] does not depend on any results
given in this Section 22!

To simplify matters let B,, for n € IN denote the set of all mappings ¢ €
{0,1,7}V so that ¢ is a coloring of (j,y,v) € V for all j < n. Given (G, o)
and a triple (i,z,u) € V let us call a set C C E(i,x,u) critical for (i, z,u), iff
o((i,xz,u),¢) = o((i,z,u),d) for all ¢,¢ € B; with c|¢ = ¢|¢. (We will call a
mapping C : V — 2V a critical mapping in (G, V) iff C(i,2,u) is a critical set
of (i,x,u) for all (i,z,u) € V.)

Lemma 1. Let (G,0), G = (V, E) be given so that for each (i,z,u) € V there

i+1
exists a critical set C(; » ., of size at most 2(log(2)* " Then there exist colorings

of (G, o).

Proof. As we have already mentioned o((i,x,u), c) does not depend on u. Thus
we can choose C(; ;) s0 that C(; ;) = Cli gz for all (i,z,u), (4,z,u’) € V.
We will construct a sequence ¢y C ¢; C ... of mappings ¢; :C V — {0,1,7} so
that ¢ = (J;cqy i is a coloring of (G, o). For given ¢:C V' — {0,1,?} and n € IN
let By(c):={c € B, | ¢ 2 c}. Let ¢ be determined by

co(, z,u) =7 iff (4, 2,u) € dom(co)
iff there exist (j,y,v) € V so that |y| < 2-|z| and
(i,2,u) € C(j,y,'u)

for all (i,z,u) € V. Given ¢, let ¢,+1 be determined by

dom(cpt1) = {(i,z,u) € V| x| < n+ 1} Udom(ey,)

and 1 ¢ 3be Byen)o((,y,v).b) = 1
. o : S ji\Cn).0\\],Y,V), =

Cn+1(J,,v) = {O otherwise

for all (j,y,v) € dom(cp41) \ dom(cy,).

Let ¢ = ;e ¢i- We will now prove ¢ € By(c;) for all n,i € IN (and thus
prove the lemma). As ¢ € By(c;) for all i € IN and all ¢ € {0,1,?}" with ¢/ D ¢;
we have ¢ € By(c;). Assuming ¢ ¢ B,11(¢;) but ¢ € By, (¢;) for some n,i € IN,
there have to exist a triple (n,z,u) € V so that ¢ is not a coloring of (n,x,u)
in (G,0). In the definition of ¢|;1; above we fix either ¢|;11(n,z,v) =1 for all
(n,z,v) € V \ dom(c|z|) or ¢gj41(n,x,v) = 0 for all (n,z,v) € V' \ dom(c)y). As
(n,z,v) € V\dom(cy) & (n,z,v) €V \ dom(cy) we have ¢z 41(n, z,v) =7 for
all vertices (n,z,v) € dom(cy|). Moreover there are at most
glog() (2]))

#{(n, z,v) € dom(co)} < log"® (2|z[) - 2[x| - 22121 . 20es(l])
< 93log(|z]) . 92lx| . 9(log(2|z))'eetoat2I=h (2.1)

< Loblel . g2lel . 93lel — Lodlel

vertices fixed in ¢y ( |z| > 2100 by definition!), where log(g) denotes log log log.
Thus we may distinguish the following cases:
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Case 1 t{(n,z,v) € V| c(n,z,v) = 1} > 22%Iel and
{(n,z,v) € V| c(n,z,v) =0} = 0.

Then by construction there exist b € By, (c|y|) so that o((n,z,u),b) = 1. As
Cin,z,u) € dom(ciy)) and ¢ € By, (c|5|) we have o((n, z,u),b) = o((n,z,u),c) = 1.
(Notice: C(p q,u) is a critical set of (n,z,u)!) That means, ¢ is a coloring of
(n,z,u) in contradiction to the assumption.

Case 2 tH{(n,z,v) €V |c(n,x,v) =0} > %23-|:1:\ and
{(n,z,v) €V | e(n,z,v) =1} = 0.

In this case we have o ((n, z,u),b) # 1 for all b € B, (c|y). Thus (as Cy, 5.0y €
dom(c|,) and ¢ € By(c|y)) we have o((n,7,u),c) # 1. Again c is a coloring of
(n,x,u) in contradiction to our assumption.

O

2.3 Coloring with Exceptions

As we have already mentioned, the conditions introduced in the previous section
are too strong to prove a relativized collapse; Even for truth-table machines
we cannot guarantee the existence of critical mappings. In this section we will
therefore generalize the ideas of the proof of Lemma [I] especially the concept of
critical mappings C.

Let (G,0), G = (V, E) be given so that (G1)-(G4) are fulfilled. Until other-
wise stated let C' denote a mapping C :C V — 2" so that

(C1) C(i,x,u) C E(i,x,u),

(C2) C(i,z,u) = C(i,z,v) and
9i+1

(C3) $C (i, x,u) < 2Uos(lz])

for all (4, x,u), (i,x,v) € V. Notice that we have not restricted C' to determine
o as we have done in the definition of critical mappings. We will add a similar
condition in (C4) later on. Similar to the proof of Lemma []let c§ denote the
mapping c§ :C V — {0,1,7} such that
c§ (i, z,u) =7 iff (i,2,u) € dom(c§)
iff there exist (4,y,v) € V so that |y| < 2-|z| and
(i, z,u) € C(4,y,v)

for all (i,z,u) € V. In the proof of Lemma [ any (i,z,u) € C;,.) belongs
to dom(c,) as long as |y| < n and furthermore, for any such (j,y,v), there
exist b € Bj(cp) so that b is a coloring of (j,y,v). These are the only features
of ¢, we have used to prove that c¢ is indeed a coloring (beside the fact that
¢ = Upew Cn is total). Let us therefore generalize B,, first. This time we will
take into account that, given an index 7 € IN, a coloring ¢ of (G, o) have to be
a coloring of almost all (i,2,u) € V only and might be not a coloring of any
(i, x,u) if there exist y and v so that o((i,y,v),c) = e. Let | € (INU {oo})NN,
n € N and b :C V — {0,1,?} be given. By BS(b,1) we denote the set of all
b €{0,1,7}V, ¥ D c§ so that
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(B1) &' Db, [\ c§1(V) < {0,1},
(B2) if I(i) € IN then b’ is a coloring of all (¢, 2z,u) € V with |z| > I(i) and
(B3) if I(i) = oo then there exist (i,z,u) € V so that o((i,z,u),b') =e,

for all i < n. Now we will generalize the set {c, | n € IN}: Given [ as above let
AC(1) denote the set of all b:C V — {0,1,?}, b D c§ so that

(A1) for all (i,x,u) € dom(b) \ dom(c§')
(A1.1) b(i,z,u) #7,
(A1.2) (j,y,v) € dom(d) for all (4,y,v) € C(i,z,u) and
(A1.3) if I(i) € IN and [(i) < |z| then there exist colorings ¢ € BE (b,1) of

(i,z,u) in (G,0),

(A2) there exist m € IN such that (i,2,u) € dom(c§') for all (i,2,u) € dom(b)
with |z| > m and

(A3) for all i € IN with (i) = oo there exist (i,z,u) € V and b’ € {0,1,?}V,
b D b so that o((i,z,u),b’) = e and (j,y,v) € dom(b) for all (j,y,v) €
E(i,z,u).

Notice that for b € AY(l) and i € IN with [(i) = oo there exists (i,2,u) € V so
that o((i,z,u),b') = e for all ¥ € {0,1,?}V with & D b. The following results
can be easily verified.

Lemma 2. Let ly be given by lo(i) = 0 for alli € IN. Then c§ € A%(ly).

Lemma 3. Letn,m € N, [ € (INU{oo})™, b € A(l) and c € BS (b,1) be given
so that (i,x,u) € dom(c§) or |z| < m for all (i,x,u) € dom(b). Then b’ € A°(I')

where (i ) lz| <
» _J cl,zyu) o jz[<m
V(i z,u) = {C(C)J(Z" x,u) : otherwise

for all (i,z,u) €V and
1) = {l(i) Ci<n

m : otherwise
for all i € IN.

Now we are prepared to give the definition of weakly critical mappings: We call
C : V — 2V a weakly critical mapping of i € IN in (G, o) iff (C1),(C2) and (C3)
above are fulfilled and the following condition (C4) hold

(C4) for all (i,z,u) € V, alll € (INU {oo})N with I(i) # oo and all b € A°(])
either there exist ¢ € BE (b,1) and (j,y,v) € V with j < i, I(j) # oo and
o((j,y,v),¢c) = eor o((i,r,u),c) = o((i,z,u),c") # eforall¢,c” € BE(b,1)
with C/|C(i,a:,u) = C//|C(i,a:,u)-

We call C' a weakly critical mapping in (G, o) iff C' is weakly critical for all i € IN
in (G,0).

Lemma 4. If there exist weakly critical mappings in (G, o) then there also exist
colorings of (G, o).
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Before we prove Lemma Hlwe will state a result which will be proven in the next
section (see Lemma [).

Lemma 5. Leti € IN, C be a weakly critical mapping of all j < i in (G,0) and
1 € (INU{oo})N be given. Then for allb € A®(1) so that BE (b,1) = 0 there exist
j<i, (j,x,u) €V and c € BS (b,1) so that I(j) € N and o((j,z,u),c) = e.

Proof. (of Lemma [4) Let C' be a weakly critical mapping in (G,0). We will
determine sequences ¢y C ¢; C ... and lo, Iy, ... with I,, € (INU {occ})™ and
cn € A(1,) so that for all n € IN

(1) Ln(n) =lr1(n) for all m > n,

(i) (4,z,u) € dom(cy,) for all (j,z,u) € V with |z| < n and

(iii)l o(—(gj, x],l\?), b) # e for all (j,z,u) € Vand all b € B (¢, l,) with j < n and
n(J) € IN.

It is easy to verify that ¢ = (J, o Cn is a coloring of (G,o), once we have
determined (¢, )new so that (i) and (ii) hold. Now let ¢y and Iy be determined
by cg = c§ and lo(i) = 0 for all i € IN. Given n € IN and ¢,,, [,,, so that conditions
(i)-(iii) above are fulfilled, there exist b € BS (¢, 1,): If there exist (n,z,u) € V.
and d € BY(cp,1,) so that o((n,z,u),d) = e then take b = d. Otherwise there
exist such b € BY(c,,l,) according to Lemma Bl In both cases we can find
suitable ;1 and cp4+1 € A%(l,41) by the construction given in Lemma [ (in
the first case we additionally have to fix I,,4+1(n) = oo!).

O

2.4 Combining Colorings

Until now, we have not mentioned how to restrict o so that (weakly) critical
mappings exist. To prove the existence of such mappings in Section 3, we have
to tackle a variation of the following problem: Given two colorings ¢/, ¢ of
(G,0) and two subsets V', V" of V. Does there exist a coloring ¢ of (G, o) so
that c|y, = |y and ¢|ly» = ¢’|y~»? In this section we will give a sufficient
condition for the restricted case ¢, c’,¢” € BS (b,1) (for given n, b, [ and C).

First we will introduce a restricted kind of ’transitive closure’ in G. Let
C :C V — 2V be given so that conditions (C1) - (C3) of Section P are fulfilled.
Furthermore let V’ be a subset of V and n € IN be given. By T (V') we denote
the smallest subset V" of V' so that

(T1) V' C V" and
(T2) C(i,x,u) C V" for all (i,x,u) € V" \ dom(c§) with i < n.

We can bound the number of vertices in 7.¢°%(V") for finite V' according to

2m 42

11,26 ({ (i, ,u)}) < 20t0s(zl) (2.2)

We state the following lemma only because of technical reasons. In the sequel
we will need only Corollary [T
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Lemma 6. Let i € IN, C' be a weakly critical mapping of all j < i in (G,0),
Il € (INU{co})N and b € A°(l) be given. Furthermore let V',V C V so that
there exist b',b" D b with ', b" € A°(l), dom(t') 2 V', dom(b") 2 V" and
b/‘TiC'G(V’)ﬂTf’G(V”) - b//\Tic,g(V,)ﬂTf,G(V,,), Then at least one of the following
statements holds

(i) there exist j < i, (j,x,u) € V and ¢ € B (b,1) so that I(j) € N and
o((j,z,u),c) =€ or
(ii) there exist c € BE (b,1) so that c|y = b'|y: and c|yn = b"|yn.

Proof. Let C, 1, b,b',b", V', V" and i be given as above. W.l.o.g. we will assume
that dom(b) C V’. Furthermore let us assume that statement (i) is false, i.e.
o((j,x,u),c) # e for all j < ¢ with I(j) € IN, all (j,z,u) € V and all ¢ €
Bjc(b7 1). Then we have a situation similar to the proof of Lemma [I in Section
22 o((J,y,v),¢) = o((J,y,v),c") for all j < ¢ with I(j) € IN and all ¢/,¢” €
Bf (b,1) with ¢|c(jya) = ¢"lc(y.0)- Starting with ¢g = b we determine ¢, 41
by dom(cnt1) = {(J,y,v) € V | ly| < n+ 1} Udom(c,). Furthermore given
(j,y,v) € dom(anrl) \ dom(cn) let CnJrl(jvyvU) = b/(jvyvv) (: bl/(jvyav)) lf
(j.yv) € TOC(V) (€ TOCWV) It (joy,0) & TOC(V) UTC (V) then
let ¢,41(J,y,v) = 1 iff there exist d € Bjc(cn,l) so that o((4,y,v),d) = 1 and
Cnt1(J,y,v) = 0 otherwise. Let ¢ = |J, oy ¢i- As clyr = |y and ¢y = ']y
by definition, we have only to prove c € Bjc(cn,l) for all n € IN and 5 < 4.
This can be verified by arguments which are almost identical to the arguments
of Lemma [[] Beside the cases we have distinguished there, we have here also to
consider a third case (j,y,v) € TiC’G(V’) U TiC’G(V”).

O
Notice that Lemma [Blis indeed a special case of Lemma [Bl where V' = V"' = ().
Furthermore we get the

Corollary 1. Let i, C, | and b be given as in Lemma [0 so that additionally
1(3) = oo for all (j,z,u) €V and all c € Bjc(b,l) with j <1 and o((j,x,u),c) =
e. Furthermore let m € IN, V', V" C V and ¢,¢" € B (b,1) be given so that
c/lTiC'G(V’)ﬂT,L-C‘G(V“) = Cl/lTiC’G(V/)ﬂTiC'G(V”) and |y| < m for all (j,y,v) € V'U
v,

Then there exist c € BE (b,1) so that cly: = |y and |y = " |yn.

3 A Relativized Collapse

In this section we will use the results of the last sections to prove a relativized
collapse of the polynomial time hierarchy of Monte-Carlo truth-table (oracle)
machines. Before we state this result formally, we will give some basic notations
concerning machines and furthermore we will state a connection between oracles
and colorings.

We use the standard model of probabilistic multitape Turing machines with a
finite number of tapes (see [2]). Given such a probabilistic machine M we denote
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the time complexity and language of M by tj; and Lj; respectively. Furthermore
we will assume that outputs of M on its computation paths belong to {0,1, 7}.
Let 70, (), 7, (z), ..., 7171 (z) denote both the different computation paths
of M on input x € X* and their outputs. Given a predicate () on computation
paths let Py .[Q] denote the set Par.[Q] = {0 < p < ma(x)|Q(7h,(x))}. For
example we have € Ly < §Po[mh; (z) = 1] > 2ma ().

We say that M respects the Monte-Carlo property on z (M € MCM(x) for
short) iff either §Py o [mh,(z) = 1] > 2mar(a) or §Puyo[mh (x) = 0] > Zma ().
M is called a Monte-Carlo machine (M € MCM) iff M € MCM/(x) for all
x € X*. A probabilistic machine is called Las-Vegas machine, iff for all « either
8P lmh (2) = 1] > $ma(z) and §Pyg[mh, (z) = 0] = 0 or §Pya[nh,(x) =
0] > 2ma(z) and §Py . [mh,(z) = 1] = 0.

Probabilistic Turing machines can be relativized in a canonical way. Here we
will assume that an oracle may also answer 7, that is an oracle is a mapping
A X* — {0,1,7} rather than a subset A C X*.

Given an oracle A we adopt the above definitions and denote the relativized
versions by 4y, L4, ma(x, A), 7%, (z, A), MCM(x, A) and MCM(A). Fur-
thermore we also adopt P .[Q] and denote its relativized version by Pz\él,z[Q]~
Given a computation path m of an oracle machine let ¢(mw) denote the set of
oracle questions asked during the computation of . We call a probabilistic or-
acle machine M a truth-table machine iff for all z € X* and all oracles A, B :
2* —{0,1,7} we have mps(x, A) = my(z, B) and q(7h,(z, A)) = q(74,(z, B))
for all 0 < p < mpr(x, A). In the case of truth-table machines we will omit
the oracle A iff it is clear. We denote the time complexity classes determined by
Monte-Carlo and Las-Vegas truth-table machines with oracle A by BPTIMEf; ()
and ZPTIM E{}() respectively. Monte-Carlo polynomial time is also denoted by
BPP/}.

Let () : IN x X* x £* — 5* be determined by (i,z,u) = 0°10/*! 1zu for all
1 € N and z,u € X*. Furthermore let V' be determined as in Section 2ZIland Ay
be a mapping Ag :C X* — {0,1,?} so that dom(A4y) = {{i,x,u) | (i,z,u) € V}.
Once we have fixed such an Ay (in the sequel we will assume so) we have a one
to one correspondence between ¢ € {0, 1,?}" and oracles A : X* — {0,1,?} with
A D Ag: given c € {0,1,7} let A. O Ap be determined by A({i,z,u)) = c(i, z, u)
for all (i,z,u) € V. Given a computation path = we will denote by g(7) the set
{(i,2,u) € V|{i,z,u) € q(m)} and by (M, x) the set Uy, e, ) 9(mhs(2)) (for
given truth-table machine M and input z).

Now we are prepared to prove the main lemma.

Lemma 7. There existe >0 and A: X* — {0,1,7} so that
BPTIME{}(n'*t¢) = ZPTIME{}(n).

Proof. Let 0 < ¢ < 1 and an enumeration My, My, ... of (clocked) probabilistic
truth-table machines be given so that tﬁi (r) < |z|*> for all i € N, z € X*
and all oracles A : X* — {0,1,7}. Furthermore we will assume that for all
A:X*—{0,1,?} and all L € BPTIME}}(n'*¢) there exist n;, € IN such that
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M,, € MCM(A) and z € L < x € L4,  for almost all z € X*. The existence
of such an enumeration can be easily verlﬁed by standard techniques.
In the sequel we will determine (G, o), G = (V, E) so that

E(j,y,v) 2 {(, 2z, u)|(i,zu) € ¢(M;,z)} (3.3)
and 1 : M;eMCM(y,A )/\yELA
o((j,y,v),c) =0 : M; € MCM(y,Ac) Ny ¢ Liy (3.4)
e : otherwise

for all (j,y,v) € V and ¢ € {0,1,?}V. Notice that ¢ is uniquely determined by E
and (B.4) above. Thus we will give only a construction of G = (V, E) and denote
the corresponding o according to ([B.4) by og.

The following claim can be easily verified.

Claim. Let (G, o) be given so that (B3)) and (3.4) are fulfilled and there exists
a coloring ¢ of (G,0). Then BPTIME]}*(n'*¢) = ZPTIME]}*(n).

Thus we have to construct (G,o) so that weakly critical mappings exist.
Next we will determine a sequence Ey C F; C ... and furthermore a sequence
CoCCLC...,Ci:CV =2 forallieN,sothat C =J, . Cn is a weakly
critical mapping in (G,o0¢), G = (V, E) where E = |J, ¢y En. Furthermore we
will determine C,, so that dom(C,,) = {(i,z,u) € V|i < n}.

Let Eo(j,y,v) = q(M;j,y) for all (j,y,v) € V and Cy be determined by
dom(Cp) = (). Notice that we have |z| < |y|? for all (i,z,u), (j,y,v) € V with
(i, z,u) € Eo(j,y,v). Given n € IN, E,, and C,, we will first determine C,,11: Let
(n,x,u) € V be given and M = M,,. Furthermore let V(p) = TS % (q(75,(x))
for 0 < p < mps(x). Then determine Cp 41 (n, x,u) by Cpy1(n, z,u) = {(j,y,v) €
V8P 2[5, y,v) € V(P)] > (4 maXo<p<ma (@) 8V ()" - mar(2) }. Now let

‘ _ En(j,y,v) + j#n
Ens1(Gy,v) = {En(j7 y,0) UCpnt1(J,y,v) : otherwise
for all (j,y,v) € V.
To complete this proof we have to verify that C' = |J, .y Cn is a weakly
critical mapping in (G, o0¢), G = (V, E) where £ = J, oy B

Claim. Let G, o and C be given as above. Then G fulfills conditions (G1)-(G4)
of Section Bl and C' is a weakly critical mapping in (G, 0g). Thus there exist
colorings ¢ of (G, 0¢).

Proof. It can be easily verified that (G1)-(G4) and (C1),(C2),(C3) hold for
(G,0¢) and C respectively. To prove (C4) let i € IN, [ € (N U {oo})™ and
b € A®(l) be given so that for all (j,y,v) € V with j < i and I(j) # o
and for all ¢ € BY (b,1) we have ag((j y,v),¢) # e. Furthermore let us assume
that there exist (i,z,u) € V and ¢ c” € BE(b,1) so that og((i,2,u),c) = 0,
oq((i,z,u),c") =1 and c|¢(i,2,0) = " |c(i,2,4). We will now prove the existence
of c e BZC(b7 1) so that o((i,z,u),c) = e and thus verify (C4).
Given p with 0 < p < myy, (z) let V(p) be determined by
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V(p) =TS (q(xh, (x)).

Furthermore given d € {0,1,?7}V let P denote the set P = Py, o[dlv () =
v (p)] and Pi = {0, ...,mpr, () —1}\ P2. Let ||d, ¢'|| be determined by ||d, || =
]iP;Z. Now let d € BY (b, 1) be given so that dlc(izw = ez, o((i,z,u),d) =
1 and ||d, /|| is minimal among these mappings. Because of o((i,x,u),d) = 1,
o((i,z,u),¢’) = 0 and by Corollary [ there exist p € P;Z and ¢ € BY(b,1)
so that c|y» = ¢y and c|ly» = d|y» where V! = V(p) U {V(p)|]p € P}
and V" = (H{V(p)lp € P;ﬁ ANV(p)NnV(p) C C(i,x,u)}. Obviously we have
lle, || < ||d, || and ¢|c(ieu) = € |c(ie,u)- Furthermore we have

8Py, ldlv ) # v < gV (B) - mas (2) = 1 - mar, (2)

and thus — §Py, o[mh, (2, Ac) = 1] > 2 - may, (2) — - mag, (x) > 5 - may, (z)
so that o((4,2,u),c) = e by minimality of ||d, ¢/||.

4 Conclusions and Open Problems

In this section we will first give a few conclusions of Lemma [t for further dis-
cussion see [5]. By standard padding arguments we get the main theorem:

Theorem 1. There exist oracles A such that
BPP{ = ZPTIME{(n).

Notice that our proof of Lemma [[land thus of A is not constructive because
the construction of ¢,11 in Lemma M is not. To solve this problem we will first
assume I, 11 # oo (see prove of Lemma M) until we recognize that our guess is
wrong. A carefull analysis of the construction shows that for all (i, z,u) € V we
can find a step so that A need not be altered later on. Thus the oracle A can be
chosen to be recursively.

Furthermore by a carefull analysis of equation (ZI) (Section Z2Z) and the
proof of Lemma 7 we can weaken the time bound of the machines (M;);ew
in the proof of Lemma [1 so that ta;, € O(f) for all ¢ and a function f with
Vk,i € IN.f*) € O(2V™). Together we can extend Theorem 1 to the following
theorem.

Theorem 2. Let f be a function such that Vk,i € IN.fF) ¢ 0(2%). Then there
ezists a decidable oracle B so that

BPTIMEB(f) = ZPTIMEE (n).

Obviously Theorem 1 is not true for all oracles: even under random oracles
BPPY # BPTIMEC®(n). The same is true under any oracle C' with P¢ =
NPC.

For general (Monte-Carlo) oracle machines and a few other semantic models
it is also possible to define appropriate graph coloring problems. But in these
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cases graphs and (weakly) critical mappings depend on colorings and vice versa.
An interesting open problem is to find simpler proofs of such relativized collapses.

The central problem remains to prove or disprove the unrelativized existence
of polynomial time hierarchies for Monte-Carlo machines (and several other so
called semantic machine classes). However, the results given in this paper and in
[10] indicate that the separation of the time hierarchy classes will be a non-trivial
task. Notice that even strong relations to other problems are not known.

Acknowledgments. The authors would like to thank Marek Karpinski for
helpfull discussions on the problem of BPTIME-hierarchies and the proof of the
main theorem in [5].
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Abstract. We show that some natural refinements of the Straubing
and Brzozowski hierarchies correspond (via the so called leaf-languages)
step by step to similar refinements of the polynomial-time hierarchy.
This extends a result of H.-J. Burtschik and H. Vollmer on relationship
between the Straubing and the polynomial hierarchies. In particular, this
applies to the boolean hierarchy and the plus—hierarchy.

1 Introduction

In complexity theory, the so called leaf-language approach to defining complexity
classes became recently rather popular. Let us recall some relevant definitions.
Consider a polynomial-time nondeterministic Turing machine M working on an
input word x over some alphabet X and printing a letter from another alphabet
A after finishing any computation path. These values are the leaves of the binary
tree defined by the nondeterministic choices of M on input . An ordering of the
tuples in the program of M determines a left-to-right ordering of all the leaves. In
this way, M may be considered as a deterministic transducer computing a total
function M : X* — A* from the set of words X* over X to the set of words over
A. Now, relate to any language L C A* (called in this situation a leaf language)
the language M ~!(L) C X*. Denote by Leaf(L) the set of languages M ~1(L),
for all machines M specified above. For a set of languages C, let Leaf(C) be the
union of Leaf (L), for all L € C.

It turns out that many inportant complexity classes have natural and useful
descriptions in terms of leaf languages (see e.g. [BCS92, V93, HL+93). In par-
ticular, a close relationship between some classes of regular leaf languages and
complexity classes within PSPACE was established in [HL+93]. In [BV98], a
close relationship between the Straubing hierarchy {S,} and the polynomial
hiearachy {X?} was established: Leaf(S,) = X2, for any n > 0.

In this paper, we consider the possibility of extending the last result to some
refinements of the above-mentioned hierarchies (in the context of complexity the-
ory, these refinements were introduced and studied in [Se93, Se94, Se95, Se99]).

* Supported by the Alexander von Humboldt Foundation, by the German Research
Foundation (DFG) and by the Russian Foundation for Basic Research Grant 00-01-
00810.
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Our interest in results of this kind is motivated by the hope that such relation-
ships between automata—theoretic and complexity—theoretic notions may lead
to nontrivial applications of one theory to the other. For an example of this see
Section 7 below.

Note that for the important particular case of the boolean hiearachy over
NP aresult similar to ours was earlier established in [SW98, Theorem 6.3], and
we actually use the idea of proof of that theorem. We make also an essential use
of a result from [PW97] cited in Section 3.

In Section 2 we give the exact definitions of our hierarchies, in Section 3 we
consider some relevant notions from language theory, in Sections 4—6 we present
our main results, and further we give some examples and discussions.

2 Hierarchies

In different areas of mathematics, people consider a lot of hierarchies which are
typically used to classify some objects according to their complexity. Here we
define and discuss some hierarchies relevant to the topic of this paper.

We already mentioned the polynomial hierarchy {X%} which is one of the
most popular objects of complexity theory. Note that classes (or levels) of the
polynomial hierarchy are classes of languages over some finite alphabet X. In the
context of complexity theory, the cardinality of X is not important (provided
that it is at least 2), so it is often assumed that X is just the binary alpha-
bet {0,1}. For detailed definition and properties of the polynomial hierarchy
and other relevant notions see any standard textbook on complexity theory, say
[BDGS88, BDGI0]. Sometimes it is convenient to use more compact notation for
the polynomial hierarchy, namely PH; hence PH = {XF}.

Let us define now two hierarchies which are rather popular in automata
theory. A word u = ug ... u, € AT (A" denotes the set of finite nonempty words
over an alphabet A, while A*—the set of all finite words over A, including the
empty word £) may be considered as a first—order structure u = ({0,...,n}; <
,Qa, - . .), where < has its usual meaning and @, (a € A) are unary predicates on
{0,...,n} defined by Q,(i) <> u; = a. By Theorem of McNaughton and Papert
[MP71], the so called star—{ree regular languages are exactly the sets of words
u, for which u satisfies a first—order sentence of signature o4 = {<, Qq, taca-

For any n > 0, let S,, denote the class of languages defined by X', —sentences
of signature o (i.e., sentences in prenex normal form starting with the existential
quantifier and having n — 1 quantifier alternations); the sequence SH = {S,}
is known as the Straubing (or Straubing—Thérien) hierarchy. In cases when it is
important to specify the alphabet, we denote the n-th level as ATL,,, and the
whole hierarchy as ATSH. There is also a *-version of the Straubing hierarchy
which will be denoted as A*SH = {A*S, }; the relationship between both ver-
sions is very easy: A*S,, = ATS,, U ATSE (for any class X of subsets of AT we
denote X¢ = {X U {e}|X € &A}).

The Brzozowski hierarchy is defined in the same way, only in place of g 4 one
takes the signature ¢’y = 04 U{L, T,s}, where L and T are constant symbols
and s is a unary function symbol (L, T are assumed to denote the least and the
greatest element respectively, while s denotes the successor function). Brzozowski
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hierarchy will be denoted by BH = {B,,}, with the corresponding variations in
case when we need to mention the alphabet explicitely.

Note that in automata theory people usually define the Straubing and Br-
zozowski hierarchies by means of regular expressions; the equivalence of those
definitions to definitions used here is known from [T82, PP86]. For more infor-
mation on logical aspects of automata—theoretic hierarchies see also [Se01].

Next we would like to define some refinements of the introduced hierarchies.
In order to do this in a uniform way, we need a technical notion of a base. Let
(B;U,n,;0,1) be a boolean algebra (b.a.). Without loss of generality, one may
think that B is a class of subsets of some set. By a base in B we mean any
sequence L = {L, },<, of sublattices of (B;U,N,0,1), satisfying the inclusions
L,Uco(Ly) C Lyt (here co(L,,) denotes the dual set {Z|x € L,} for L,). Note
that levels of the hierarchies introduced above (as well as of many other popular
hierarchies) are bases (take in place of L,, respectively X} |, Spy1 and Byq1).

With any base L = {L,},<, one can associate a sequence of new subsets
of B as follows. Let T be the set of terms of the signature (U,N,50,1) with
variables v} (k,n < w). We call v} (k < w) variables of type n, and elements of
T—typed boolean terms. Relate to any term t € T the set ¢(L) of all its values
when variables of type n range over L,,. We call the sequence {t(L)}; the typed
boolean hierarchy over L.

Let us state some easy properties of the introduced classes.

Lemma 1.

(i) Typed boolean hierarchy is a refinement of L, i.e. any class L,, is among the
classes t(L),t € T.

(i1) If L is a base in B, L' is a base in B' and f : B — B’ is a homomorphism of
boolean algebras such that f(Ly) C L., for all n < w, then f(t(L)) C t(L")
foranyteT.

Proof.

(i) Let t =vy, then t(L) = L.

(ii) We have to deduce f(a) € t(L') from a € t(L). Let t = t(xo, ..., Ty), where
Xo, ..., T are some typed variables. By definition of ¢(L), a = t(aq, . . ., ax)
for some ao,...,a; € B such that a; € L, whenever z; is of type n. By a
property of homomorphisms, f(a) = t(f(ao),..., f(ar)). From f(L,) C L/,
it follows that f(a;) € L!, whenever x; is of type n. Hence, f(a) € t(L’).
This completes the proof.

Now we prove a more subtle property useful for some considerations below.
Let L be a base in a b.a. B, and let B’ = B x {0, 1} be the cartesian product
of B and of the 2-element b.a. {0,1}. Hence, B’ = {(b,¢)|b € B,c < 1} and the
boolean operations in B’ are componentwise. We will state a close relationship
between the typed boolean hierarchies over L and over the base L’ in B’ defined
by L, = L, x {0,1}.

Let B¢ = B x {c}, then B’ = B’ U B! and B° may be considered as a b.a.
isomorpic to B (isomorphism is given of course by the function b — (b, ¢); note
that symbols N, U have the same interpretations in B¢ as they have in B’, while
the symbol ~has slightly different interpretations in B® and B'). Let L¢ be the
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base in B° induced by L under this isomorphism, i.e. L = L, x {c}. Then
L, =L°ULl.

We call a boolean term t(xg,...,xx) nontrivial, if the function induced by
this term on {0,1} is not constant, i.e. for any ¢ < 1 there are ¢; < 1 satisfying
t(co,...,cx) = c. Asis well known, a term is nontrivial iff it is not equivalent to
the constant boolean terms 0,1 in the theory of boolean algebras.

Lemma 2.
(i) ForanyteT andc <1, t(L°) =t(L) x {c}.
(i) For any nontrivial t € T, t(L') = t(L°) Ut(L').

Proof.

(i) follows from Lemma 1.

(ii) Let t = t(zo,...,x)) for some typed variables x;, and let a € ¢t(L'),a =
(b,c) € B'. Then a = t((bo,c0),...,(bk,cx)) for some (bj,c;) € B
such that (bj,c¢;) € L, whenever z; is of type n. We have a =
(t(bo, ..., br), t(co,...,cx)), and b; € L, whenever z; is of type n. Hence,
bet(L) and a € t(L) x {c} = t(L°).

It remains to check the inclusion ¢(L) x {¢} C ¢(L’). By nontriviality of ¢,
c=t(co,...,cx) forsome c; < 1.Leta = (b,c) € t(L)x{c}, then b = ¢(bo, ..., by)
for some by, ...,b; € B such that b; € L, whenever x; is of type n. We have
a = t((bo,co), ..., (bg,cx)) and (bj,c;) € L), whenever z; is of type n. Hence,
a € t(L') completing the proof.

Taking in place of L the base PH = {X} . },, we get the typed Boolean
hierarchy {¢(PH)} over PH introduced and studied in [Se94, Se94a, Se95, Se99)].
In particular, the following fact was established.

Lemma 3. All classes of the typed boolean hierarchy over PH are closed down-
wards under the polynomial m—reducibility and contain polynomially m—complete
sets.

Taking in place of L the base SH (the base BH), we get the typed boolean
hierarchy {t(SH)} (resp., {t(BH)}) over SH (resp., over BH). A study of these
hierarchies, as well as of fine hierarchies over SH and BH defined below was
initiated in [SS00]. If we want to specify the alphabet explicitly we again use
notation like t(ATSH).

The three examples of the typed Boolean hierarchy introduced above will be
the main objects of this paper. Let us state some easy facts on the typed boolean
hierarchies over SH and BH. The foolowing assertion follows from Lemma 1.

Lemma 4.

(i) For anyn >0 and any alphabet A, ATS,, C A*S,, and ATS,, C ATB,.

(ii) For any t € T and any alphabet A, t(ATSH) C t(A*SH) and t(ATSH) C
t(A*BH).

Now we establish a relationship between the *- and +-versions of the typed
boolean hierarchy over SH which informally means the equivalence of the both
versions for the purposes of this paper.
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Lemma 5.

(i) For any nontrivial t € T and any alphabet A, t(A*SH) = t(ATSH) U
t(ATSH)E.

(i1) For any t € T and any alphabet A, Leaf(t(A*SH)) = Leaf(t(ATSH)).

Proof.

(i) Let B=P(A") and L = ATSH. Then b.a. P(A*) is naturally isomorphic
to the b.a. B = B x {0,1} (the isomorphism h : B x {0,1} — P(A*) is
defined by h(L,0) = L and h(L,1) = L U {e}). Using notation introduced
before Lemma 2, we have h(L!) = A*S,. Now the assertion follows from
Lemma 2.

(ii) If ¢ is equivalent (in the theory of boolean algebras) to 0, then t(A*SH) =
{0} = t(ATSH), and the equation follows. If ¢ is equivalent to 1, then
t(A*SH) = {A*} and t(ATSH) = {AT}. But Leaf(A*) = X* = Leaf(A"),
because the leaf word is always nonempty. Finally, let ¢ be nontrivial. Then
the equation follows from (i), because Leaf(t(ATSH)®) = Leaf(t(ATSH)),
again by the nonemptyness of the leaf word. This completes the proof of the
lemma.

We will consider also another hierarchy called the fine hierarchy over L. It was
introduced by the author in the context of recursion theory and then considered
also in several other contexts. Let us briefly recall the definition of the fine
hierarchy over L. Its classes (or levels) S, are numbered by ordinals a < &g,
where g9 = sup{w,w”,w*",...} (for more information about the well-known
ordinal €y and the ordinal arithmetic see e.g. [KM67]).

We define the classes S7, where n is an auxiliary parameter, by induction on
« as follows (simplifying notation we write in this definition ab in place of aNb):

Sg = 0; 87, = St for > 0;

Sg-&-l = {U0$0 U U1$1|ui € Ln,Io € Sg,ll?l € CO(Sg),UOull'o = uoulxl};

S§ v = {uoro U uizy U toty|lu; € Ln,mo € Sh,z1 € co(Sh),y €
S¥, upuro = upur 1} for § = w? -6’ > 0,7 > 0.

To see that this definition is correct note that every nonzero ordinal a0 < €
is uniquely representable in the form o = w? 4+ .- + wW* for a finite sequence
Yo > -+ > 7 of ordinals < «a. Applying the definition we subsequently get
S0 Stvo0 4w s - -+ Se- Finally, let S, = S9.

For information on the properties of the fine hierarchy see e.g. [Se95].

3 Families of Languages

By a +-class of languages [PW97] we mean a correspondence C which associates
with each finite alphabeth A a set ATC C P(AT), where P(A™) is the set of
all subsets of A™. In this paper we need classes of languages with some minimal
closure properties as specified in the following

Definition. By a +-family of languages we mean a +-class C = {ATC} 4
such that

(1) for every semigroup morphism ¢ : A* — B+, L € B*C implies ¢~ (L) €
ATC,



328 V.L. Selivanov

(2)if Le A¥Cand a € A, then a 'L = {v € At|av € L} and La™! = {v €
ATlva € L} are in ATC.

This notion is obtained from the notion of a positive +-variety introduced
in [PW97] by omitting the condition that any A*C is closed under finite union
and intersection. The notion of a *-family of languages is obtained from the
above definition by using * in place of + and monoid morphism in place of the
semigroup morphism (as again in [PW97] for the notion of a positive *-variety).

The following evident fact will be of some use in the next section.

Lemma 6. Let C be a *-family of languages and A, B be any alphabets of the
same cardinality. Then Leaf(A*C) = Leaf(B*C).

Proof. By symmetry, it suffices to check the inclusion in one direction, say
Leaf(A*C) C Leaf(B*C). Let K € Leaf(A*C), then K = M~Y(L) for an
L € A*C and a suitable machine M. Let ¢ : A — B be a one-one correspondence
between A and B, and ¢, : B* — A* be the monoid morphism induced by ¢~ ".
Then L, = ¢; (L) € B*C and K = M, *(L;), where M is a machine behaving
just as M with the only difference that it prints ¢(a) whenever M prints a.
Hence, K € Leaf(B*C) completing the proof.

From results in [PW97] we easily deduce the following facts about classes of
hierarchies introduced in Section 2.

Lemma 7.

(i) For any n > 0, {AtS,}a and {ATB,}a are positive +-varieties, while
{A*S,} 4 is a positive *-variety.

(ii) For any typed Boolean term t, {t(AYSH)}a and {t(ATBH)}4 are +-
families of languages while {t(A*SH)} 4 is a *-family of languages.

(iii) For any o < €, {Sa(ATSH)}a and {So(ATBH)}a are +-families of lan-
guages while {So,(ATSH)} 4 is a *-family of languages.

Proof.

(i) s proved in [PW97] and plays a principal role for our paper.

(ii) Let ¢ : AT — BT be a semigroup morphism and let L € ¢(B*S). By (i),
the preimage map ¢! satisfies conditions of Lemma 2.(ii). Hence, ¢ ~1(L) €
t(ATS). Property (2) from definition of the family of languages, as well as
the remaining assertions from (ii) and the assertion (iii), are checked in the
same way.

4 Typed Boolean Hierarchy over SH

In this section we relate some hierarchies introduced in Section 2 via the leaf
language approach. First we consider languages from classes of the typed boolean
hierarchy over SH as leaf languages.

Theorem 1. For any typed boolean term t, UaLeaf(t(A*SH)) = t(PH) =
UaLeaf(t(ATSH)).
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Proof. By Lemma 5, it suffices to prove the equality UsLeaf(t(A*SH)) =
t(PH). First let us note that the result from [BV98] cited in the Introduction is
exactly formulated as the equality UaLeaf(A*S,,) = XF, for any n > 0.

Now let us check the inclusion UgLeaf(t(A*SH)) C t(PH). Let K €
Leaf(t(A*SH)), then K = M~!(L) for some polynomially bounded nondeter-
ministic Turing machine M and some L € t(A*SH). The map M~! : P(A*) —
P(X*) is a homomorphism of boolean algebas satisfying (by the Theorem of
Burtschick and Vollmer) the inclusions M~1(A*S,,) C XP. By Lemma 1.(ii),
K =M"Y(L) € t(PH), as desired.

For the converse inclusion, choose any K in ¢(PH) and let t = t(xo, ..., xx),
where x; are typed variables. Then K = t(Ky,..., K) for some Ky,..., K, C
X* such that K; € X¥_ | whenever z; is of type n. By the Theorem of Burtschik
and Vollmer, there exist alphabets Ao,..., Ay and languages L; C A% such
that K; € Leaf(L;) and L; € S,,+1 whenever z; is of type n. By Lemma 3.2,
the alphabets Ag,..., Ay may be without loss of generality assumed pairwise
disjoint. Let A = AogU- - -UAj. Now it suffices to show that K € Leaf(t(A*SH)).

Let My, ..., M} be nondeterministic polynomyal time Turing machines sat-
isfying K; = Mj_l(Lj). Consider the nondeterministic polynomial time Tur-
ing machine M which behaves as follows: on input x € X*, it branches non-
deterministically into k + 1 computation paths, and on the j-th (from left to
right) path just mimicks completely the behavior of the machine A;. Note that
the leaf string M (z) will be the concatenation of the leaf strings M;(x), i.e.
M(x) = My(z) - - - My (z).

For any j <k, let ¢; : A* — A;'f be the morphism erasing all letters not in
A;. Then, by Lemma 3.3, gbj_l(Lj) € Ly,4+1 whenever z; is of type n. Hence, the
language P = t(¢y "' (Lo), - - -, ¢ ' (Lg)) is in t(A*SH). Hence, it suffices to check
that K = M~'(P) = t(M~' (¢ " (Lo)), .., M~ (¢, " (Ly)). But ¢;(M(x)) =
M;(x), hence M‘l(qZ)j_l(Lj)) = Mj_l(Lj) and the desired equality follows im-
mediately from the equality K = t(Ko,..., Kg) = t(My ' (Lo),..., M, ' (Ly)).
This concludes the proof of the theorem.

In [BV98] the result was proved in a more exact form than it was formulated
above. They proved also that for any n > 0 there is an alphabet A and a
language L € ATS,, such that Leaf(L) = XP. This is also generalizable to the
typed boolean hierarchy.

Theorem 2. For any t € T there exist an alphabet A and a language L €
t(AYSH) such that Leaf(L) = t(PH).

Proof. By Lemma 3, there exists a language K C X* polynomially m-complete
in ¢(PH). By Theorem 4.1, there exist an alphabet A and a language L €
t(A*SH) such that K € Leaf(L) C t(PH). It is well-known [BCS92] that the
class Leaf(L) is closed downwards under the polynomial m-reducibility. Hence,
t(PH) C Leaf (L) completing the proof.

5 Typed Boolean Hieararchy over BH

The next result is an evident analog of Theorem 1 for the Brzozowski hierarchy.
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Theorem 3. For anyt €T, t(PH) =UaLeaf(t(ATBH)).

The relationships between automata—theoretic hierarchies and the
complexity—theoretic ones established in Theorems 1 and 3 look dependent on
the alphabet. It seems that for the Straubing case the dependence is really essen-
tial (though we have yet no formal proof of this). Our next result shows that for
the Brzozowski case one can get an alphabet—independent version of Theorem 3.

Theorem 4. For any t € T and any alphabet A having at least two symbols,
Leaf(t(ATBH)) = t(PH).

The idea of proof is evident: to code symbols of a bigger alphabet by sequences
of symbols of a smaller alphabet using the presence of the successor function in
the signature ¢’y from Section 2. In the next few lemmas we collect observations
needed for realization of this idea. For technical convenience, we will assume in
these lemmas that the alphabet A is a finite subset of w.

Define a function f : w — {0,1}F by f(n) = 01...10, where the sequence
of 1’s is of length n + 1. With any alphabet A C w we associate a semigroup
morphism f = fa : At — {0,1}" induced by the restriction of f to A. E.g.,
for A =1{0,1,2} and w = 0212 we get f(w) = 01001110011001110. In general,
if w=aop---ar for a; € A then f(w) is the superposition f(ag)--- f(ax). For
i < k, let ¢ denote the position of the first letter of f(a;) (this letter is of course
0) in the word f(w). As usual, the length of a word v is denoted by |v|, and for
i < |v| the i-th letter in v is denoted by v;. The following assertion is evident.

Lemma 8.
(i) Foralli,j<|w|,i<jifi <j.
(it) For any I < |f(w)|, 1 € {i'|i < |w[} iff (f(w)) =0 and (f(w))i41 = 1.

Let 04 = {<,Qu}aca and o’ = O'{{O’l} = {<,Q0,Q1,L, T, s} be the signa-
tures discussed in Section 2. Relate to any formula ¢ of o4 a formula ¢’ of o’ by
the following induction:

if isx =y orxz <y then ¢ is ¢;

if ¢ is Qq(x) then ¢ is Qo(x) A Q1(s(z)) A+ AQ1(s* 1 (x)) A Qo(s%T2(x));

if ¢ is @1 A @5 then ¢’ is &) A &h;

if ¢ is =@ then ¢ is —¢);

if ¢ is Vagy then ¢’ is Ve (Qo(z) A Q1(s(x)) — ¢)).

The other connectives V,—, 3 are expressed through A,—,V in the usual
way. Below we discuss structures of the form w related to words w as specified
in Section 2. When we want to stress the signature in which we consider the
structure, we use notation like (w;04). For ig,...,ix < |w|, (W;04,%0,-.-,0k)
denotes the usual enrichment of the structure (w;o4) by constants i;. From
Lemma 8 we easily get

Lemma 9.
(i) Let ¢ = ¢(zo,...,2x) be a formula of signature o, w € AV and
0yt < |w|. Then we have (W;oq4,i0,...,0k) E &(To,...,zk) iff

(f(w); 0,40, ..., 1) E ¢ (z0,- .., k).



Relating Automata-Theoretic Hierarchies 331

(ii) For any w € AT and any sentence ¢ of oa, we have (W;o4) E & iff

(f(w); o) |= &'

Let @ be the set of all sentences of signature o 4. For ¢, ¢ € &, let L, = {w €
Af|lw = ¢} and let ¢ = ¢ iff Ly = Ly. Let B be the quotient of the structure
(P; A\, V, —, true, false) under the congruence relation =. As is well-known, B is
a boolean algebra; abusing (and simplifying) notation, we denote elements of B
as corresponding sentences. For n < w, let L,, be the subset of B corresponding
to the set of X, 1-sentences; then L = {L,} is a base in B. When we want to
stress the alphabet, we denote this base by L 4.

The construction from preceding paragraph applies also to sentences of o’y
in place of o4 (as well as to sentences of any other signature). We denote the
corresponding base as L' = L’,. The next lemma follows from Lemma 1.

Lemma 10. Lett € T and A be any alphabet, A C w.

(i) L€t(ATSH) iff L = Ly for some ¢ € t(La), and similarly for AYBH and
for the base L'y .
(i) If ¢ € t(La) then ¢" € t(LY; 1)

Now we are able to give a proof of the theorem.

Proof of Theorem 4. The inclusion Leaf(t(ATBH)) C t(PH) was already
noticed above. For the converse, it clearly suffices to check that ¢(PH) C
Leaf(t({0,1}T"BH)). By Theorem 1 and Lemma 6, it suffices to check the in-
clusion Leaf(t(ATSH)) C Leaf(t({0,1}TBH)), for any alphabet A C w. So
assume that K € Leaf(t(ATSH)). Then K = M~!(L) for a suitable machine
M and for some L € t(ATSH). By Lemma 10, L = Ly for some ¢ € t(La).
Again by Lemma 5.5, ¢’ € t(L’{O’l}) and Ly € t({0,1}*BH). Hence, it remains
to check that M ~!(L4) € Leaf(Ly ). In other words, it remains to find a suitable
machine M satisfying M~ (Ly) = M~ (Ly ).

Let M; on the input x behaves exactly as M on input z, with the only
exception that at the end of any computation path, whenever M prints a € A,
the machine M; "prints” the word f(a) € {0,1}* (more exactly, M; branches
nondeterministically to |f(a)| paths and on these paths prints subsequently bits
of the word f(a)). In this way we get My (z) = f(M(x)). By Lemma 9, M (z) &= ¢
iff M (z) = ¢'. In other words, z € M~Y(Ly) iff 2 € M *(Ly), for any x € X*.
Hence, M~Y(Ly) = M~ (Ly) completing the proof of the theorem.

As in Section 4, we automatically get

Corollary 1. For any t € T there exists a language L € t(({0,1}*BH)) satis-
fying Leaf(L) = t(PH).

6 Fine Hierarchy

In two preceeding sections we have described the situation with the typed
boolean hierarchy rather comprehensively. Here we discuss similar questions
for the fine hierarchy. The general question is to understand the relationships
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between classes Leaf(S,(ATSH)), Leaf(So(ATBH)) and S,(PH), for any
a < gg. We give some partial information relevant to this question.
The proof of the next fact is strightforward.

Proposition 1. For any a < &y and any alphabet A, Leaf(S,(ATSH)) C
Leaf(So(ATBH)) C S,(PH).

Unfortunately, till now we were unable to prove the remaining inclusion
So(PH) C Leaf(UaAtS,(SH)). The problem is that the fine hierarchy is de-
fined in terms of values of boolean terms, values of whose variables satisfy some
constraints (see Section 2). It is not clear how to preserve those constraints under
transfer to another hierarchy.

The next result, which is reminscent of Theorem 4 and which is proved in the
same way, shows that for the Brzozowski case we again may "reduce” alphabets.

Proposition 2. For any a < &y and any alphabet A, Leaf(S,(ATSH)) C
Leaf(Sa({0, 1} BI)).

7 Examples and Discussion

The typed boolean hierarchy and the fine hierarchy are rather abstract and rich
structures. In this section we formulate and discuss some interesting particular
cases.

Let again B = (B;U,N,;0,1) be a b.a. Define an operation of addition of
classes X, Y C B by the equali

ty X +Y ={zAy|z € X,y € Y}, where xAy is the symmetric difference of
x and y. This operation is induced by the operation of addition modulo 2, hence
it is associative and commutative and we may a fortiori freely use expressions
like Xo + -+ X,.

Let L be a sublattice of (B;U,N,0,1). For any k > 0,let D), = L+---+ L (k
summonds in the righthand side). In [KSW86] it was shown that the sequence
{Dk(L)} coincides with the well-known boolean (or difference) hierarchy over
L.

Taking now NP in place of L, one gets the boolean hiearachy over NP, a
rather popular object in complexity theory introduced in [WW85]. More gener-
ally, one could consider the boolean hierarchy {Dy(XE)} over the n-th level of
the polynomial hierarchy. It is natural to ask: is there a natural description of
these classes in terms of leaf languages? To answer the question, one have only to
note that for any base L in B the boolean hierarchy over any class L,, is a frag-
ment of the typed boolean hierarchy (as well as of the fine hierarchy), see [Se94].
E.g., we could consider the boolean hierarchy over any class B, = {0,1}*5,, of
the Brzozowski hierarchy and immediately get

Corollary 2. For all n,k > 0, Leaf(Dy(By)) = Dr(XP).

For the case of the boolean hierarchy over NP and the boolean hierarchy
over &7 the corresponding result was earlier obtained in [SW98].
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Another interesting example is the plus—hierarchy introduced implicitly in
[Se94, Se95] and explicitely in [Se94a, Se99]. The levels of the plus—hierarchy over
any base L are obtained when one applies the operation + introduced above to
the levels L,,, for all n < w. Any finite nonempty string o = (ng, ..., nk) of nat-
ural numbers satisfying ng > - -+ > ny, defines the level P,(L) = L, + -+ L,
of the plus—hierarchy over L. One easily checks that in this way we get actually
all the levels of the plus—hierarchy, that the finite sequences specified above are
ordered lexicographically with the order type w*, and that P, U co(P,) C P
whenever o < 7.

The plus—hierarchy is again a fragment of the typed boolean hierarchy, so we

get e.g.
Corollary 3. For any sequence o as above, Leaf(P,({0,1}*BH)) = P,(PH).

What is the aim of proving results of this type? In our opinion, the existence
of nontrivial connections between automata—theoretic and complexity—theoretic
hierarchies is interesting in its own right and is somewhat unexpected. Maybe,
some time results of this type may be even of use. E.g., assume for a moment that
the Brzozowski hierarchy collapses. By the Theorem of Burtschik and Vollmer,
the polynomial hierarchy would then collapse too. This is of course unlikely,
hence the Brzozowski hierarchy should not collapse. And this is actually a proven
fact of the automata theory [BKT78]. From [Ka85] we know that the boolean
hierarchy over any XF does not collapse, provided that PH does not collapse.
Hence, the boolean hierarchy over any level of BH also should not collapse. And
this was indeed proved in [Sh98,SS00], though the proofs are rather involved.

Actually, we can even deduce results of this type from some known facts of
complexity theory. As an example consider the following generalization of results
from [Sh98, SS00].

Corollary 4. The plus—hierarchy over {0,1}T BH does not collapse.

Proof. Suppose the contrary. Then, by relativization of Corollary 3, the rela-
tivization (with any oracle) of the plus-hierarchy over PH would collapse. By
[Se94, Se94a, Se99], the relativization of PH (with any oracle) would collapse
too, contradicting to a well-known result of complexity theory.
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Abstract. Many documents such as Web documents or XML files have
tree structures. A term tree is an unordered tree pattern consisting of
internal variables and tree structures. In order to extract meaningful and
hidden knowledge from such tree structured documents, we consider a
minimal language (MINL) problem for term trees. The MINL problem
for term trees is to find a term tree ¢ such that the language generated by
t is minimal among languages, generated by term trees, which contain all
given tree structured data. Firstly, we show that the MINL problem for
regular term trees is computable in polynomial time if the number of edge
labels is infinite. Next, we show that the MINL problems with optimizing
the size of an output term tree are NP-complete. Finally, in order to
show that our polynomial time algorithm for the MINL problem can be
applied to data mining from real-world Web documents, we show that
regular term tree languages are polynomial time inductively inferable
from positive data if the number of edge labels is infinite.

1 Introduction

Many documents such as Web documents or XML files have tree structures. In
order to extract meaningful and hidden knowledge from such documents, we need
tree structured patterns which can explain them. As tree structured patterns,
a tree pattern [1/34], a type of objects [] and a tree-expression pattern [12]
were proposed. In [B[TT], we presented the concept of term trees as a graph
pattern suited for representing unordered tree structured data. A term tree is an
unordered tree pattern which consists of internal variables and tree structures.
A term tree is different from the other representations proposed in [TIBJ4J9T2] in
that a term tree has internal structured variables which can be substituted by
arbitrary trees. A term tree ¢ is said to be regular if the labels of all variables are
different. In [7], we proved that the matching problem for an extended regular
term tree and a standard tree is NP-complete. However, in [6], we showed that the
matching problem for a regular term tree whose variables consist of two vertices
is computable in polynomial time. Then in this paper, we consider only such a
regular term tree. Since a variable can be replaced by any tree, overgeneralized

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 335-[346] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Fig.1. A term tree t and a term tree t' as an overgeneralized term tree and one of
the least generalized term trees explaining 77, T> and T3, respectively. A variable is
represented by a box with lines to its elements. The label of a box is the variable label
of the variable.

patterns explaining all given data are meaningless. Then the purpose of this
work is to find one of the least generalized term trees explaining tree structured
data. In Fig. [[, we give examples of term trees ¢t and #' which can explain all
trees 11, To and T3. The term tree ¢ is an overgeneralized term tree which is
meaningless. But the term tree ¢’ is one of the least generalized term trees.

The concept represented by a term tree, which is called a term tree language,
is the set of all trees obtained by replacing all variables by arbitrary trees. The
minimal language (MINL) problem is the problem of finding a term tree whose
term tree language is minimal among term tree languages containing all given
trees. In [BJTT], for a special type of regular term trees, which are called a regular
term caterpillar, we showed that the MINL problem for regular term caterpillars
is computable in polynomial time. In this paper, we show that the MINL prob-
lem for regular term trees is computable in polynomial time if the number of
edge labels is infinite. Moreover, we consider the following two problems. Firstly,
MINL with Variable-size Minimization is the problem of finding a term tree ¢
such that the term tree language of ¢ is minimal and the number of variables in
t is minimum. Secondly, MINL with Tree-size Maximization is the problem of
finding a term tree ¢t such that the term tree language of ¢ is minimal and the
number of vertices in ¢ is maximum. Then we prove that the both two prob-
lems are NP-complete. These results show the hardness of finding the optimum
regular term tree representing all given data.

In order to show that our polynomial time algorithm for the MINL problem
can be applied to data mining from real-world Web documents, we show that
regular term tree languages are polynomial time inductively inferable from pos-
itive data if the number of edge labels is infinite. In []], we proposed a tag tree
pattern which is a special type of a regular term tree and is suited for express-
ing structures of XML documents, and presented an algorithm for generating all
maximally frequent tag tree patterns. The results of this paper give a theoretical
foundation of the result in [§].

This paper is organized as follows. In Section 2] we give the notion of a term
tree as a tree structured pattern. Also we formally define the MINL problem for
regular term trees. In Section Bl we give a polynomial time algorithm solving the
MINL problem for regular term trees if the number of edge labels is infinite. And
we show the hardness of finding the optimal term tree which explaining all given
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data in Section[dl We show that regular term tree languages are polynomial time
inductively inferable from positive data in Section [Bl

2 Preliminaries — Term Trees as Tree Structured Patterns

Let T = (Vr, ET) be a rooted unordered tree (or simply a tree) with a set Vi of
vertices, a set Ep of edges, and an edge labeling. A variable in T is a list [u, u'] of
two distinct vertices v and u/ in V. A label of a variable is called a variable label.
A and X denote a set of edge labels and a set of variable labels, respectively,
where AN X = ¢. For a set S, the number of elements in S is denoted by |S|.

Definition 1. A triplet g = (V;, E,, Hy) is called a rooted term tree (or simply a
term tree) if Hy is a finite set of variables such that for any [u,v'] € Hy, [v/,u] is
not in Hy, and the graph (Vy, E,UE]) is a tree where £ = {{u, v} | [u,v] € Hy}.
A term tree g is called regular if all variables in H,; have mutually distinct
variable labels in X. In particular, a term tree with no variable is called a ground
term tree and considered to be a standard tree. RTT and G777 denote the set of
all regular term trees and the set of all ground term trees, respectively.

For a term tree f and its vertices v, and v;, a path from vy to v; is a sequence
v1, V2, . .., v; of distinct vertices of f such that for 1 < j < ¢, there exists an edge
or a variable which consists of v; and v;4;. If there is an edge or a variable which
consists of v and v’ such that v lies on the path from the root of f to v/, then v
is said to be the parent of v’ and v’ is a child of v. Without loss of generality,
we assume that v’ is a child of v if [v,v'] is a variable in f.

Let f = (Vy, Ey,Hy) and g = (Vy, E4, Hy) be regular term trees. We say that
f and g are isomorphic, denoted by f = g, if there is a bijection ¢ from V; to
Vg such that (i) the root of f is mapped to the root of g by ¢, (ii) {u,v} € Ey if
and only if {¢(u), p(v)} € E; and the two edges have the same edge label, and
(iii) [u,v] € Hy if and only if [p(u), p(v)] € Hy. Two isomorphic regular term
trees are considered to be identical.

Let f and g be term trees with at least two vertices. Let o = [u, u'] be a list

consisting of the root u of g and another vertex u’ in g. The form x := [g, o] is
called a binding for . A new term tree f{xz := [g, 0]} is obtained by applying the
binding z := [g, 0] to f in the following way: Let e; = [v1,v]],...,€m = [Um, VL]

be the variables in f with the variable label z. Let g¢1,...,9, be m copies of
g and u;,u} the vertices of g; corresponding to u,u’ of g, respectively. For each
variable e; = [v;,v]], we attach g; to f by removing the variable e; from H; and
by identifying the vertices v;, v} with the vertices u;, u; of g;. We define the root
of the resulting term tree as the root of f. A substitution 0 is a finite collection

of bindings {z1 := [g1,01],"**, Tn = [gn,on]}, Where x;’s are mutually distinct
variable labels in X. The term tree f6, called the instance of f by 6, is obtained
by applying the all bindings z; := [g¢;,0;] on f simultaneously. For term trees

f and g, if there exists a substitution € such that f = g6, we write f < g.
Especially we write f < g if f < g and g A f. In Fig. [2 we give examples of a
regular term tree, a substitution and an instance.
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Fig. 2. Ground term trees ¢t; and t2, and an instance tf which is obtained by applying
a substitution 8 = {z := [t1, [v1,v2]],y := [t2, [u1,u2]]} to the regular term tree ¢t. A
variable is represented by a box with lines to its elements. The label of a box is the
variable label of the variable.

For a (regular) term tree g, the (regular) term tree language L(g) of g is
defined as L(g) = {h € GTT | h = g0 for a substitution 0}. The class RTTL of
all regular term tree languages is defined as RTTL = {L(g) | g € RTT }. Let S
be a nonempty finite subset of GT'T and r be a regular term tree. A regular term
tree language L(r) is minimal for (S,RTT) if (i) S € L(r) and (ii) L(s) & L(r)
implies S ¢ L(s) for any s € RTT.

Minimal Language (MINL) Problem for RT7
Instance: A nonempty finite subset S of GTT.
Question: Find a regular term tree 7 such that L(r) is minimal for (S,RTT).

3 Polynomial Time Algorithm for Finding Minimal
Regular Term Languages

Since solving the minimal language problem for RT7T is essential to the learn-
ability of regular term tree languages, we give the following theorem.

Theorem 1. The minimal language problem for RTT with infinite edge labels
1s computable in polynomial time.

Proof. We show that the procedure MINL(S) (Fig.[3) works correctly for finding
a regular term tree r such that the language L(r) is minimal for (S, RTT). Let
f=(Vy, Ef,Hy) and g = (Vy, Eg, Hy) be term trees. We write h = g if there
exists a bijection § : V3 — Vj such that for u,v € V4, {u,v} € Ej or [u,v] € Hy,
if and only if {£(u),£(v)} € E4 or [£(u),&(v)] € Hy. For RTT with infinite edge
labels, the following two claims hold:

Claim 1. For any g,h € RTT with h =~ g, h < g if and only if L(h) C L(g).
Proof of Claim 1. If h < g, we have L(h) C L(g) straightforwardly. Then we
show that h < ¢ if L(h) C L(g). Since h = g, there exists a bijection £ such
that for u,v € Vi, {u,v} € Ej or [u,v] € Hy, if and only if {{(u),{(v)} € E,; or
[£(u),&(v)] € Hy. If there does not exist a bijection & such that [£(u),&(v)] is in
H, for all [u,v] € Hy, the ground term tree which is obtained by replacing all
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Procedure MINL(S);
Input: a nonempty finite set S of ground term trees.
Output: a regular term tree g such that the language L(g) is minimal for (S, R7T).
begin
g := Basic-Tree(S);
foreach variable [u,v] € Hy do
foreach edge label ¢ which appears in S do begin
let ¢’ be a term tree which is obtained from g
by replacing variable [u, v] with an edge labeled with c¢;
if S C L(g') then begin g := ¢’; break end
end
end;

Procedure Basic-Tree(S);
begin // Each variable is assumed to be labeled with a distinct variable label.
d:=0;g:= ({T},(Z),@);
g := breadth-expansion(r, g, S);
max-depth :=the maximum depth of the trees in S;
d:=d+1;
while d < max-depth — 1 do begin
v :=a vertex at depth d which is not yet visited;
g :=breadth-expansion(v, g, S);
while there exists a sibling of v which is not yet visited do begin
Let v’ be a sibling of v which is not yet visited;
g :=breadth-expansion(v’, g, S)
end;
d:=d+1
end;
return g
end;

Procedure breadth-expansion(v, g,S); Procedure depth-expansion(v, g, S);

begin begin
g’ :=depth-expansion(v, g, S); Let g be (Vg,0, Hy);
while g # ¢’ do begin Let v be a new vertex and
g:=9q; [v,v'] a new variable;

g’ :=depth-expansion(v, g, S) g = (Vo u{v'},0,Hg U{[v,v']});
end; while S C L(¢') do begin
return g g:=g;v:=1";

end; Let v' be a new vertex and

[v,v'] a new variable;
g = (Vy U{v'}, 0, Hy U{[o,0]})
end;
return g
end;

Fig. 3. MINL(S): An algorithm for finding a regular term tree r such that the language
L(r) is minimal for (S, RTT).
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variables in h with an edge label which does not appear in g is not in L(g). Then
[€(u),&(v)] € Hy for all [u,v] € Hy,. Therefore h < g. (End of Proof of Claim 1)

By Claim 1 we can replace the inclusion relation C on RTTL with the relation

<on RTT.

Claim 2. Let g = (Vy, E4, Hy) be an output regular term tree by the procedure
MINL, given a nonempty finite set S of ground term trees. If there exists a
regular term tree h with S C L(h) C L(g), then h =~ g.

Proof of Claim 2. Let ¢’ be the regular term tree which is obtained by Basic-
Tree(S). Then L(h) C L(g) € L(¢') and g ~ ¢’. Let h' be the regular term
tree which is obtained by replacing all edges in h with variables. Then h ~ h’/
and L(h) C L(R'). Let 6 be a substitution which realizes h = ¢’6 and ¢’ a
substitution which obtained by replacing all edges appearing in 6 with variables.
Then A’ = ¢'0'. Since S C L(h) C L(h'), S C L(¢'¢"). Since Basic-Tree(S)
generates a regular term tree whose language is minimal for (S,{g € RTT |
g has no edge}), ¢'¢0’ = ¢'. Therefore b’ = ¢, then h = g. (End of Proof of
Claim 2)

Suppose that there exists a regular term tree h = (Vj,, Ey, Hy) such that
S C L(h) & L(g). From the above two claims, we obtain & < g and h =~ g.
There exist a variable [u,v] € H, labeled with  and an edge label a such that
h < g{z := [T,, [v/,v']]} where T, is a tree consisting of an edge {u, v’} labeled
with a. We denote by f the regular term tree which is obtained in the procedure
MINL before trying to replace the variable [u,v] with an edge labeled with a.
Then we have that S ¢ L(f{x := [Tg,[v/,v']]}) and there exists a substitution
6 with g = f0. From h < g{z := [T,, [v/,V]]} = f0{z = [T,, [v/,V]]} = f{z =
[To, [/, 0']]}0, we have h < f{z := [Ty, [« ,v']]}. Thus S C L(h) C L(f{z :=
[T, [/, v']]}). This contradicts S € L(f{xz := [T, [v/,v]]}).

In [6], we gave an algorithm for deciding whether or not a given ground
term tree T' is a member of L(g) for a given regular term tree g. The algorithm
runs in O(n?N?3%) time where n and N are the number of vertices in g and T
respectively. Let Ny, and Ny, be the maximum and minimum numbers of
vertices of ground term trees in S respectively. Since the final regular term tree
g is no larger than the smallest ground term tree in S, the algorithm MINL(S)
checks at most O(Ny,ip,) time whether or not S C L(g). Therefore the algorithm
runs in O(N2,,, N3:5 |S|) time. O

min® 'mazx

4 Hardness Results of Finding Regular Term Trees of
Minimal Language

In Section [3, we have given a polynomial time algorithm for finding a regular
term tree of minimal language from a given sample. In this section, we discuss
MINL problems with optimizing the size of an output regular term tree.

MINL with Variable-size Minimization
Instance: A nonempty finite subset S of GTT and a positive integer K.
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(z1, 22, 23) = (true, false, true) (z1, 22, 23) = (true, false, false)

Fig. 4. T; for a clause ¢; = {z1,22,z3}. P; (1 <14 < 7) is constructed systematically
by removing appropriate 3 branches labeled with T or F from P,. We describe only P;
and P» in this figure.

Fig. 5. Two special sample trees T and T".

Question: Is there a regular term tree t = (V, E, H) with |H| < K such that
L(¢) is minimal for (S,RTT)?

Theorem 2. MINL with Variable-size Minimization is NP-complete.

Proof. Membership in NP is obvious. We transform 3-SAT to this problem. Let
U = {x1,...,2,} be a set of variables and C = {¢1,...,¢n} be a collection of
clauses over U such that each clause ¢; (1 < j < m) has |¢;| = 3. We use symbols
T,F,dy,ds,dy,ds, x1,...,x, as edge labels.

We construct trees 11,...,T,, from c1,...,c,. Let Py be the tree which is
described in Fig. @ For a clause cj, which contains x;,,x;,,z;, as positive or
negative literals, we have the 7 truth assignments to z;, ,x;,,z;, which satisfy
the clause ¢;. For the ith truth assignment (z;,,%;,,%;,) = (bi1, b2, biz) (i =
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X, X;
dﬁ dj
T F T |F
t2 t3

t1

Fig. 6. The regular term trees 1, t2,t3 which generate minimal languages for {g1, g2}
where both g1 and g2 have the same edge label z;.

d d
T F T F
th ts

t

Fig. 7. The regular term trees t},t5,t5 which generate minimal languages for {g7, g5}
where g1 and g2 have distinct edge labels z; and x; (i # j), respectively.

1,2,...,7), we construct P; by removing the branches which are labeled with
b1, bia, biz from the subtrees corresponding to Zj,, T4y, T4, Of Py, respectively. For
example, for a clause {1, T2, x3} the tree P; in Fig. @l shows an assignment z7 =
true,xo = false,x3 = true and the tree P, shows z1 = true,zo = false,x3 =
false. We also construct two special trees T and 7" (Fig.[H). T and T have 7
subtrees like Tj. Only one subtree of them is distinct. Let S = {T1,...,T,,,T,T"}
be a sample set. Lastly we set K = 7Tn. The depth of a vertex v is the length of
the unique path from the root to v.

Fact 1. For any regular term tree g which is minimal for (S, R7T), (i) the root
of g has just 7 children which connect to the root by edges labeled with dy, (ii)
each vertex of depth 1 of g has just n children which connect to the parent by
edges labeled with do, and (iii) each vertex of depth 2 of g has just one child.

This fact means that any regular term tree g which is minimal for (S,R77T)
has at least 7n variables each of which locates at each subtree rooted at a vertex
of depth 3.

Fact 2. Let g1 and g2 be trees described in Fig. Bl There are only three regular
term trees which are minimal for ({g1, g2}, RTT). The three regular term trees
are described in Fig. [6l.
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Fig. 8. The output regular term tree when there is a truth assignment which satisfies
C' (Theorem [).

Fact 3. Let g} and g be trees described in Fig. [[l There are only three regular
term trees which are minimal for ({¢{, g5}, RTT). The three regular term trees
are described in Fig. [1.

From the above facts, if 3-SAT has a truth assignment which satisfies all
clauses in C, there is a regular term tree ¢t = (V, E, H) with |H| = 7n such that
L(t) is minimal for (S, RTT) (Fig. B). Conversely, if there is a regular term tree
t = (V,E, H) with |H| = Tn such that L(¢) is minimal for (S, RTT), the regular
term tree is isomorphic to the one which is described in Fig. B by ignoring edge
labels T and F. For 1 < i < n, we assign true to x; if the nearest edge label from
xz; of type T,F is T, otherwise we assign false to x;. Then this truth assignment
satisfies C. O

Next we show that it is hard to compute the regular term tree of maximum
tree-size which is minimal for (S, R77T) for a given sample set S.

MINL with Tree-size Maximization

Instance: A nonempty finite subset S of GT'T and a positive integer K.
Question: Is there a regular term tree t = (V, E, H) with |V| > K such that
L(¢) is minimal for (S,RTT)?

Theorem 3. MINL with Tree-size Maximization is NP-complete.

Proof. (Sketch) Membership in NP is obvious. We transform 3-SAT to this prob-
lem in a similar way to Theorem Pl We use only blank as an edge label. Each
variable x; (1 <4 < n) transforms a tree of the form shown in Fig. [0 It is easy
to see that the number of vertices of a regular term tree which matches the trees
corresponding to x; and z; (i # j) is at most 5(n + 1).

We construct trees T4, ..., T, from ¢y, ..., ¢y in a similar way to Theorem
but we use subtrees Pp,... (P; is shown in Fig.[I0) instead of P, ... in Fig. @
Moreover we construct one special tree T (Fig. [[0). Let S = {T1,...,Tm,T} be
a sample set of GT T . Lastly we set K = 35n2 4 92n + 8. Then, we can compute
a regular term tree t = (V, E, H) with |H| = K such that L(t) is minimal for
(S,RTT) (Fig. @) if and only if 3-SAT has a truth assignment which satisfies
all clauses in C. O
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X

a;

Ap+p

T

N

Fig. 9. Subtrees corresponding to z1, ..

true)

)

(true, false

.’L'Q,x3)

r1,

(

Fig.10. A subtree P; corresponding to a truth assignment and a special sample tree

Fig. 11. The output regular term tree when there is a truth assignment which satisfies

C (Theorem BJ).
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5 Polynomial Time Inductive Inference of Regular Term
Tree Languages from Positive Data

In this section, a language is a subset of GT'T. An indexed family of recursive
languages (or simply a class) is a family of languages C = {L1, Lo, ...} such that
there is an effective procedure to decide whether w € L; or not, given a tree w
and an index 4. In our setting, an index is a term tree, and the language L; with
an index 7 is the term tree language L(4) of a term tree i. A class C is said to
have finite thickness, if for any nonempty finite set 7' C GT T, the cardinality of
{LeC|TC L} is finite.

An inductive inference machine (IIM, for short) is an effective procedure
which requests inputs from time to time and produces indices as hypotheses from
time to time. A positive presentation o of a nonempty language L is an infinite
sequence wi, ws, -+ of trees in GT'T such that {w;,ws,--} = L. We denote by
o[n] the ¢’s initial segment of length n > 0. For an IIM and a finite sequence
o[n] = wy,wa, -, w,, we denote by M (co[n]) the last hypothesis produced by
M which is successively presented wi,ws, - -, w, on its input requests. An ITM
is said to converge to an index r for a positive presentation o, if thereisann > 1
such that for any m > n, M(o[m]) is r. Let C be a class and M be an IIM for
C. An I1IM M is said to infer a class C in the limit from positive data, if for any
L € C and any positive presentation o of L, M converges to an index r for o
such that L = L,. A class C is said to be inferable in the limit from positive data,
if there is an IIM which infers C in the limit from positive data.

A class C is said to be polynomial time inductively inferable from positive
data if there exists an IIM for C which outputs hypotheses in polynomial time
with respect to the length of the input data read so far, and infers C in the limit
from positive data.

Theorem 4 ([2],[10]). Let C be a class. If C has finite thickness, and the mem-
bership problem and the minimal language problem for C are computable in poly-
nomial time, then C is polynomial time inductively inferable from positive data.

The membership problem for RTTL is, given a ground term tree g and a
regular term tree ¢, the problem of deciding whether or not g € L(t). We gave a
polynomial time algorithm for the membership problem for RTTL [6]. Since the
class RTTL has finite thickness [5], from Theorem ] we have Theorem [

Theorem 5. The class RTTL with infinite edge labels is polynomial time induc-
tively inferable from positive data.

6 Conclusions

The minimal language problem is a kernel problem in learning methods such as
inductive inference. We have given a polynomial time algorithm for solving the
minimal language problem for regular term trees. From the viewpoint of compu-
tational complexity, we have shown that it is hard to solve the minimal language
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problems with optimizing the size of an output regular term tree. By using our
polynomial time algorithm, we have shown the regular term tree language with
infinite edge labels is polynomial time inductively inferable from positive data.

We can give membership and MINL algorithms to the following two classes
of regular term trees with no edge label: RTTL; = {L(g) | g € RTT and the
number of children of every vertex in g is not 2} and RTTLs = {L(g) | g € RTT
and (i) for every pair of vertices in ¢ whose degrees are more than 2, there exists
a vertex of degree 2 on the path between them, and (ii) there is no vertex of
degree 3 in t such that the distance between any leaf and the vertex is at least
2}. Therefore the classes are polynomial time inductively inferable from positive
data. But it is an open question whether or not the class of all regular term
tree languages with no edge label is polynomial time inductively inferable from
positive data.
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Abstract. The necessary and sufficient conditions for an automaton to
be locally threshold testable are found. We introduce the polynomial
time algorithm to verify local threshold testability of the automaton of
time complexity O(n®) and an algorithm of order O(n®) for the local
threshold testability problem for syntactic semigroup of the automaton.
We modify necessary and sufficient conditions for piecewise testability
problem for deterministic finite automaton and improve the Stern algo-
rithm to verify piecewise testability for the automaton. The time com-
plexity of the algorithm is reduced from O(n”) to O(n?). An algorithm
to verify piecewise testability for syntactic semigroup of the automaton
of order O(n?) is presented as well.

The algorithms have been implemented as a C/CT' package.
Keywords: automaton, locally threshold testable, piecewise testable,
locally testable, transition graph, syntactic semigroup, algorithm

Introduction

The concept of local testability was introduced by McNaughton and Papert [11]
and by Brzozowski and Simon [5]. Local testability can be considered as a special
case of local [-threshold testability for | = 1.

Locally testable automata have a wide spectrum of applications. Regular
languages and picture languages can be described by help of a strictly locally
testable languages [4], [9]. Local automata (a kind of locally testable automata)
are heavily used to construct transducers and coding schemes adapted to con-
strained channels [I]. Locally testable languages are used in the study of DNA
and informational macromolecules in biology [§].

Kim, McNaughton and McCloskey [I0] have found necessary and sufficient
conditions of local testability and a polynomial time algorithm for local testa-
bility problem based on these conditions. The realization of the algorithm is
described by Caron [6]. A polynomial time algorithm for local testability prob-
lem for semigroups was presented in [I7].

The locally threshold testable languages were introduced by Beauquier and
Pin [2]. These languages generalize the concept of locally testable language and
have been studied extensively in recent years. An important reason to study
locally threshold testable languages is the possibility of being used in pattern

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 347-[358] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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recognition [13]. Stochastic locally threshold testable languages, also known as
n — grams are used in pattern recognition, particular in speech recognition, both
in acoustic-phonetics decoding as in language modeling [19].

For the state transition graph I" of an automaton, we consider some sub-
graphs of the cartesian product I' x I and I" x I" x I'. In this way, necessary and
sufficient conditions for a deterministic finite automaton to be locally threshold
testable are found. It gives a positive answer on Caron’s question [7]. We present
here O(n®) time algorithm to verify local threshold testability of the automaton
based on this characterization. By n is denoted here the sum of the nodes and
edges of the graph of the automaton (n can be also considered as the product
of the number of states by the size of the alphabet).

The local threshold testability problem for semigroup is, given a semigroup,
to decide, if the semigroup is locally threshold testable or not. We present a
polynomial time algorithm for this problem of order O(n?®). By n is denoted
here the size of the semigroup.

A language is piecewise testable iff its syntactic monoid is J-trivial [I5].

Stern [T4] modified these necessary and sufficient conditions and described a
polynomial time algorithm to verify piecewise testability of deterministic finite
automaton of order O(n®). The algorithm was implemented by Caron [6]. Our
aim is to reduce the last estimation.

We modify necessary and sufficient conditions [15], [14] for the piecewise
testability problem and describe an algorithm to verify piecewise testability of
deterministic finite automaton and of his syntactic semigroup of order O(n?).

Necessary and sufficient conditions of local testability [10] are considered in
this paper in terms of reachability in the graph I" x I'. New version of O(n?) time
algorithm to verify local testability based on this approach will be presented too.

The considered algorithms have been implemented as a part of C/C*+ pack-
age TESTAS (testability of automata and semigroups).

Notation and Definitions

Let X be an alphabet and let X+ denote the free semigroup on X. If w € X, let
|w| denote the length of w. Let k be a positive integer. Let ix(w) [tx(w)] denote
the prefix [suffix] of w of length k or w if |w| < k. Let F}, j(w) denote the set of
factors of w of length k with at least j occurrences. A language L [a semigroup
S] is called I-threshold k-testable if there is an alphabet X' [and a surjective
morphism ¢ : X7 — S] such that for all u, v € T, if ix_1(u) = ig_1(v),
tp—1(u) = tg—1(v) and Fy ;(u) = Fy ;(v) for all j <, then either both u and v
are in L or neither is in L [u¢ = vg).

An automaton is [-threshold k-testable if the automaton accepts a I-
threshold k-testable language [the syntactic semigroup of the automaton is I-
threshold k-testable].

A language L [a semigroup, an automaton] is locally threshold testable
if it is [-threshold k-testable for some k and .
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Piecewise testable languages are the finite boolean combinations of the lan-
guages of the form A*ay A*as A*...A*a; A* where k > 0, a; is a letter from the
alphabet A and A* is a free monoid over A.

|I"| denotes the number of nodes of the graph I'.

I'* denotes the direct product of i copies of the graph I'.

The edge py,...,Pn — d1,...,qn in I is labeled by o iff for each i the edge
P; — q; in I' is labeled by o.

A maximal strongly connected component of the graph will be denoted for
brevity as SCC, a finite deterministic automaton will be denoted as DFA.
Arbitrary DFA is not necessary complete. A node from an SCC will be called
for brevity as an SCC — node. SCC — node can be defined as a node that has
a right unit in transition semigroup of the automaton.

The graph with trivial SCC is called acyclic.

If an edge p — q is labeled by o then let us denote the node q as po.

We shall write p = q if the node q is reachable from the node p or p = q.

In the case p = q and q = p we write p ~ q (that is p and q belong to one
SCC or p =q).

The stabilizer X(q) of the node q from I' is the subset of letters o € X
such that any edge from q labeled by ¢ is a loop q — q.

Let I'(X;) be the directed graph with all nodes from the graph I" and edges
from I" with labels only from the subset X; of the alphabet X.

So, I'(X(q)) is a directed graph with nodes from the graph I" and edges from
I" that are labeled by letters from stabilizer of q.

A semigroup without non-trivial subgroups is called aperiodic [2].

Let p be a binary relation on semigroup S such that for a,b € S apb iff for
some idempotent e € S ae = a, be = b. Let A\ be a binary relation on .S such
that for a,b € S aAb iff for some idempotent e € S ea = a, eb = b.

The unary operation z“ assigns to every element x of a finite semigroup S
the unique idempotent in the subsemigroup generated by x.

1 The Necessary and Sufficient Conditions of Local
Threshold Testability

Let us formulate the result of Beauquier and Pin [2] in the following form:

Theorem 11 [J] A language L is locally threshold testable if and only if the
syntactic semigroup S of L is aperiodic and for any two idempotents e, f and
elements a, u, b of S we have

eafuebf = ebfueaf (L.1)
Lemma 12 Let the node (p,q) be an SCC-node of I'? of a locally threshold

testable DF A with state transition graph I' and suppose that p ~ q.
Then p =q.
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Proof. The transition semigroup S of the automaton is finite and aperiodic [12].
Let us consider the node (p, q) from SCC X of I'2. Then for some element e € S
we have qe = q and pe = p. In view of qe’ = q, pe! = p and finiteness of S
we can assume e is an idempotent. In the SCC X for some a, b from S we have
pa = q and gb = p. Hence, peae = q, qebe = p. So peaebe = p = p(eaebe)’
for any integer i. There exists a natural number n such that in the aperiodic
semigroup S we have (eae)” = (eae)"*!. From theorem [I1] it follows that for
the idempotent e, eacebe = ebeeae. We have p = peaebe = p(eaeebe)” =
p(eae)™(ebe)™ = p(eae)t1(ebe)™ = p(eae)”(ebe) eae = peae = q. So p = q.

Theorem 13 For DFA A with state transition graph I' the following three
conditions are equivalent:

1)A is locally threshold testable.

2)If the nodes (p,q;,r1) and (q,r,t,t) are SCC-nodes of I'* and I'*, cor-
respondingly, and

(a,r) = (q1,t1), (P,ay) = (r,t), (P,ry) = (q,ty) holds in I

then t = tq.

3)If the node (w,v) is an SCC-node of the graph I'? and w ~ v then w = v.

If the nodes (P,q;,r1), (q,r,t), (q,r,t;) are SCC-nodes of the graph I'®
and

(q’ I') = <q17r1)7 (p’ql) = (I',t), (parl) = (qatl) hold in F27

then t ~ tq.

2) 3)
Px b 50\ 4 P(x b q
u u
po| T wo| T
— t; =t — t; ~t
i o422 o|t ! qifoe= 2 -—ot !
2
ry o/b | t1 ry o/b 0|t
e f e /i

Proof. 2) — 1):

Let us consider the nodes zebfueaf and zeafuebf where z is an arbitrary
node of I', a, u, b are arbitrary elements from transition semigroup S of the
automaton and e, f are arbitrary idempotents from S. Let us denote

ze = p, zebf = q, zeaf = r, zeafue = ry, zebfue = qi, zebfueaf = t,
zeafuebf = t;.

By condition 2), we have t = t;, whence zebfueaf = zeafuebf. Thus, the
condition eafuebf = ebfueaf (LI) holds for the transition semigroup S. By
theorem [, the automaton is locally threshold testable.

1) — 3):

If the node (w, v) belongs to some SCC of the graph I'> and w ~ v then by
lemma [[2] local threshold testability implies w = v.

The condition eafuebf = ebfueaf ((I), theorem M) holds for the tran-
sition semigroup S of the automaton. Let us consider nodes p,q,r,t,qi,r1, t1
satisfying the condition 3). Suppose
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(p7 qi, rl)e = (P, qy, 1‘1), (q,r, t)f2 = (q,1,t), (q, r,tl)fl = (q’ r, tl)
for some idempotents e, f1, fo € S, and
(pa ql)a = (I‘,t), (pvrl)b = (qatl)v (qa I‘)U = (qlvrl)
for some elements a, b, u € S. Then peafs = peaf; and pebfs = pebfi.
We have ti fo = peafiuebfi fo. By theorem [[T] pebf;ueaf; = peafjuebf; for
7 =1,2. So we have ty fo = peafiuebfi fo = pebfiueaf; fo. In view of pebfs =
pebfi and f; = f;f; we have t1fo = pebfafoueaffo. By theorem [, t,fo =
pe(bfo) fauclafi) fo = pelafs) faue(bfo) fo. Now in view of peafs = peaf; let
us exclude f; and obtain t;fo = peafouebfs = t. So t1fo = t. Analogously,
tf1 =t
Hence, t; ~ t. Thus 3) is a consequence of 1).
3) — 2):
Suppose that (p,qq,r1)e = (p,q;,11), (q,1,t,t,)f = (q,r,t,t;), for some
idempotents e, f from transition semigroup S of the automaton and
(p.q)a = (r,t), (p,r;)b = (q.t,), (q,r)u=(qi,11)
for some elements a, u, b € S. Therefore
(p.qy)eaf = (p,qy)af = (r,t)
(parl)ebf = (pvrl)bf = (qatl)
(qa I‘)’UJ = (qa r)fue = (qh rl)
for idempotents e, f and elements a, u, b € S.
For f = f1 = fo from 3) we have t ~ t;. Notice that (t1,t)f = (t1,t). The
node (t1,t) belongs to some SCC of the graph I'? and t ~ t;, whence by lemma

[ t = t,.

Lemma 14 Let the nodes (q,r,t,) and (q,r,t,) be SCC-nodes of the graph
I'® of a locally threshold testable DF A with state transition graph I'. Suppose
that (p,r1) = (a,ty), (p,r1) = (a,ty) in the graph I'> and p = r = ry.

Then t1 ~ t2.

blv b2
G\

by P

— t1 ~ tg

1o o) t1

e by f

Proof. Suppose that the conditions of the lemma hold but t; # ts.

We have (p7 rl)e = (p7 rl)) (q7 r, tl)fl = (qa r, t1)7 (q7 r, t2)f2 = (q7 r, t2)7 for
some idempotents e, fz, fo from the transition semigroup S of the automaton
and

(P,r)b1 = (q,ty), (P,r1)b2 = (q,t3), pa =T, Tu =11

for some elements a, u, by, by € S.

If t1 fo ~ to and to f; ~ t1 then ty ~ t; in spite of our assumption. Therefore
let us assume for instance that t1 ¢ taf;. (And so t1 # tofi). This gives
us an opportunity to consider tof; instead of t. So let us denote to = tof1,
f = f1 = fg. Then tgf = tg, tlf = t1 and tl 74 tg. Now
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peaf =paf =r
(p,ry)ebif = (p,r)bif = (q,ty)
(P, ry)ebaf = (P, ry)baf = (q,t,)
ru =rue =r;
Let us denote q; = que and t = qiaf;. Then
(P,qay,r1)e = (P, qy,r1), (g, r)ue = (qi,r1), (q,1,t,t;)f = (q,1,t,t;)

So the node (p, q;,r1) is an SCC-node of the graph I'3, the nodes (p, q,r,t;)
are SCC-nodes of the graph I'* for i = 1,2 and we have (q,r) = (qi,r1),
(p,ay) = (r,t) and (p,ry) = (q,t;) for i = 1,2.

Therefore, by theorem [[3] (2), we have t; = t and to = t. Hence, t; ~ to,
contradiction.

Définition 15 For any four nodes p,q,r,ry of the graph I' of a DF A such

that p = r > r1, p = q and the nodes (p,ry), (q,r) are SCC- nodes, let
Tsco(p,q,r,ry) be the SCC of I' containing the set

T(p,q,r,rq) :={t |(p,ry) = (q,t) and (q,r,t) is an SCC-node}

b
\@q
u
b

DO r
-  teTsce(p,q,r,ry)

1|4
e
In virtue of lemma [, the SCC Tsce(p,q,r,r;) of a locally threshold
testable DF A is well defined (but empty if the set T(p,q,r,ry) is empty).
Lemma [T4 and theorem [[3] (3) imply the following theorem

ot

Theorem 16 A DFA A with state transition graph I is locally threshold
testable iff

1)for every SCC-node (p,q) of I'> p ~ q implies p = q

and

2)for every five nodes p,q,r,qy,r1 of the graph I' such that
— the non_empty scc TSCC (p7 q,r, rl) and TSCC(p7 r,q, ql) 6.73'Z.St,

— the node (p,qy,r1) is an SCC-node of the graph I'®,
- (qu) = (q17r1) in F27
holds TSCC(p7 q,r, rl) = TSCC(pa r,q, ql)
b

PG q
u

bo| T
—» Tscc(p,a,r, 1) =Tsce(p,r,q,q;)
d1| o a g)t TSCC(paqarvrl)

Iy O/b

e

2
w/t1 € Tsco(p:1,9,q;)
f1

Let us go to the semigroup case.
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Lemma 17 Elements s,t from semigroup S belong to subsemigroup eS f where
e and f are idempotents if and only if spt and sAt.

The proof follows from the definitions of p and .

Theorem 18 A language L is locally threshold testable if and only if the syn-
tactic semigroup S of L is aperiodic and for any three elements s, u, t of S such
that spt and sAt we have

sut = tus (1.2)

The proof follows from theorem [IT] and lemma [I7]

2 An Algorithm to Verify Local Threshold Testability of
DFA

A linear depth-first search algorithm finding all SCC' (see [16]) will be used.
By n will be denoted the sum of the nodes and edges of the graph.

2.1 To Check the Reachability on an Oriented Graph

For a given node qg, we consider depth-first search from the node. First only qg
will be marked. Every edge is crossed two times. Given a node, the considered
path includes first the ingoing edges and then the outgoing edges. After crossing
an edge in the positive direction from the marked node q to the node r we mark
r too. The process is linear in the number of edges (see [10] for details).

The set of marked nodes forms a set of nodes that are reachable from qg.
The procedure may be repeated for any node of the graph G.

The time of the algorithm for all pairs of nodes is O(n?).

2.2 To Verify Local Threshold Testability of DFA

Let us find all SCC of the graphs I", I'? and I'® and mark all SCC-nodes (O(n?)
time complexity).

Let us recognize the reachability on the graph I and I'? and form the table
of reachability for all pairs of I" and I'2. The time required for this step is O(n?).

Let us check the conditions of lemma[[2l For every SCC-node (p,q) (p # q)
from I'? let us check the condition p ~ q. A negative answer for any considered
node (p, q) implies the validity of the condition. In opposite case the automaton
is not locally threshold testable. The time of the step is O(n?).

For every four nodes p,q,r,r; of the graph I', let us check the following
conditions (see[H): p = r = r; and p = q. In a positive case, let us form
SCC Tsce(p,q,r,ry) of all nodes t € I' such that (p,ry) = (q,t) and (q,r,t)
with (p,r;) are SCC-nodes. In case that SCC Tscc is not well defined the
automaton is not threshold testable. The time required for this step is O(n®).

For every five nodes p, q,r,q;,r; from I" we check now the second condition
of theorem [TG. If non-empty components Tsco(p, q,r,r;) and Tscc(p,r,q,q;)
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exist, the node (p, q;,r1) is an SCC-node of the graph I'® and (q,r) = (q,r1) in
I"?, let us verify the equality Tscc(p,q,r,1;) = Tscco(P,T,q,q;). If the answer
is negative then the automaton is not threshold testable. A positive answer for
all considered cases implies the validity of the condition of the theorem. The
time required for this step is O(n®).

The whole time of the algorithm to check the local threshold testability is
O(nd).

3 Verifying Local Threshold Testability of Finite
Semigroup

The algorithm is based on the theorem I8
Let s; be an element of the semigroup S, n = |S|.

— For any s € S let us find s and check the aperiodity. The semigroup S is
not locally threshold testable for non-aperiodic S.

— Let us form a binary square table L [R] of the size n in the following way:
For any ¢,j < n suppose L; ; = 1 [R; ; = 1] if there exists an idempotent
e € S such that es; = s; and es; = s; [ s;e = s; and sj€ = 5; ]. In opposite
case Li’j [RiJ‘] =0.

The step has order O(n?).

— Let us find the intersection pN A and form a binary square table LR: LR; ; =
LZy]R'L,]'

— For any triple s;,s;j,sx € S where s;(p N A)s;, let us check the condition
8;5;8; = S;5;S;. The validity of the condition for any triple of elements
implies local threshold testability of S. In opposite case S is not locally
threshold testable.

The step has order O(n?).

The algorithm to verify local threshold testability of the semigroup S has order
O(n?).

4 An Algorithm to Verify Local Testability of DFA

We present now necessary and sufficient conditions of local testability of Kim,
McNaughton and McCloskey ([10]) in the following form:

Theorem 41 ([10]) A DF A with state transition graph I' and transition semi-
group S is locally testable iff the following two conditions hold:

1)For any SCC-node (p,q) from I'? such that p ~ q we have p = q.

2)For any SCC-node (p,q) from I'* such that p = q and arbitrary element
s from S we have ps = q is valid iff qs > q.

The theorem implies
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Corollary 42 A DF A with state transition graph I' over alphabet X' is locally
testable iff the following two conditions hold:

1)For any SCC-node (p,q) from I'? such that p ~ q we have p = q.

2)For any node (r,s) and any SCC-node (p,q) from I'* such that (p,q) =
(r,s), p = q, s = q and for arbitrary o from X we have ro »= s is valid iff
SO = S.

In [I0], a polynomial time algorithm for local testability problem was con-
sidered. Now we present another simplified version of such algorithm with the
same time complexity.

Let us form a table of reachability on the graph I" (O(n?) time complexity).

Let us find I'? and all SCC-nodes of I'2.

For every SCC-node (p,q) (p # q) from I'? let us check the condition p ~ q.
(O(n?) time complexity). If the condition holds then the automaton is not locally
testable (H2).

Then we add to the graph new node (0, 0) with edges from this node to every
SCC-node (p,q) from I'? such that p = q. Let us consider first-depth search
from the node (0, 0).

We do not visit edges (r,s) — (r,s)o from the graph I'? such that so % s
and ro ¥ s. In the case that from the two conditions so = s and ro = s only
one is valid the algorithm stops and the automaton is not locally testable.

In the case of absence of such cases on the path the automaton is locally
testable. (O(n?) time complexity).

The whole time of the algorithm to check the local testability is O(n?).

5 Piecewise Testability

The following result is due to Simon:

Theorem 51 [15] Let L be a regular language over the alphabet X and let I’
be the minimal automaton accepting L. The language L is piecewise testable if
and only if the following conditions hold

(i) I' is a directed acyclic graph;

(i) for any subset X; from alphabet X each connected component of the graph
I'(X;) has a unique mazimal state.

Lemma 52 Let the state transition graph I' of some DF A be acyclic. Suppose
that for some subset X; of the alphabet X the graph I'(X;) has two distinct
connected mazimal nodes.

Then for some node p from I' the graph I'(X(p)) has also two distinct con-
nected maximal nodes where the node p is one of these mazximal nodes.

Proof. Suppose that the states q and p are distinct maximal nodes in some
connected component X of the graph I'(X;). The graph I" of a piecewise testable
deterministic finite automaton has only trivial SCC' (theorem BI)), whence p ¥ q
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or g ¥ p. Suppose that q % p and let us consider the graph I'(X(p)). I'(X;) C
I'(¥(p)), whence the node p is a maximal node of the graph I'(¥(p)). The
states q and p are connected in the graph I'(X(p)) too. The node q or some
successor of q is a maximal node in the same component of I'(¥(p)) and this
maximal node is not equal to p because q ¥ p.

Last lemma gives us opportunity to present necessary and sufficient condi-
tions for piecewise testability in the following form:

Theorem 53 Let L be a reqular language over the alphabet X and let I' be
a minimal automaton accepting L. The language L is piecewise testable if and
only if the following conditions hold

(i) I' is a directed acyclic graph;

(i) for any node p the mazimal connected component C of the graph I'(X(p))
such that p € C has a unique mazimal state.

Let us formulate the Simon’s result in the following form:

Theorem 54 . Finite semigroup S is piecewise testable iff S is aperiodic and
for any two elements x, y € S holds

(zy)¥z = y(oy)” = (vy)”

6 An Algorithm to Verify Piecewise Testability for
Automata

— Check that the graph I" is acyclic. If not then the automaton is not piecewise
testable and the procedure stops.
— For any state p, let us compute
e the stabilizer X' (p).
e the graph I'(X(p)).
The node p is a maximal node of some SCC of the graph I'(¥(p)) and
our aim is to find some more maximal nodes of the component or to
prove their absence.
e non-oriented copy N of the graph I'(¥(p)) and maximal connected com-
ponent C' of N that contains p. A linear depth-first search algorithm is
used for to find C.
e for any node r (r # p) from C' let us do the following:
If r has no outgoing edges in the graph I'(X(p)) or all its outgoing edges
are loops then the automaton is not piecewise testable and the procedure
stops.

Theorem 61 Let L be a regular language over the alphabet X and let I' be a
minimal automaton accepting L. The considered algorithm to verify the piecewise
testability of the language L has order O(n?) where n is the sum of nodes and
edges of the graph I.
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Proof. The number of graphs I'(X(p)) we consider is not greater than the
number of nodes of the graph I'. The process of finding of the graph I'(X(p))
is linear in the number of nodes of the graph I'.

Depth-first search algorithm is linear in n too.

The process of excluding loops in the graph I'(X(p)) is linear in the number
of nodes of I'(X(p)).

The finding of node without outgoing edges is linear in the number of nodes.

7 An algorithm to Verify Piecewise Testability for
Semigroups

The algorithm is based on the theorem B4l

— For any = € S let us find 2% equal to 2% such that z* = 2!, If 2¢ is not
found then the semigroup S is not piecewise testable.
For given element x, the step is linear in the size of semigroup.

— For any pair x,y € 5, let us check the condition (zy)“z = y(xy)¥ = (xy)*.
The validity of the condition for any pair of elements implies piecewise testa-
bility of S. In opposite case S is not piecewise testable.

The algorithm under consideration has order O(n?) where n = |S)|.
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Abstract. The paper attempts a systematic study of homomorphisms
of relational structures. Such structures are modeled as multialgebras
(i.e., relation is represented as a set-valued function). The first, main,
result is that, under reasonable restrictions on the form of the definition
of homomorphism, there are exactly nine compositional homomorphisms
of multialgebras. Then the comparison of the obtained categories with
respect to the existence of finite limits and co-limits reveals two of them
to be finitely complete and co-complete. Without claiming that compo-
sitionality and categorical properties are the only possible criteria for
selecting a definition of homomorphism, we nevertheless suggest that,
for many purposes, these criteria actually might be acceptable. For such
cases, the paper gives an overview of the available alternatives and a
clear indication of their advantages and disadvantages.

1 Background and Motivation

In the study of universal algebra, the central place occupies the pair of “dual” no-
tions of congruence and homomorphism: every congruence on an algebra induces
a homomorphism into a quotient and every homomorphism induces a congruence
on the source algebra. Categorical approach attempts to express all (internal)
properties of algebras in (external) terms of homomorphisms. When passing to
relational structures or power set structures, however, the close correspondence
of these internal and external aspects seems to get lost.

The most common, and natural, generalisation of the definition of homomor-
phism to relational structures says:

Definition 1.1 A set function ¢ : A — EE where both sets are equipped with
respective relations R4 C A™ and RP C B", is a (weak) homomorphism iff

(x1..1,) € R* = (¢(x1)...0(zn)) € RE

* The first author gratefully acknowledges the financial support from the Norwegian
Research Council.

! Underlying sets will be used to indicate the “bare, unstructured sets” as opposed
to power sets or other sets with structure. For the moment, one may ignorte this
notational convention.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 359-[371] 2001.
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With this definition any equivalence on A gives rise to a weak homomorphism
and, conversely, a weak homomorphism induces, in general, only an equivalence
relation on A. Hence this homomorphism does not capture the notion of congru-
ence and this is just one example of an internal property of relational structures
that cannot be accounted for by relational homomorphisms (in various variants).
Probably for this reason, the early literature on homomorphisms of relations is
extremely meagre [22]26] and most work on relations concerns the study of rela-
tion algebras, various relational operators and their axiomatizations. Although
in recent years several authors begun studying relational structures and their
homomorphisms in various contexts, a general treatement of relational homo-
morphisms is still missing. This growing interest is reflected in numerous sug-
gestions on how the definition of such a homomorphism could be specialized to
obtain a more useful notion. This issue is our main objective.

In a more concise, relational notation, definition [[.1] is written as R4;¢ C
¢; RB. This somehow presupposes that R is a binary relation, since composition
_;_ has a standard definition only for binary relations. There seems to be no
generally accepted definition of composition of relations of arbitrary arities. In
the following we will compose arbitrary relations (within the structures), like
R above, with binary relations (obtained from homomorphisms between the
structures), according to the following definition.

Definition 1.2 The composition of relations R4 C A" resp. RF € B"*!,
with a binary relation ¢ C A x B as a relation on A" x B, is given by:

(a1...a,,b) € R ¢ < 3a € A:{ay...an,a) € RA A {a,b) € ¢
<a1...an,b> S ¢, RE & dby...b, € B : <b1bn,b> € RB A <ai,b1‘> € (,ZS

This definition is certainly not the only possible one — [28]] contain more general
suggestions. The reason for this choice is our intension to treat relations in an
algebraic way. It allows us to view relations as set-valued functions and turns
relational structures into algebraic ones (algebras of complexes from [T5[T6]). In
particular, it admits composition of relations of arbitrary arities analogous to
composition of functions.

Now, table [I] presents a sample of proposed definitions of relational homo-
morphisms gathered from [22/9/7/201253123124]. It uses binary relations but with
the above definition it may be used for relations R of arbitrary arity. The
names are by no means standard and taken from the articles introducing the
respective definitions.

This paper is an attempt to bring at least some order into this situation which
we experience as rather unsatisfactory. Given the combinatorial possibilities of
defining homomorphisms of relational structures, a complete classification seems
hardly possible. Even the very issue of the “criteria of usefulness”, depending
on the intended applications, may be debatable. We hope that a more algebraic
perspective may bring at least some clarification. Instead of listing and defending
new definitions, we have chosen the compositionality of homomorphisms and the
elementary properties of the resulting categories as the basis for comparison.
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Table 1. Some definitions of relational homomorphisms

homomorphism ¢ relational def. logical def. Vz,y :
1. weak | ¢ ;R4 C RP R (z,y) = RP(o(2), 6(y))
2. loose R ¢ C ¢, RP 1.
3. full | ¢ sR =010 R%6710 | I,y RA(2',y) & RP(4(x), ¢(y))
4. ‘strong’ | ¢ ;RN D¢ 4R ¢ 10 | Iyt R, Y) < RE(¢(x), (y))
5. outdegree R ¢ =¢;RE; 6756 3z’ : R (2, y) & RP(o(x), d(y))
6. indegree ¢ ;RN = ¢ R 67 3y RY(z,y) & RE(6(x), 6(y))
7. ‘very strong’ |¢;¢ i R ¢ D ¢; RE Ja'y RA(.’L'/. y') < RE(¢(x),y)
8. regular 5. & 6. 5. & 6.
9. closed R* ¢ D ¢;RE 3y : R*(x,y') < RP(¢(x),y)
10. strong R* = ¢;RP; ¢~ RA(x,y) & RP(¢(x), d(y))
11. tight R4 ¢ = ¢, RE 2. & 9.

— primed symbol 2’ denotes some element such that ¢(z") = ¢(z) (in 7and 9 a y' : 4(y') = y)
— for ¢ C A x B, ¢~ denotes the inverse (b,a) € ¢~ < (a,b) € ¢

Section [2lintroduces mulitalgebras as a possible way of representing relations
and motivates this choice. Section [ addresses the question of composition of ho-
momorphisms: 1] gives a characterization of homomorphisms which are closed
under composition — in fact, most of the suggested defintions, like most of those
in table [I, do not enjoy this property which we believe is crucial. The proof,
included here, is a significant improvement of the original proof of this result
from [29]. Subsection characterizes the equivalences associated with vari-
ous compositional homomorphisms. Section l] summarizes the results on (finite)
completeness and co-completeness of the obtained categories.

Except for the statement of the compositionality theorem, the results con-
cerning the three “inner” categories were published earlier in [29/30]. This paper
is the first complete overview with the results for the remaining six categories

from [11].

Preliminary definitions and notation A relational signature X is a pair
(S8, R) where S is a set (of sort symbols) and R is a set of relation symbols
with given arities (also called type of relation), written [R; : s1 X ... X s,] € R.
Similarly, an algebraic signature is a pair (S,F) where F is a set of function
symbols with associated sorts and arities, written [f : s1 X ... X 8, = s] € F. A
relational structure over a signature ¥ = (S, R) is a pair A = (|A|,R4), where
|A] is an S-sorted set called the carrier and R4 is a set of relations, such that
for each [R; : 81 X ... X 8,] € R there is R} C |Al, X ... x |Als,. An algebra
over a signature X = (S,F) is again a pair A = (|A|,F4), where |A| is an
S-sorted set called the carrier, and F4 is a set of functions, with a function
A Als, X oo x |Als, — |Als for each [f :s1 X ... X s, — 8] € F.

In order to reduce the complexity of notation, we shall limit ourselves to
single sorted structures and algebras (S has only one element) claiming that the
results carry over to a multi-sorted case.

We will study algebras over carriers being power sets. For such a structure
A with |A] = p(A), the set A will be called the underlying set. Given a function
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f A — B, we will often use additive pointwise extension without making it
explicit in the notation — for any X C A, we write f(X) meaning (J, x f(z).
Also, we do not make explicit the distinction between elements and one-element
sets — if A = p(4) and a € A, we write a € A meaning {a} € A. Homo-
morphisms of multialgebras map underlying sets to underlying sets, just as the
homomorphisms of relational structures do.

Composition is written in diagrammatic order f;g for g(f(.)). For a binary
relation/function ¢, ¢~ denotes its inverse = {{y,x) : (x,y) € ¢}.

2 Multialgebras

Our interest in relational structures originates from earlier studies of multialge-
bras FIST0I3II7I2127)30132] which provide means for modeling nondetermin-
ism in the context of algebraic specification of abstract data types [I3JI7JIS]
T9I3TI3233]. Multilagebras can be viewed as relational structures with a spe-
cific composition of relations of arbitrary arities. According to definition [[Z]
relations are viewed as set-valued functions where the last, n-th argument corre-
sponds to an element of the result set obtained by applying the function to the
first n — 1 arguments. This view appears in [26], was elaborated in [I516], then
in [27] and re-emerged in recent years in the algebraic approaches to nondeter-
minism. It is based on the simple observation that any (set-valued) operation
fiA x...x A, = p(A) determines a relation Ry C Ay x ... x A, x A and vice
versa, via the isomorphism:

Al X . X Ap = p(A) ~ p(A; X ... x A, x A) (2.1)

Based on this fact, [I5J14] introduced the concept of algebra of complexes which
we call multialgebras — with one proviso: the carrier of a multialgebra is a power
set but Boolean operations are not part of the multialgebraic signature. This
seemingly negligible differece turns out to have significant consequences, since
signatures determine homomorphisms.

Definition 2.1 Given a signature X = (S, F), a X-multialgebra M is given by:

— a carrier |M| = {|M|s}ses, where for each s € S, |M|;, = p(M,) of some
underlying set M, with the obvious embedding M, — (M ,);

— a function fM M, x ..x M, — o(M,) for each f : s1 X ... X 8, —
s € F, with composition defined through additive extension to sets, i.e.

(X1 Xn) = Uy ex, P (@1 o 20).

Multialgebras are “partial” in the sense that operations may return empty set of
values. By the pointwise extension of operations, they are strict in all arguments.
Notice also that we allow empty carriers, i.e. p(0) = {0} is a possible carrier of
a multialgebra.

One consequence of modeling relations by set-valued functions is that pos-
sible requirement on the definitions of homomorphisms to be invariant under
permutation of variables becomes little (if at all) relevant. Such a requirement is
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not satisfied, for instance, by homomorphisms 5., 6., 7., 9. and 11. in the table
80, using this criterion, one would claim that these definitions are not “appropri-
ate”. Functions, on the other hand, do have ordered arguments and, above all,
distinguish one relational argument as the result. Thus, the definitions of homo-
morphisms are indeed invariant under permutation of the argument variables,
but there seems to be no reason to require such an invariance under permutation
of (some) argument variable(s) with the result.

Although multialgebras introduce some structure not present within the cor-
responding relational structures, the isomorphism (21I) allows one to convert
any multialgebra to the corresponding relational structure and vice versa. Mo-
rover, any definition of a homomorphism of multialgebras can be transfered
to the relational structures and vice versa, although this may require forget-
ting/introducing the distinction between the argument and result variables. We
now turn to multialgebraic homomorphisms but, for convenience, we will mostly
use relational notation.

3 Compositionality of Multialgebraic Homomorphisms

Theorem [B:5] which is the main result of this section, gives an exhaustive char-
acterization of compositional definitions. We begin by giving a counter-example
for compositionality of one of the homomorphisms from table [l

Full homomorphisms were considered in [22l20] as the homomorphisms be-
tween relations. In a more special form, they also appear in the study of partial
algebras [6]. In the context of partial algebras, it is known that these homomor-
phisms do not compose. But it is not clear if all the authors were aware of this
fact in the general setting.

Example 3.1 Let A, B,C be structures with one relation R — a) presents a
many-sorted counter-example and b) the single-sorted case.

a) A i> B L C b) A—s=B——>C
a b o\ a b c a b c 0 ¢f0\ﬁ 0
o) N N 5%
0 1j 0 1 0 1 1 1 1
| ¢J Jb ) 2\4;\2 v |,

\ZJ

Both ¢ and ¢ are full homomorphisms. However, due to mon-surjectivity of ¢,
the composition ¢; 1 is not full. Although ¢;1(0) = 0 and (0, c), resp. (0,0) € R®
there is no element x € A in the pre-image of ¢, resp. 0 for which we would have
(0,x) € RA.

3.1 Compositional Homomorphisms

We assume a fixed relational signature, with R ranging over all relation symbols,
and consider definitions of homomorphisms ¢ : A — B of the form

Algl & Llgl;RYril¢] s bo[¢); RPrae] (3.2)
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where [[]’s and 7[]’s are relational expressions (using only relational composition
and inverse and parameterized by _), and < is one of the set-relations {=, C, D}.

Definition 3.2 A definition is compositional iff for all ¢ : A — B, ¢ : B — C,
we have Alp] & A[] = Algp; ], i.e.:

l[¢]; R mi[¢)] oa 1ao[¢]; RE;rae] &
L) RPra ] o b [y]; RE s ra[y)]
= Ui [g; s R ri[gs 0] o la[sb); R 5o [ghs o]

The number of syntactic expressions of the kind I[¢] is infinite, however, since
homomorphisms are functions we have the simple fact:

Fact 3.3 a) ¢ 7:¢:9” =¢~ b)) gi¢7150=9¢ ) ¢ ;¢ =idga

Thus the length of each of the expression {[¢], resp. r[¢] (measured by the number
of occurring ¢’s or ¢~’s) can be limited to 2.

On the other hand, both sides of a definition from (&2) must yield relational
expressions of the same type, i.e., of one of the four types Ax A, A B, ..., which
will be abbreviated as AA, AB, ...

For each choice of i, this leaves us with four possibilities for each type. For
instance, for AB we have the following four possibilities:

Tap:¢;¢ 3 RY ¢ > ¢ RP¢75¢  Lap 1 RY ¢ > ¢ RP

Eap : ¢;07 ;R ¢ > ¢; RP Wap : RY ¢ > ¢;RB075¢
The symbols denoting the respective possibilities are chosen for the following
reason. Relational composition preserves each of the relations <, i.e., given a
particular choice of < and any relations C, D (of appropriate type), we have:
Ry ™ Ry = C;R; = C;Ry and Ry 1 Ry = Ry; D < Ro; D. Starting with
L ap and pre-composing (on the “Fast”) both sides of 1 with ¢;¢7; (L), we
obtain F4p; post-composing (on the “West”) both sides of b1 with (J);07; ¢,
we obtain Wap. Dual compositions lead from there to T 4p. Thus we have that
lap = FEap,Wap = T ap and the corresponding lattices are obtained for the
other three types starting, respectively, with

Laa: R = ¢;RP67  Lpp:¢ ;R ¢ = RP Lpa:¢ ;R = RPj¢™

Figure [ shows the four lattices for each type (the choice of < is the same for
all of them).
The additional equivalences (indicated with dotted arrows) are easily verified
using the fact that composition preserves each of <t and Fact B3l Also all the
top definitions are equivalent which follows by simple calculation.

These observations simplify the picture a bit, leading, for each choice of x,
to the order of 9 possible definitions shown in figure 21

Furthermore, choosing C for <, the above ordering collapses.

Proposition 3.4 All definitions (of the form [(32)) involving C are equivalent.
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..................................................................... - TA
(=)o -

Eap Was <(>>_ Waa Eaa
#i(A \ / )@ \ : / Agi()
O ()16 3¢ (O R L C A
i R%5¢ > ;R R™ > ¢ R75 97 i
Y Y

T BB =G >T
(GO HIa) & 33(2) ¢ 13(2) (OR
b= (')V / \ N \ V¢’ o
Egs Wgp <> Wga Ega

Fig. 1. Lattices for each relation type for each choice of ).

T
/ N
Eap/BB Wpga/BB Waajas Eaa/a
B 1Ba Laa

Llas

Fig. 2. Possible definitions (for a given choice of ).

We are thus left with one definition involving C and 18 other definitions obtained
from two instances (with =, resp. D for ) of the orderings in figure [ The
following, main theorem shows that only the bottom elements of these orderings
yield compositional definitions.

Theorem 3.5 [30] A definition is compositional iff it is equivalent to one of the
following forms:
1) RY¢0adRP - 2) ¢T3 RY¢0RT3) 67 RAWRY 67 4) RAé;RP; 67
where <1 € {=,C, D} and > € {=,D}.
PRrROOF: For the “if” part, one easily checks that 1)-4) do yield compositional
definitions. In fact, this part of the theorem holds for any transitive set-relation
. For instance, for 3) we verify:
O RIMRY ST & 4 RE Ry
= Y0 Ry R 97 & YT R 0T A RY YT 67
= (¢:9) 73 R s R (d:9)

The “only if” part is shown providing counter-examples for the remaining possi-
bilities. Although there are 10 cases left, they are easily shown by the following
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three counter-examples. In all cases, the given homomorphisms ¢, 1) satisfy the
respective definition with = for > (hence, also for D), while their composition
does not satisfy the respective definition with D for . Thus we obtain immedi-
ately counter-examples for both > € {=, D}.

Vertical arrows represent the relation (R) in respective multialgebras; the dotted
arrows illustrate the images under the respective homomorphisms:

Al gt o Al g o A-tep e
b3
LB
N
ag - az b C2 bo
7y 7
ai - ai b1 C1 Ay by o > C1
b) c)

a) for Wpp : ¢~ ;R* ¢ > RP;¢7;¢. We have: ¢ ; R ¢ = RP; 6, ¢q and
Y7 RB, = RY;47;1,. However, for the composition p, = ¢q; s, we have
(c2,c1) € R pgs pa but (ca,c1) & pg s R pas Le., pi s R pa 2 RE5ps pa

b) for Egp : ¢7; R > ¢~ ; ¢; RP is quite analogous. (bb_;RA; oy = RE; &y 3 Do
and ¢, s RB;1h, = R4, 54, but py s R pp 2 py s py; RC with (co,c1) as a
witness to this negation.

Both these examples can also be used as counter-examples for compositionality
of T, represented by T pp. For instance, in the first case, we have R?;¢;; ¢, =
&7 ba; RB; ¢3¢0 and the corresponding equality holds for 1, and R¢ — so
exactly the same argument yields a counter-example also for this case.

c) for both W4 4/4p and E44/p4 (this is essentially example3.1lb). Both ¢. and
Y. are obviously Wap: RA; G = ¢C;RB;¢0_;¢C and RB;'(/}C = ¢C;RC;1/JC_;1/JC~
However, their composition yields: § = R*; p. 2 pe; RS Pa s pe = (c1,c1).

This gives also counter-example for Eg4 : ¢ ; RA> Oz 5 Pe; RB: o, . O

This leaves us with 9 basic compositional definitions (more can be obtained by
their conjunctions (see [I1]). Inspecting the table [l, we can see that 1. and 2.
define actually the same notion, and the only other compositional definitions are
9., 10. and 11.

Notice that, although we have used a rather special definition of relational
composition, all counter-examples involve only binary relations. Thus, even if
one defined composition of relations differently, as long as it subsumes the stan-
dard composition of binary relations, the theorem gives the maximal number of
compositional definitions of homomorphisms.

On the other hand, one might probably come up with other forms of defining
homomorphisms that are not covered by our theorem. A However, the majority

2 E.g., using complementation in addition to composition and inverse, or else using
relations instead of functions as homomorphisms. We have to leave such generaliza-
tions to future research.
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(if not all) of commonly used forms do conform to this format. Occasionally,
some authors consider certain modifications of the definitions from table [1l For
instance, full outdegree and indegree homomorphisms (3,5,6) with the extra sur-
jectivity requirement do compose. This restriction merely enforces the equality
¢~ ;¢ = idp, and leads to a special case of cases 2), 1) and 3) from the Theo-
rem [3.5], respectively.

3.2 Congruences on Multialgebras

Congruences of relational and power structures were studied, for instance, in [T
213/4J5]. As observed before, any equivalence gives rise to a (weak) homomor-
phism. However, the more specific definitions from theorem BBlmay lead to more
specific relations. We consider first equational definitions from the theorem, and
characterize these kernels which turn out to be not merely equivalences but
congruences of a sort. To proceed further we need a notion of a quotient:

Definition 3.6 Given a structure A = (A, R{*, R§"...) and an equivalence ~ C
Ax A, a quotient A/ = Q is given by Q = {[z] : x € A} and RY = ¢~ R ¢,
where [z] ={y € A:x ~y}, and ¢ : A — Q is defined by ¢(x) = [z].

Obviously, ~ is the kernel of ¢, i.e., x ~ y iff ¢(z) = ¢(y), and ~ = ¢; ™.

Proposition 3.7 Let ~ be an equivalence on A and Q, ¢ be as in def. [34.

if ~ satisfies then
2) ¢~;R* ¢ =RY
1) ~RY~=RY~ R%: ¢ = ¢; R?
3) ~RY~=~RY | 6T RY=RY 6T
4)  ~RY~=R" RY = ¢;R% ¢~

In 1), 3) and 4) the relation ~ is not just an arbitrary equivalence but has a
flavour of a congruence:

1) can be stated as: Va,b: (3V ~b,@ ~a@: RA(@,b)) < (3 ~b: RA(a, b)),
which gives: Va,b,@ : RA(@,b) Na~a = 3 ~b: RA@,b);

3) yields a dual condition: Va, b,b’ : RA(a,b) Ab ~ b= 3@ ~a: RA@,b);

4) is strongest: Va,b,@, b : RA(@,b) A@ ~aAlb ~b= RA@,v)H

For any (at least weak) homomorphism we have the converse of B

Proposition 3.8 Given a homomorphism ¢ : A — B, let ~ be the kernel of ¢

if ¢ : A — B satisfies then ~ is an equivalence and

1)  R%¢=¢RP ~ R~ =RA~
3) ¢ RY=RPi¢m | ~RY~ =~ RA
4) R*=¢;RP;¢~ | ~; R4~ =RA

3 Following a suggestion from an anonymous referee, one might want to compare this
case to the notion of bisimulation of process.
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There is no line for condition 2) since ¢~ ; RA: ¢ = RP obviously implies that ~
is an equivalence but, in fact, this follows for any mapping ¢.

This is not the strongest formulation of this fact. For ~ being an equivalence
it suffices, of course, that ¢ is a weak homomorphism. Furthermore, for instance
1) implies R4;¢ = ¢; RP;¢~; ¢ which is sufficient to establish the respective
property of ~. In general, since ~ is induced only from the image of A under ¢,
restricting the homomorphisms’ definitions on the RP-side to this image (i.e. by
¢~ ; ¢) will yield the same properties of ~.

Similar results do not follow for the “closed” versions, i.e., for the homo-
morphisms defined by O in place of =. We can uniformly replace = by 2 in
proposition [3:8] but then the statements in the right column are trivial for any
mapping ¢. If the target algebra is total then the kernel may retain the flavour of
congruence. But, in general, “closed” homomorphisms induce only equivalence.

4 Categories of Multialgebras

Theorem [3.5] gave three possibilities for <. The category substituting for b«
the relation C is called “weak”, those with = are “tight”, and those with 2
“closed”. (These names are, to some extent, motivated by the tradition within
partial algebras and multialgebras.) In lack of better names, we then call the
categories of kind 1) “inner” (since ¢, ¢ occur “inside”, closest to ), of kind
2) “left”, of kind 3) “outer” and of kind 4) “right”. For a given signature X', we
thus have 9 categories, with homomorphisms ¢ : A — B given by the respective
compositional definition:

inner left outer right
closedMAlg;~(X) : [MAlg (X)) :  [MAlgoa(X) : MAlgp-(X) :
RY ¢ D ¢; RP|¢p~RY ¢ D RB|¢o™; R D RP; ¢~ |R* D ¢ RP; ¢~
tight| MAlg;r(X) : [MAIg (X)) [MAlgop(X) : MAIg (X)) :
R4 ¢ =¢;RP|¢p~; R ¢ = RB|¢p~; R = RP; ¢~ |R* = ¢; RP; ¢~
weak MAlgy, (X) : R 6 C ¢; RE
Table B] summarizes finite (co-)completeness of the respective categories: ‘4’
means the existence of the respective (co-)limit for arbitrary 3; ‘—’ indicates that

there exists a counter-example: a signature X' and X-multilagebras for which the
respective (co-)limit does not exist.

With a few exceptions, the positive results are obtained by constructions similar
to (though never the same as) those in the standard category of algebras. The
proofs for the inner (and weak) categories can be found in [29], and for the
remaining ones in [I1].

It has perhaps been a prevailing opinion among mathematicians interested
in the question that weak homomorphisms of relational structures provide the
most useful notion. They were certainly the most commonly used ones. The
above results do, if nothing else, justify and demonstrate this opinion: the cate-
gory MAlgy, (X) possesses many desirable properties not possessed by the other
categories. There is, however, an exception to this claim, namely, the category
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Table 2. Finite limits and co-limits in the categories of multialgebras

initial obj.|co-products|co-equalizers|/terminal obj.|products|equalizers
MAlg, (X) + + + + + +
MAlg;(2) - - - + - -
MAlg, (L) - + - - -
MAlg,~(X) - — + + - -
MAIg,(Z)| - + - - -
MAlg, o (X) + + - + - +
MAlgor (X) + + + (+) ? +
MAlg o (X) + + + + + +
MAIg - (X) + — — — — +

MAlgro(X) which, too, is finitely complete and co-complete. A possible ex-
ception is also the category MAIgy,(X). We are almost certain that terminal
objects, marked with (+), exist and can be obtained by an interesting kind of
term-model construction which has been shown to work in special cases. Also
products, marked with ‘?’, remain still under investigation@ If the conjecture
about completeness of MAIg,,-(X) turns out to be true, this might be the most
interesting of all the investiagted categories. This can be further strengthened by
observing that ¢—; R4 = RE; ¢~ implies R*; ¢ C ¢; R, so that properties of the
most common, weak homomorphisms are actually implied by outer-tightness.

5 Conclusions

We started by considering the relational structures but the suggested definition of
composition of relations of arbitrary arities turned such structures into algebras
— namely, multialgebras. These provide a convenient way for algebraic study
of relational structures, as well as for modeling phenomena like partiality and
nondeterminism within a unified framework.

We have given, in theorem B.5] a general characterization of compositional
homorphisms of multilagebras. The characterization applies equally to relational
structures. Thus, from the manifold of alternative proposed definitions of such
homomorphisms, we identified 9 which allow a categorical approach. We have
also described the equivalence relations which emerge as kernels of the corre-
sponding (compositional) homomorphisms and which have various flavours of
congruences.

We have then studied in detail the obtained categories with respect to the ex-
istence of (finite) limits and co-limits. The categories with weak and right-closed
homomorphisms, MAlgy, (X), MAlgr-(X), possess all constructions. The former
has been widely used and is probably the most accepted standard. It remains to
be seen whether the structural properties of the latter category demonstrated
here will offer grounds for comparable applications. We conjecture that also the

4 Hopefully, the details and proofs of these constructions will be completed by the
time of the conference. We suggest the interested reader to contact the first author.
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category MAIg,,(X) is finitely (co-)complete and may be, in fact, highly inter-
esting, but its terminal objects and products need further investigation.

The remaining categories have much poorer structural properties. Thus, ac-
cepting compositionality and the categorical properties we have studied as the
criteria for the evaluation of the homomorphisms, our results leave quite limited
choice. These criteria may, of course, be debatable and we by no means claim
their universal validity. However, even if one does not want to base one’s choice
exclusively on these criteria, the results of this paper, in particular, the charac-
terization of compositional definitions, can provide a useful tool preventing one
from looking for new, idiosyncratic notions serving only very peculiar purposes.

We have studied only the categories of all multialgebras over a given sig-
nature. The really interesting question might be whether the properties of (co-
Jecompleteness can be lifted to axiomatic classes. The problem with answering
such a question is that one would first have to decide on the logical language in
which one writes the axioms. This question is far from settled and faces different
proposals from different authors working on multialgebras. Still, even though we
have not considered axiomatic classes, our results can serve, at least, the negative
purpose. We have studied axiomatic classes over empty sets of axioms — hence,
at least the negative results, the demonstrated non-existence of some construc-
tions, will remain valid when lifted to axiomatic classes specified in arbitrary
languages.
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Abstract. An autonomous automaton is a finite automaton with output
in which the input alphabet has cardinality one when special reduced.
We define the transition from automata to semigroups via a represen-
tation successful if given two incomparable automata (neither simulate
the other), the semigroups representing the automata are distinct. We
show that representation by the transition semigroup is not successful.
We then consider a representation of automata by semigroups of partial
transformations. We show that in general transition from automata to
semigroups by this representation is not successful either. In fact, the
only successful transition presented is the transiton to this semigroup of
partial transformations together with its generating set, and in this case
success occurs only with autonomous automata.

1 Introduction

Let V = (Q, A, B,o,*) be a finite automaton with output, where @, A, B are
finite, nonempty sets; Q x A — Q is a function and Q x A — B is a surjecive
function. The sets Q, A, B are called the set of states, the input alphabet and the
output alphabet, respectively. The mapping o is called the transition function of
the automaton V' and * is called the output function of V.

Let Q = {q1,92,-- a1}, A = {a1,a2,...,am}, B = {b1,ba,...,b,}. In [I]
Balode and Buls considered the following representation of V' by partial trans-
formations on Q. For (a;,b;) € A x B define

q1 42 ... gk
ai,bj) =
V(s ]) (qz‘qugj~~-qzkj>7

where for every s

s _ gs © Qqg, if QS*ai:ij
ij undefined, otherwise.

Let P(V) denote the semigroup generated by v(A x B). That is, P(V') = (Im).
The semigroup P(V) is called an autonomaton semigroup.

Simulation was first discussed by Hartmanis [2] forty years ago. This concept
describes the possibility on abstract level in which one machine could be replaced
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by other in applications. If we like to treet the automata by semigroups as it
done till now and develop the theory not only as selfsufficient discipline the
connections between simulation and semigroups should be considered from every
point of view too. Thus we say that a transition from automata to semigroups
through some representation is successful if it adequatly characterizes simulation.
In this note we demonstrate that the transition from autonomous automata to
automaton semigroups can only be deemed to be successful if we consider not
only the automaton semigroup but its generating set of partial transformations
as well. That is, the representation which maps an automaton V with output
to the pair (Imy, P(V)) yields a successful transition in the case of autonomous
automata but the transition to the representation of V' by P(V) is not successful
even in the autonomous case.

2 Successful Transitions

If C and 'C' are alphabets, any mapping C 510 can be extended in the usual
way to a mapping, also denoted h, from C* to 'C*. Thus if V = (Q, A, B, o, *)
we may extend the mappings o and * to @) x A* by defining

qoe=q, qo(ur) = (qou)ox
grxe=¢€ qx(ux)=(¢gxu)((qou)*x),

for all ¢ € @, (u,z) € A* X A, and where € is the empty word. Henceforth, we
shall omit parantheses if there is no danger of confusion. So, for example, we will
write ¢ o u * x instead of (qowu) * x.

Definition 1. Let V = (Q, A, B), 'V = ('Q,’A,'B) be automata. We say that V
simulates 'V by

QHQ, ATHA BHB

if the diagram
/Q % 4* L> 'B*
hi L hy Ths
Q x A* = B*

commutes. That is, if
'qx"u=hz(h1('q) * ha('u)) forall ('q,'u) €'Q x A*.

We write V' > 'V(hq, ha,h3) if V simulates 'V by hy,ho, hy. We say V
simulates 'V if there exist maps such that V' > 'V (hy, ha, hg). We write V > 'V
if V simulates 'V .

The two automata V and 'V are incomparable if V-2’V and 'V 2 V. If, on
the other hand, V' >’V and 'V > V then we say that V mutually simulates 'V
and we write V 1’V

Let V={(Q,A,B) and 'V = ('Q, A,’'B), and let ¢ € Q, 'q € 'Q. The states ¢
and ’q are called distinguishable if there exists a u € A* such that g*u # g * u.
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Otherwise, these states are said to be indistinguishable. If every state in @ is
distinguishable from every other state in ) then the automaton is called a reduced
automaton.

The automaton V' distinguishes the letters ay, as if there exists a state ¢ € @
and a word u € A* such that ¢ *x aju # ¢ * asu. A reduced automaton that
distingushes every pair of letters in its output alphabet is called a special reduced
automaton. By [3], for every automaton V there exists up to isomorphism a
unique special reduced automaton 'V such that V 1 ’V. Because of this we may
restrict our attention to special reduced automata.

We say that a representation of finite automata with output is successful if
incomparable special reduced automata have nonisomorphic representations.

The focus of our investigations will be so-called autonomous automata which
provide the counterexamples that we need to demonstrate that our representa-
tion of finite automata by automata semigroups cannot be deemed successful.

Definition 2. An automaton V = (Q, A, B) is called autonomous if
VgeQVae AV € A(qgoa=qoxANg*a=qx*x).

Thus the input alphabet A of a special reduced atonomous automaton has pre-
cisely one letter.

2.1 Representation by T(Q)

Let T(Q) denote the semigroup of all transformations on the set Q. For each
a; € A define o(a;) € T(Q) by

ala;) = <q,1 q,2 qi“) , where Vs (¢} = qs 0 a;).
q1 92 --- g
We say (Ima) is the automaton V' transition semigroup.

Proposition 1. There exist special reduced incomparable autonomous automata
with the same transition semigroup.

Consequently, the transition semigroup representation of finite automata
with output cannot be regarded as successful.

2.2 Representation by Similar Partitions

Define DomV = { Domo | o € Im7y }, where Domo is the domain of the partial
transformation o. The following result is easy to establish.

Proposition 2. If V is autonomous then DomV is a partition of Q.

Two equivalence relations, S and 'S on @ and 'Q, respectively, are said to be

similar if there is a bijection @ N '@ such that S(q,2) < 'S(f(q), f(z)), for all
q,z € Q. Likewise, two partitions are similar if they induce similar equivalence
relations.

The following proposition is easily verified.
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Proposition 3. Let V and 'V be isomorphic special reduced autonomous au-
tomata. If v and ' are the representations of V. and 'V, respectively, by partial
transformations on @Q, then DomV and Dom’V are similar.

However, we also have the following.

Proposition 4. There exist incomparable special reduced autonomous automata
V and 'V with DomV = Dom'V.

3 Similar Sets of Partial Transformations

Definition 3. Sets T C PT(Q) and 'T C PT('Q) are called similar if there
exist bijections

Q-Lg 15T
such that a diagram
Q — Q
Il Lf
Q"% q
is commutative for all o € T.

So, this means that
(i) qo is defined iff gf1 (o) is defined (we write ¢f1 (o) instead of (¢(0))(f(q)));
(ii) if go and qf(0) is defined then qof = qf (o).

Theorem 1. Let Ax B — PT(Q) and’Ax'B — PT('Q) be representations
of special reduced autonomous automata V and 'V respectively. Then V and 'V
are isomorphic iff Imy and Im’~y are similar.

Theorem 2. Let V = (Q,A,B) and 'V = ('Q,A,'B) are special reduced au-
tonomous automata with one and the same automaton semigroup. If for every
o € Imy with |Domo| = 1 there is a ‘o € Im'y such that o ='c then V and 'V
are isomorphic.

We conclude by stating that the condition on the members of Imvy of domain
size one is crucial.

Proposition 5. There exist incomparable special reduced autonomous automata
with one and the same automaton semigroup.
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Abstract. Since a quantum computational system is a generalization
of a classical computational system, its computational power should be
greater or equal than that of the classical system. In spite of that the
computational power of 1-way quantum finite automata has been shown
to be smaller than that of their classical counterpart. I argue that this
paradox lies on the ground that the currently accepted definition of quan-
tum automaton neglects the concept of quantum reversibility. In this ar-
ticle I review the role that reversibility plays into quantum computing
and I propose a new model of 1-way quantum finite automata whose
computational power is at least equal to that of classical automata.

1 The Current Model of 1-Way Quantum Finite
Automaton

1-way quantum finite automata has been defined by Kondacs and Watrous [4].
A quantum finite automaton Q is a 6-tuple

Q= (H, |50>, Hace, Pace, 4, UA)
where H is the internal states Hilbert space, |sg) € H with Hso)’z =1 is the
initial state vector, Hace C H is the accepting space, Pacc is an operator that
projects into Hacc, A is the input alphabet (composed of classical symbols). For
each symbol a € A there is a unitary transition matrix U, acting on H: Uy is
the set of these matrices.

Using the shorthand U,, = Uy, Uy, ...Uy, the language accepted by Q is
the function f2(w) = |PaccUwlso)|? from words w = wiws...wp € A* to
probabilities in [0, 1].

The input alphabet consists of classical elements, whereas the internal states
are represented by quantum symbols (by vectors of a Hilbert space): this au-
tomaton is not fully quantum. Moreover, it is neither reversible. In fact from the
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pervisor, Prof. Giuseppe Trautteur, and my co-supervisor, Prof. Vincenzo R. Marig-
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final state Uy |sg) one cannot retrace the computation as w is unknown. To re-
trace the computation one will need some information that is not encoded in the
final state, i.e., the operator U,. As to the computational power of this model
of quantum automaton, first A. Kondacs and J. Watrous H] have showed that
there is a regular language it cannot accept. Then, A. Brodosky and N. Pip-
penger [2] have demonstrated that it cannot recognize a whole class of regular
languages. Its computational power is then smaller than that of 1-way classical
finite automata.

2 Quantum Reversibility

To perform a quantum computation we apply to the quantum system that cod-
ifies the information we want to process some unitary operators. Quantum com-
puting is a reversible process because unitary operators are invertible.

It is well known that every classical irreversible computation can be trans-
formed into a classical reversible one introducing source and garbage, and that
the garbage can be recycled so that it grows linearly with the input size [1l3]. We
don’t know if it is possible to achieve this result in the quantum framework, but
certainly it cannot be achieved with the same trick used in the classical case. In
fact to recycle the garbage using the classical trick a copy operation is needed,
but in the quantum framework a copy operation is not always allowed because of
the no-cloning theorem. So, in general, a quantum computation produces some
garbage that cannot be recycled.

In quantum computing we are not interested in computing backward, and
typically we cannot compute backward because we lost reversibility performing
the final measurement. So, is there any good reason to store the garbage? Clas-
sically, if we compute with a reversible system but we don’t want to compute
backward, we can erase the garbage and use it as new source, improving the
consumption of space. Quantum mechanically this is not allowed. In the general
case, in fact, the garbage is entangled with the computational system and we
cannot erase it without messing the computation.

To summarize, the unitary evolution imposed by quantum mechanics im-
plies that quantum transition functions and quantum gates must be reversible.
Entanglement forbids the construction of an irreversible quantum system for
information processing based on these reversible building blocks.

3 A New Model of 1-Way Quantum Finite Automaton

To construct a quantum automaton that is fully quantum and strictly reversible
we can generalize to the quantum case a classical model of reversible automa-
ton. Does a model of 1-way classical reversible finite automaton exist? It turns
out that if we apply Bennett procedure [I] to transform an irreversible Turing
machine that moves only to the right and that doesn’t write on its tape (i.e. a
1-way classical finite automaton) into a reversible one, we end up with a 2-tape
reversible Turing machine that moves only to the right and that writes on its
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Fig. 1. Quantum finite automaton. It is supposed that the internal state and the states
of the cells factorize.

tapeﬂ. I call this system “l-way reversible finite automaton”, and here below I
generalize it to the quantum case.

A quantum finite automaton Q is a 9-tuple:

Q = (Hyy, |s0), Hacc, Pacc, I, SG, I, 8G, U)
where Hj, is the Hilbert space of internal states, |so) € Hj, with ||so)|” = 1
is the initial internal state, Hacc € Hj, is the accepting space, Pacc is an
operator that projects into Hace, I and SG are two Hilbert spaces, Z and SG
are two quantum tapes whose cells are quantum systems described respectively
by vectors of I and SG. U is the (time independent) unitary evolution operator,
U:Hy, ®1®5G — Hyy ® I ® SG.

The input alphabet is composed by an orthonormal basis of I. The dimension
of I depends on the automaton we are constructing. The dimension of SG is
related to the way the unitary evolution operator U acts.

The state of the k" cell of 7 is described by a vector belonging to the space
I;, = I, while the state of the k' ‘cell’ of SG is described by a vector belonging
to SG, = SG. If the input string is |w) = |wy)|ws) ... |w,), with |wg) € Ii, then
the tape SG contains |01)[02) ...]0,), with |0x) € SGj. This situation recurs
in all models of reversible computation: the value of the source must be set
appropriately at the beginning of the computation.

In order to understand how this automaton works it turns useful to define:

‘ 2

UZ':H1®H2®...®Hi,1®ﬂi+1®...®Hn®Ui s

where [, is the identity of I ® SGy and U; the unitary operator U when applied
to Hijy ® I; ® SG;. Moreover we define

0)" =101) ®[02) @ ... ®[0n) ,

1 Tt is not useful to add a 3rd tape as Bennett [1] did because, as pointed out in the
previous section, in the quantum framework we cannot use it to recycle the garbage.
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with |0x) € SGj. Using this notation |w) = |wy)|ws) ... |w,) is accepted with
probability

P(|w)) = |PaccUnUn1 .. Urlso) ® [w) @ |0)"]* .

It is worth noting that, although when you apply Uy you formally act on the
space (@1l ® SG;) ® Hyy, actually: 1. A local operation is performed, and
2. The states of I; and SG; with ¢ > k do not modify. Therefore, when ﬁk with
k < i is applied, you do not have to dispose the cells I; or SG;. This further
implies that at the beginning of the computation the tapes length has not to be
specified and that more cells can be added as the computation moves on. This
is exactly what happens in the classical case.

4 Computational Power

From [I] we can deduce that every 1-way classical finite automaton can be effec-
tively transformed into a 1-way classical reversible finite automaton. Our model
of quantum automaton can clearly simulate this classical reversible automaton,
and then it has at least the same computational power of classical automata.

5 Conclusion and Open Questions

The main result of this paper is to clarify the relationship between quantum
computing and reversible computing. It is argue that quantum computing is
reversible because of unitary evolution and entanglement.

Stressing the role of reversibility, a new model of 1 —way quantum automaton,
at least as powerful as 1-way classical finite automata, is proposed. This is a
relevant result since the computational power of the currently accepted model
of 1-way quantum finite automata is smaller than that of 1-way classical finite
automata.

This paper rises the question of space consumption of quantum computing
and that of the computational power of the proposed model.
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Abstract. 1.5QTM is a sort of QTM (Quantum Turing Machine) where
the head cannot move left (it can stay where it is and move right). For
computations is used other - work tape. In this paper will be studied pos-
sibilities to economize work tape space more than the same deterministic
Turing Machine can do (for some of the languages). As an example lan-
guage (0°1%]i > 0) is chosen, and is proved that this language could be
recognized by deterministic Turing machine using log(i) cells on work
tape , and 1.5QTM can recognize it using constant cells quantity.

1 Introduction

Quantum Turing Machine(QTM) is the quantum counterpart of the ordinary
Turing machine. As an ordinary Deterministic Turing Machine (DTM) it consists
of head and tape with transition function § : Q x X' x X' x Q x {«+, ], —} , where
Q is states of QTM, S-tape alphabet and {<+, |, —} represents one of the three
available head movement directions. Evolutions of QTM required to be unitary.
For arbitrary Turing Machine to be QTM there exists well-formedness conditions
(when they are met, machine is QTM).

These well-formedness conditions for QTM’s could be found in [G]

1.5 way Quantum Turing Machine (1.5QTM) [AI 99] is a kind of Turing ma-
chine with two tapes: one contains input word and the other is for work purposes.
The input tape’s head cannot move left - only right and remains stationary, how-
ever work tape’s head can move both directions. All evolutions of this kind of
Quantum Turing Machine must, like in ordinary QTM be unitary.

Quantum Fourier Transform (QFT) is used in algorithm to make final accept
or reject decision. QFT is a quantum version of ordinary Fourier transform. This
transform maps function from time domain to frequency domain. The function
obtained after Fourier transform of time function has nonzero values only at a
multiples of 1/r where r is a period of original function.

As any other quantum operator Quantum Fourier Transform has its unitary
matrix. When QFT matrix is applied to quantum state |a) its maps it as follows:
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mision, and grant no. 01.0354 from the Latvian Council of Science. This paper was
written with financial support from Dati Itd.
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For example, when applied to |0) QFT maps it to the all other states with
equal amplitude, namely 1/q so the impact of QFT is similar to Hadamart
transform. In the case when all states initially has equal amplitudes the impact
of QFT is just opposite. Single state gains amplitude 1 and all the other 0.

To further explain use of QFT in language recognition another QTM prop-
erty should be discussed. That is computation paths interference. When states
of QTM are measured, and two computational paths interfere then output prob-
ability is computed by using formula:

P, = (A4 + A2.)? (1.3)

Where Pa is the probability of the state |a) to be measured and A;,a and
As,a are amplitudes of two interfering computational paths. When two paths do
not interfere then the probability to measure state |a) computed by formula:

= (A1,0)* + (A2,0)” (1.4)

Interference between computational paths take place only when classical in-
formation both paths operate with is equal. That means that both paths has
their head position equal as well as symbol on the tape and the moment of time.
If these conditions are violated then interference between computational paths
is lost and probability of state |a) changes.

Further in this paper will be discussed space-efficient language recognition
problem, using deterministic 1.5way Turing machine and then 1.5way Quantum
Turing Machine.

2 Example

To prove that 1.5QTM can economize space on work tape better than deter-
ministic TM can, language L is used, containing words in the form (0°1%i > 0).
This language can be recognized by probabilistic 2-way finite automata [F 81].
problem is then solved using deterministic TM and then 1.5QTM.
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3 Using DTM

Using deterministic TM this problem could be solved relatively easy, but it
requires at least log(i) cells on work tape [LSH 65] to write quantity of zeros on
input tape. There can’t be more efficient solution because of limitation on input
tape head movement (cannot move left). So when comparing ones and zeros
count TM should know exactly how many zeros there was, and most efficient
way to do that is to write that number in binary (or with other base) code. If
there exists the real necessity to move head not only to the right, but also to the
left whole word can be copied to work tape and then all computation performed
exactly like 2DTM works. However this technique requires linear space on the
work tape with the respect to the input word length.

4 Using 1.5QTM

Tape space could be economized if we consider using 1.5QTM instead of DTM.
There exists method, how to solve this problem, using only constant count of
cells on work tape. 1.5QTM, solving this problem, accepting words = € L with
probability 1 and rejecting those z € L with probability at least 1 — ¢, where ¢
could be arbitrary small. Algorithm of this QTM is similar to that described in
[G] p.160.

At starting symbol QTM splits into superposition of working states, and
starts to read from input tape. This moment QTM branches its computation
in n parallel paths, and each moves head according to this rule: for each new 0
QTM reads from input tape head stays where it is for i cycles and then moves
1 step to the right. If QTM reads 1 from input tape its head remains stationary
for n — i + 1 cycles and then moves 1 step right. This warrants that no two
computation paths can reach right endmarker simultaneously if word is not in
language L.

Because j-th path needs uxj+ v+ (n—j-+1) cycles to reach right endmarker,
and j'th # j path u*j1+v*(n—j1+ 1), and for this two numbers to be equal
u must be equal to v.

On its way from left to right endmarker all paths checking format of the
word. If word is not in the form 0ilj then all the paths sooner or later will come
to rejecting state, and the word will be rejected. If the format of the word is not
violated then Quantum Fourier Transformation is applied to the superposition
of QTM states when each computation path reaches right endmarker. If they
reached it simultaneously then QFT results in the single (accepting) state, oth-
erwise new superposition of states is formed with probability of accepting the
word no more than 1/n, where n is paths quantity. This result is formed because
of computation paths interference. If they reached endmarker simultaneously
then they all have equal classical information and so interfere. Otherwise there
is no interference between them and probability to accept is at most 1/n.

To control format of the input word work tape is used. For example, when
path for the first time encounters change from zeros to ones it writes on the work
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tape 71”7 symbol. When next zero is read from input tape the computational path
jumps to the rejecting state.

When each path reaches right endmarker Quantum Fourier Transformation
(QFT) is applied to superposition of states of QTM. If all paths reached end-
marker simultaneously then result of QFT is single accepting state with proba-
bility 1, else accepting state’s probability is at most 1/n.

Vialg) = == > i1 lri0)
Dlrjp)=ldn>k>0,1<j<n
D‘?"j70> :*}\J, 1 <j <n

D‘er> :—LL 1< _] <n

D‘Qa> :_>J/
Voalrjo) = [75.4) Voalrio) = |ajr)
Voalrje) = Irjk—1) Voulrje) = |ajk—1)
V0/1|qa> = ‘qa> Vb,l|qa> = |qa>
%A|qu> = |qu> %,1|er> = |er> (45>
Vialrso) = [rjn—j+1)(1) Voalrjo) = 1ajmn—j+1)
Vialrjg) = |rje—1) Voulrje) = lgjk-1)
V1A|qa> = ‘qa> V0,1|qa> = |qa>
Vialgjr) = lgjr) Vo.lgr) = lajr)

2w
Vsalrjo) = lajr) Vsalrio) = 5= >y e Yqa)
Vsalrik) = 1gk—1) Vsalrie) = [rjk—1)
Vsalda) = |4a) V$,1|qa> = |7'j,nfj+1>
Vsalgjr) = I7jn—jt1) Vsalajr) = lgjr)

Vya - QTM initialization matrix, splits initial state of the QTM into super-
position of working states

Voa - Zeroes reading matrix, reads zeroes from input tape

Vo1 - Matrix changes state of computational path to rejecting (this matrix will
work if format of the input word is violated and word like 0°170* is encountered.

V14 - Matrix for the first ”1” read from input tape, it also writes flag to work
tape

V11 - Matrix that read ”17-es from input tape.
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Abstract. A new aggregation algorithm for computing the stationary
distribution of a large Markov chain is proposed. This algorithm is at-
tractive when the state space of Markov chain is large enough so that the
direct and iterative methods are inefficient. It is based on grouping the
states of a Markov chain in such a way that the probability of changing
the state inside the group is of greater order of magnitude than interac-
tions between groups. The correctness of the combinatorial aggregation
is justified by the method of forest expansions developed recently in [56].
In contrast to existing methods our approach is based on combinatorial
and graph-theoretic framework and can be seen as an algorithmization of
famous Markov Chain Tree Theorem. The general method is illustrated
by an example of computing the stationary distribution. We establish
also some preliminary results on the complexity of our algorithm. Nu-
merical experiments on several benchmark examples show the potential
applicability of the algorithm in real life problems.

1 Introduction

Our attention is restricted to finite discrete-time Markov chains (although the
presented approach is valid also for continuous time). Such a Markov chain over
a state space S is usually represented by a transition probability matrix P
of order n, where n is the number of states in S. For a transition probability
matrix P, any vector m satisfying 7”7 =x"P, Y, _om = ||w|[; = 1 is called a
stationary probability distribution cf. [4]. The most elegant way to calculate
it is to find the analytical formulas for the solution of the system. However, this
is usually impossible and the only way is to solve the problem numerically [7].
Problems arise from the computational point of view because of the large number
of states which system may occupy. It is not uncommon for thousands of states
to be generated even for simple applications. On the other hand these Markov
chains are often sparse and possess specific structure.

* This work was partially supported by the KBN grant 8 T11C 039 15
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Related research. A lot of research has been done concerning the numerical
solutions of some linear equations that occur when one studies Markov chains
(see for example [2[7]). Almost all methods for solving a system of linear equa-
tions are adapted into this context. In this paper we focus on nearly completely
decomposable Markov chains (see [II7]). Such chains often arise in queueing net-
work analysis, large scale economic modeling and computer systems performance
evaluation. The state space of these chains can be naturally divided into groups of
states such that transitions between states belonging to different groups are sig-
nificantly less likely than transitions between states within the same group. For
solving nearly uncoupled Markov chains, a family of methods has been proposed.
They are jointly classified as iterative aggregation/disaggregation [3] methods,
and based on a decompositional approach. Our combinatorial aggregation ap-
proach can be seen as a generalization of existing aggregation algorithms. There
are several important advantages over previous methods. The presented algo-
rithm uses combinatorial properties of directed forests in the underlying graph
of a Markov chain. Combinatorial and graph-theoretic approach simplifies the
description of algorithm and proof of correctness which relies on certain facts
about forest expansions of solutions of linear equation systems [5].

Directed forests method. A real square matrix A of size s induces a graph
G(A) with states {1,2,..., s} and edges between all pairs (4, j) with a;; # 0. In
G(A) we define the (multiplicative) weight of a forest f = (S, Ey) and the
weight of a set F of forests by:

o) = ] Cap.  wF) = wlf).

(i,J)€Ef fer

It was observed that many facts are valid simultaneously for both discrete and
continuous time Markov chains. To deal with them at the same time we use,
following [5], a laplacian matrix, i.e. matrix L = (l,»j);jzl, li; € R satisfying
lis = — Zj:j# l;; for i = 1,...,s. Denote by I the identity matrix of size s. It
is easy to verify that matrix L = I — P is a laplacian matrix. For U W C §
denote by A(U ‘W) the submatrix resulting from deletion of rows and columns
indexed by U and W respectively. We express the solution of a system of linear
equations as a rational function of directed forest weights (called the forest
expansion, cf. [56]). For stationary distribution this is formulated in the well
known theorem:

Theorem 1 (Markov chain tree theorem). If the underlying graph of a

Markov chain has exactly one absorbing strong component, then the stationary
distribution is given by:

IRRIC0)
T .

>jes w(F(5))

For given functions 4, B : R — R, the notation A(g) ~ B(e) means that:

lim._q 28 =1. A family {L(e) = (lij(¢))j j=1, € € (0,€1)} of laplacian matri-

ces of size s X s is a powerly perturbed Markov chain, if there exist matrices

, fori=1,...s.




386 A. Gambin and P. Pokarowski

A= (6ij)i,jeS; and D = (dij)i,j65'7 (Sij > 0 and dij e R, for 1,] € S, such that
the asymptotic behavior of laplacians L(e) is determined by A and D as follows:

—lij(e) ~ bije. (1.1)

We also use the concept of powerly perturbed nonnegative vector which is
defined analogously. Consider the following graph induced by a matrix D (we
take into account asymptotically nonzero entries): G*(D) = (S, {(4,j) € S x S :
di; # 0}). For an arbitrary forest f and a nonempty set F of forests in G*(D)
we study parameters d(f) defined as the sum of d;; over all edges (4, j) of forest
f and d(F) being the minimal value of d(f) for all forests f € F. Analogously
d(f) denotes the product of all ¢;; and 6(F) the sum of §(f) over all f € F
having minimal d(f). We describe the asymptotic behavior of solutions of
system LT (R|R)x = b, related to a powerly perturbed Markov chain, in terms
of directed forests expansions. It turns out that a solution of a system of linear
equations, for a perturbed chain, can be treated as a perturbed vector.

Theorem 2 ([6]). Let matrices A and D be such that (L) above holds, for
a powerly perturbed Markov chain {L(e),e < e1}; let R C S, where S is a set
of states. Moreover let vector b = ({,z) be powerly perturbed vector. Suppose
that there exist a forest with the root R in G*(D). Then the solution x(¢) =
(z:(€))ies\r of the system LT (R|R)(e)x(c) = b(e) satisfies, for i € S\ R, the
relation x;(g) ~ e, where the coefficients n;, h; are some constants, i =
1,...,u.

2 Combinatorial Aggregation

Before describing the algorithm for computing asymptotic coefficients h and
7, we explain how it can be used to obtain the approximation of stationary
distribution vector. The algorithm takes as an input laplacian L = (I;;) defining
Markov chain and parameter € and consists of three steps: 1. construct matrices
A and D such that: —{;; = 5¢j5dij, where ¢ < §;; < 1; 2. run Algorithm [ to
compute vectors  and h; 3. set m;(g) 1= nehi.

Fast computation of forest expansions. The algorithm reduces the size of
state-space of a Markov chain by lumping together closely related states. This
process is repeated in the consecutive phases of aggregation; during each phase
graphs induced by matrices D and A are considered. The algorithm groups
states in each closed class of the graph and solves the system of linear equations
restricted to this class. Smaller size, hence tractable, systems of equations can be
solved by a direct method. The solutions of these systems are used to upgrade
the asymptotic coefficients computed for each state of the original Markov chain.
Before passing to a next phase, an aggregation procedure is performed, lumping
all states in each closed class into a new, aggregated state.

The task of computing exponents h; is of quite different nature than the task
of computing the coefficients 7;. While the former can be performed using purely



A Combinatorial Aggregation Algorithm 387

Algorithm 1 Calculate asymptotic coefficient  and h.

1: construct G° = (S°, E%)

2: k:=0

3: repeat

4: k:=k+1

5 find partition of G*~! into closed classes

6:  construct S*

7:  for each closed class in S*, say I* do

8: construct laplacian Ly

9: compute stationary distribution i. e., solve the system LI{x =b
10: compute m(I¥)

11: for each aggregated state I*~! in I* do
12: compute A*(I*71I*) and n*(I*~1|1%)
13: for each state i aggregated into state I*~! do
14: upgrade n; = n(i|I*) and h; = h(i|I¥)
15: end for

16: end for

17: for all neighbors of class I* do

18: determine shortest edges

19: end for
20: end for
21:  construct new set of aggregated edges E*
22:  GF .= (S* EF)

23: until G* has only one closed class

combinatorial methods (hence precisely), the latter uses a procedure of solving
a system of linear equations, exposed to numerical errors.
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Abstract. We present a useful primitive, the hidden number problem,
which can be exploited to prove that every bit is a hard core of spe-
cific cryptographic functions. Applications are RSA, ElGamal, Rabin
and others. We give an efficient construction of a hard core predicate of
any one-way function providing an alternative to the famous Goldreich-
Levin Bit [3]. Furthermore, a conjectured connection between universal
hash functions and hard core predicates is disproven.

1 Introduction

Due to space restraints we assume that the reader is familiar with basic notations
such as one-way functions and hard core predicates. For a detailed and more
formal discussion see the full version of this paper [5]. A survey of hard core
predicates can be found in [g].

2 Main Results and Motivation

In [4] it was shown that every single bit is a hard core of the RSA function.
The same proof techniques were applied to show that all (but the first least
significant) bits of the discrete exponentiation function are hard. It was already
noted in [4] that the multiplicative structure of RSA was crucial to apply these
techniques. For instance, by the equation RSA(cx) = RSA(c) - RSA(z) one can
compute RSA(cx), given RSA(x) and ¢. In this paper we present a useful prim-
itive, the hidden number problem, and study under which circumstances it is
solvable. As a corollary to our result we conclude the bitsecurity of many known

cryptographic functions such as RSA, Rabin and ElGamal.
Although the original proofs of bitsecurity of the RSA

and the discrete exponentiation (EXP) function are sim-
ilar there is no straightforward way to conclude the result
Hidden Number from each other, i.e. to deduce the bitsecurity of EXP di-
@ Problem b rectly from the bitsecurity of RSA. The figure on the left
illustrates this connection. The hidden number problem
was introduced by Boneh and Venkatesan [I] and used
to show the security of the collection of y/logn unbiased
most significant bits of the Diffie-Hellman function.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 388-[391] 2001.
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MAIN RESULTS. Under some reasonable combinatorial assumptions, every bit is
a hard core of the following functions:

The RSA encryption function.

The ElGamal encryption function.

A Modified Diffie-Hellman function.

The Discrete Exponentiation function (all but the first least significant bits).
The Rabin encryption function.

Paillier’s Encryption function.

SO N

Note that 1, 4 and 5 are known results whereas 2, 3 and 6 are new contributions
of this paper. Due to space restrictions we only consider the RSA and ElGamal
case here. The other proofs exploit the multiplicative properties of the functions
in a straight forward way. See [5].

As a second corollary we give as an alternative to the famous Goldreich-Levin Bit
[B] a new and very simple construction of hard core predicates for any one-way
function. Néslund [7] showed that the predicate b(z,r, s) := bit;(rz + s mod p)
is a hard core of any one-way function. We improve this by showing that the
addition “+s” is not necessary:

Theorem 1. Let f be an arbitrary length-reqular one-way function and let g be
defined by g(x,r) := (f(x),r), where n = ||, p is an n-bit prime and r € Z,.
Let bi(z,r) := bit;(rz mod p). Then for every i = i(n) € {0,...,n — 1} the
predicate b; is a hard core of the function g.

3 The Hidden Number Problem

Definition 1 (Hidden Number Problem HNP). Let I C IN be an infinite
set of integers and P a polynomial. For all N € I and all hidden numbers
x € Zy, let (Onz)ne be a family of hidden number oracles for the i-th bit with

Pr[On »(c) = bit;(cx mod N)| > 1/2 +1/P(n),

where the probability is taken over all ¢ € ZZY, uniformly distributed and over
all coin tosses of the oracle. n is the bitlength of N.

We say that HNP is efficiently solvable for bit i if there is a polynomial @ and
an oracle pptm DON-=) allowed to make queries to OnN,» such that that for every
N €I and x € Z%, DON= outputs x with probability at least 1/Q(n).

Theorem 2 (Main theorem).

1. If I is the set of all odd primes, then HNP is efficiently solvable for all bits.

2. If I is the set of all odd integers N, then HNP is efficiently solvable for all
bits or one gets a non-trivial factor of the integer N.

3. If for a fized integer k, I is the set of all integers of the form N = 2F . ¢,
q odd, then HNP is efficiently solvable for the bits k < i < n or one gets a
non-trivial factor of the integer q.

As mentioned before, the proof of this theorem is analogous to the proof of the
security of every RSA bit [4]. See the full version [5] for a proof of the special case
of the least significant bit. Note that Theorem [lis a corollary to Theorem[2 (1).
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4 Sample Applications of the Hidden Number Problem

Due to space restrictions, we only show the bitsecurity of RSA and ElGamal here.

RSA Bits. Let Igsa = {(N,e) : N = p-q, |p| = ||, p, ¢ prime, ged(e, p(N)) = 1}
be the set of all possible RSA instances, where ¢(x) denotes the Euler Totient
Function. Given (N,e) € Irsa and © € ZZ}, the RSA function is defined as
RSAN () := 2° mod N. The RSA function is believed to be one-way, which is
called the strong RSA assumption.

Theorem 3. Under the strong RSA assumption, every bit is a hard core of the
RSA function.

As usual, the proof is by reducio ad absurdum. Assume that the predicate bit;
is not hard, i.e. that there exists an oracle Orga that non-trivially predicts the
i-th bit of = given RSAy (z) as input. Then this oracle can be used to construct
an oracle pptm DORsA that inverts the RSA function.

The inversion is done by simulating the hidden number oracle Oy , for the
hidden number x, given an instance of the RSA function RSAy .(z) = z° mod
N. For the simulation we set

ONJC(C) = ORsA(Ce . RSAN@(I)) = ORSA(RSAN76(C . l‘)), (41)

which is bit;(cx) in case the RSA oracle did not lie. Now we can apply Theorem
(2) which shows that we can compute x or get a factor of N. In both cases we
can compute z. This is a contradiction to the strong RSA assumption.

ELGaMAL BiTs. The ElGamal public key cryptosystem encrypts a message
x € Z, given a public key g¢ by computing the pair (g%, £g?). Here b is chosen
uniformly at random from the set Z;. Decryption using the private key a is
done by computing (g°)* = ¢g?® and then dividing to obtain the plaintext x.

In order to break this cryptosystem one has to “invert” the ElGamal function

Elpagsaab(m) = (ga7 gb7 irgab)u

in a sense that given (g%, g*, xg?") one has to compute z. The ElGamal function
is believed to be one-way, what follows from the Computational Diffie-Hellman
(CDH) assumption.

Theorem 4. Under the CDH assumption, every bit is a hard core of the ElGa-
mal function.

Assume again there is an ElGamal oracle Og; that non-trivially predicts the i-th
bit of x given El, ¢ o p(z) := (9%, ¢°,29?"). The central equation (corresponding
to equation (41l in the RSA case) to simulate the hidden number oracle is:

ON,fc(C) = OEl(gaJrT» gb+s’ C: xg(a+r)(b+s)) = OEI(Elp,g,a+r,b+s (Cl‘)),

which is bit;(cx) in case the ElGamal oracle did not lie. The integers s and
r are due to technical reasons. They are chosen at random from the uniform
distribution on Z 1*, in order to randomize the input.
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5 TUniversal Hash Functions & Hard Core Bits

All in the literature known general constructions of hard core predicates for
any one-way function, for example the Goldreich-Levin Bit [3], are based on
some set of universal hash functions (UHF). The natural question, first asked
by Néslund [6] in his paper “Universal Hash Functions & Hard Core Bits” and
later in [2]7], was whether there is a “nice connection” between universal hash
functions and hard core functions. We sketch a simple counterexample to this
conjecture.

For a prime p consider the set of UHF S, = {s(z) = (uz + v mod p) mod 2 :
u € Zy,v € Zy}. It follows from [7] that S, gives a hard core predicate for any
one-way function. Applying the one-way permutation f(z) = ¢* mod p, where
g denotes a primitive element of Z;, we construct a new set of UHF H, =
{h(z) = (ug® 4+ v mod p) mod 2}. But the derived predicate b(x,u,v) := (ug® +
v mod p) mod 2 is not a hard core for the (special) one-way function g(z,u,v) :=
(¢* mod p,u,v). Theorem [ gives us a set T, = {t(z) = (ux mod p) mod 2}
giving hard core predicates. In the full paper we show that T, is only “2/3-
universal” which means it is almost universal. Together with the above result
this shows that the concepts of UHF and hard core predicates seem to be less
related than it was assumed previously. For a more detailed analysis of the
relation between universal hash functions & hard core bits see [5].

Acknowledgment. This paper greatly benefited from the helpful insight of
Hans Ulrich Simon. Furthermore I send handshakes to Jiirgen Forster and Mats
Néslund for interesting discussions and fruitful comments.
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Abstract. All solutions of Pythagorean equation (P-equation) x3 +
x3 = 3 in relatively free rings of varieties of n-nilpotent associative or
associative-commutative rings (n=3,4) are described. In particular, it is
shown that Pythagorean equation has no minimal and complete set of so-
lutions in free rings of such varieties, so unification type of these varieties
is nullary. This is also valid for the variety of associative-commutative 3
(or 4)-nilpotent rings of characteristic two.

Unification theory is concerned with solving equations in a relatively free alge-
bras of varieties. Equational theories which are of unification type unitary or
finitary play an important role in automated theorem proving, term rewriting,
in logic programming with equality [1]. Investigating the unification hierarchy
and determining unification type of equational theories is thus interesting for
unification theory and its applications.

We investigate unification theory in the varieties of associative rings without
unit and in their subvarieties n-nilpotent rings (n = 3,4). For n = 2, i.e., for
associative rings with zero multiplication, any equation in free ring of this variety
is linear over Z. Therefore, unification type of this variety is finitary. We will
show that unification in the varieties of n-nilpotent associative or associative-
commutative rings (n = 3,4) is nullary. Below, "rings” will always mean a ring
without unit, unless otherwise is stipulated.

Unification theory of the varieties of associative and associative-commutative
rings with unit have been considered by several authors. Franzen [3] proved that
Hilbert’s Tenth Problem is of the unification type zero, i.e., variety of associative-
commutative rings with 1 is of nullary type. Martin and Nipkov [4] proved that
unification in varieties of the Boolean rings and primal algebras is finitary. See
survey [1] for unification in other equational theories.

The basic concepts of unification theory in the case of rings are as follows
[1]. Let V be a variety of associative rings and V' = Id)V an ideal of identities of
the variety V. Denote by Fy/(X) and Fy (A) relatively free rings of the variety
V with a countable set of generators X = {x,, | n <w} and A = {a, | n < w},
respectively. We will consider equations in the first ring and look for their solu-
tions in the second one. A solution to equation w = 0, w € Fy(X), in Fy(A) (or
in the variety V) is a homomorphism ¢ : Fyy (X) — Fy (A) such that {(w) = 0.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 392-395, 2001.
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Let X be a system of equations in the variables x; € X. Given two solutions
7 and o of X we say that 7 is at least as general as o and write 7 < ¢ if there
exists an endomorphism « of Fy (A) such that a7 = o. There is a naturally
associated equivalence relation ~ defined by o ~ 7 < o < 7 and 7 < 0.
A partial order on the equivalence classes of this relation is induced by <. A
solution of the system Y minimal in respect to this ordering, is called minimal
(or the most general solution). We say that X is unitary if this partial order
has the smallest element; finitary (infinitary) if the set of the minimal solutions
is finite (infinite) and every its element lies above some minimal element. It is
nullary if there is a solution which does not lie above any minimal one.

Variety V is called finitary (infinitary or nullary) if there exists a system of
equations having the corresponding type in a free ring of this variety.

Proposition 1. Unification type of P-equation in variety of associative-commu-
tative rings is not finitary.

Proof. Let Foom(A) be a free ring of the variety of associative-commutative
rings. Let us prove first that all non-trivial linear solutions to P-equation in
Foom(A) are triples (pf(a), ¢f (@), rf(a)), where (p, g, r) are P-triples of integers
and f(@) are linear Z-forms in the variables a; € A. Let (p1(a@), p2(a), ¢3(a))
be a linear solution of P-equation, ¢;(a@) € Foom(A). Assume that ¢ (@) and
2(@) are not proportional and ¢?(a) + ¢3(a) = ¢%(@). Then the rank of the
form ¢3(a) + ¢3(a) over Q is equal to 2, while the rank of 3(a) is equal to 1,
which is a contradiction. In a similar way one can show that ¢;(@) and p3(a)
are also proportional.

Obviously, any such linear solution of P-equation can be obtained from solu-
tions (pai, gai, rap). Since Foom(A) is the ring without 1, P-triples (pai, qas,
ray) are minimal elements in the set of solutions of P-equation in this ring.
Since these solutions are not comparable for different P-triples (p, ¢, r), the
Proposition is proved.

Remark 1. This Proposition is valid if the equation is an arbitrary quadratic
Z-form.

Corollary 1. Unification type of the variety of associative rings is not finitary.

Let us now consider the unification type of nilpotent rings. Denoted by AN,
(N,,) the varieties of n-nilpotent associative-commutative (associative) rings. Let
V1 be the ideal of identities of the variety AN3 and Fy, (A) a free ring of the
variety AN 3 over a countable set of generators A. It is easy to prove

Lemma 1. The general solution of P-equation in the variety AN s can be writ-
ten as (pa1 + R1(a), qa1 + Rz (@), a1 + Rs(a)), where (p, q, r) are P-triples over
Z and Ry (@), Ra2(@), R3(a) are arbitrary Z-quadratic forms in variables from A.

To investigate the unification type of the variety ANz we will use Baader’s
sufficient condition [2] for the unification type zero. For variety of associative
rings, the condition can be formulated as follows.
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Baader’s condition: Let I" be a finite system of equations in Fy (X). By
Uy (I') we denote the set of all solutions of I" in the ring Fy (A). This set satisfies
Baader’s condition if in Uy (I") there is a decreasing chain 6y > 0y > ... > 60, > ..,
such that: (i) it has no lower bound in Uy (I'); (ii) for alln > 1 and all € Uy (1)
with 0,, > 0 there exists 0c Uy (I') such that 6 > 0 and Oni1 > 0.

The following proposition is proved in [2]:

Proposition 2. The system of equations I is of unification type zero in a va-
riety V if Uy (I') satisfies Baader’s condition.

Theorem 1. P-equation is nullary in the variety AN 3.

Proof. Let us construct a satisfying Baader’s condition chain of solutions to P-
equation in the variety AN3. We choose (p, ¢, r) = (3, 4, 5) and consider a
decreasing chain (S;) of solutions of P- equation in the ring Fy, (4), 6, > 05 >

.> 0, > ..., where 8, = (3a;1+ Z a?, da;+ Z a?, bay+ Z a?). Let us show that

this chain has no lower bound in U1 le( ) where F is P-equation. Indeed,
suppose that there exists a lower bound + of the chain (S;) in U;. According to
Lemma 1 we can represent the element +y in the following form: v = (3a; + R (@),
4a1 + R2(@), ba1 + Rs(a) . Now, let Fy = Fy,(A) be the Zs-algebra of reduced
polynomials modulo 3 of the ring Fy, (A). Denote by f(a) (or simply by f )
the image modulo 3 of element f( ) € Fy,(A) in algebra Fj. Consider the
decreasing chain (Ss), 6, > 6y > ... > 6, > .. of solutions of P-equation in
Fl, where 6, € Fy,(A) are elements of the chain (S;). Clearly, the element

= (Ry(a), a1 + Ra(@), 2a; + R3(@)) is a lower bound in U; = Uy (mod 3). of
the chain (S2). Let us now consider a sequence (S3) of the first coordinates of

— — _ _ m—+1
the chain (S2), 611, 021, ..., Om1, where 0,1 = > a?. Obviously, the sequence
k=2

(S3) is nondegenerate. We can regard O,ni as Zs-quadratic forms in variables
ay. Clearly, rank(6,,,) = m. Let » = rank(R1(a)) + 1, where R;(a) is the first
coordinate of the lower bound 7. Consider the element 9 of the chain (S3). Since
0, > ~, there exists a homomorphism ¢ : F; — Fy such that ¥(R;) = 0,;.
However, since F; is a 3-nilpotent ring homomorphism v determines linear
transformation v’ of the variables a € A. Comparing the ranks of the elements
0,1 and '(R;) we have get contradiction. Condition (i) is proved.

Let 6 be a solution of P-equation satisfying 6 < 6,, for some n € N. By apply-
ing the Lemma 1 we obtain 6 = (3f(@) + L1(a), 4f(a)+ Ls(a), 5f(a) + L3(@)),
where f(@) is a linear Z-form and L1, Lo, L3 are quadratic Z-forms in variables
a; € A. Let a,, be an element from A that does not occur in reprebentations
of elements 6 and 0,, via of the generators a; € A. We set =0+ (a2, a2,

a?)). Clearly, the element 9 is a solution of P-equation and we can show that
the condition (ii) is satisfied for this element. Indeed, since 0 < 6,,, there exists
a homomorphism (3 : Fy, (A) — Fy, (A) such that ¢;(0) = 6,,. Define homo-
morphisms (» and (3 € Hom(Fy, (A), Fy,(A)) in the following way: (2(a;) = as,
if i #m, and (a(an,) =0, (3(a;) = G(a;), if ¢ # m, and (3(am) = apy1, where
a; € A. It is easy to see that (:2(5) =6 and (3 (@\) = 6,+1. The Theorem is proved.

a

m7
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Corollary 2. Unification in the variety ANz is nullary.

In a similar way one can prove that the varieties N3, AN and N, have
nullary unification type.

Denote by AN, 2 (NV,2) the subvariety of the variety AN, (N,) rings of
characteristic 2. Variety AN, 2 (N, 2) is a minimal subvariety of variety AN,
(Nyn). We will show now that the variety AN3- also has nullary unification
type. Note that the rank is not invariant of quadratic form in free associative-
commutative rings of characteristic 2. For such rings the proofs nullarity have
to be modified

Denote by Vj the ideal of identities of the variety N3 o, and Fy,(A) a free
ring of the variety AN3 o over a countable set of generators A. The following
statement be proved.

Lemma 2. Let B = ajas + agaq + ... + agg_1a9,, 0 < k <n, and D = aias +
asaq+ ...+ agk—1a9k + ... + aop_1a2, be elements of the ring Fy, (A). There exists
no homomorphism ¢ € Hom(Fy, (A), Fy,(A)) such that p(B) = D.

It is easy to describe the solutions of P-equation in the variety AN5 5.

Lemma 3. The general solution of P-equation in the variety AN 5o consists of

two types of solutions:
1 lo ls
(a1 + Y agi—1a2;, ag + Y age—1az2,, (a1 +az + Y as_1a9x)) or
i=1 r=1 k=1
Iy I3 ls .
(> agi—1a2;, D asr—1a9,, Y. asgp—_109k), where a; € A and l; € N (i =1,2,3).
i=1 k=1 k=1
Using the Lemma 2 and Lemma 3 one can prove, as in the Theorem 1, the
following

Theorem 2. P-equation is nullary in the variety AN ».

Unification type of varieties of n-nilpotent associative-commutative rings for
n > 5 can be investigated in a similar manner. However in this case one should
use k-forms in variables a; € A, for k > 3. This case will be considered elsewhere.

Acknowledgment. The author would like to thank G. Belitski, G. Mashevitzky
and B.I. Plotkin for many helpful discussions.

References

1. Baader, F., Siekmann, J.: Unification theory. In: Gabbay, Dov M., Hogger, C.,
Robinson, J.,(eds.): Handbook of Logic in Artificial Intelligence and Logic Pro-
gramming, Vol. 2. Clanderon Press, Oxford (1994) 41-124

2. Baader, F.: Unification in varieties of completely regular semigroup. In: Word equa-
tion and related topics. Lecture Notes in Computer Science, Vol. 572. Springer-
Verlag, Berlin (1992) 210-230

3. Franzen, M.: Hilbert’s tenth problem is of unification type zero. J. Automated Rea-
soning 9 (1992) 169-178

4. Martin, U., Nipkov, T.: Boolean unification — The story so far. J. Symbolic Com-
putation 7 (1989) 275-293



Two-States Bilinear Intrinsically Universal
Cellular Automata*

Nicolas Ollinger

LIP, Ecole Normale Supérieure de Lyon, 46, allée d’Italie
69 364 Lyon Cedex 07, France
Nicolas.0llinger@ens-lyon.fr

Abstract. Linear cellular automata have been studied in details using
algebraic techniques [3]. The generalization to families of polynomial cel-
lular automata seems natural. The following step of complexity consists
of bilinear cellular automata which study has begun with the work of
Bartlett and Garzon [2]. Thanks to bulking techniques [B], two-states
bilinear intrinsically universal cellular automata are constructed. This
result answers a question from Bartlett and Garzon [2] of 1995.

A cellular automaton consists of a regular network, for example a line of cells,
carrying finite values that are updated synchronously on discrete time steps
by applying uniformly a local rule. Despite their apparent simplicity, cellular
automata exhibit varied, sometimes complex, behaviors.

The properties of linear algebraic objects are easier to describe than the
properties of general objects. In the case of cellular automata, the study of linear
cellular automata has begun with the work of Martin et al. [3]. They showed that
linear cellular automata are really simple and they completely described their
behavior. In 1995, Bartlett and Garzon [2] studied bilinear cellular automata.
They proved that a particular sub-family of bilinear cellular automata, cellular
automata over Zg with p prime, is as complex as the whole family of cellular
automata. The question remained open whether bilinear cellular automata over
Z ., were as complex as the whole family of cellular automata for small values
of m. Moreover, the result from Bartlett and Garzon [2] was given thanks to a
notion of simulation and m-universality that were not formally defined.

In the spirit of Mazoyer and Rapaport [4], we have introduced [5] a tool, called
geometrical bulking, to classify and prove properties on cellular automata. This
tool is based on a notion of simulation and a notion of space-time diagrams
rescaling. Within this scope, we formalized the notion of intrinsic universality
implicitly introduced by Albert and Culik IT [T], which corresponds to the notion
of m-universality in the paper of Bartlett and Garzon [2].

In the present paper, we close an open question from Bartlett and Garzon [2]
by constructing a two-states bilinear intrinsically universal cellular automaton.

* a longer version of this paper is available from the author, see [6]
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1 Cellular Automata and Geometrical Bulking

In the following, we only consider one-dimensional cellular automata, that is
straight lines of cells. We briefly recall some necessary definitions and theorems
about cellular automata and geometrical bulking. The interested reader is invited
to consult the longer version of this paper [6].

Definition 1. A cellular automaton A is a triple (S, {n1,...,nq4},9) such that
S is a finite set of states, N is a finite ordered set of d integers called the neigh-
borhood of A and § is the local transition function of A which maps S to S.

A configuration C of a cellular automaton A maps Z to the states set of
A. The state of the i-th cell of C is denoted as C;. The local transition function
0 of A is naturally extended to a global transition function G4 which maps a
configuration C of A to a configuration C’ of A satisfying, for each cell 7, the
equation C/ = § (Citnys---sCitny)-

A sub-automaton of a cellular automaton corresponds to a stable restriction
on the states set. A cellular automaton is a sub-automaton of another cellular
automaton if (up to a renaming of states) the space-time diagrams of the first
one are space-time diagrams of the second one. To compare cellular automata,
we introduce a notion of space-time diagrams rescaling. To formalize this idea,
we introduce the following notations:

o®. Let S be a finite state set and k be an integer. The shift o* is the bijective
map from S Z onto S# which maps a configuration C to the configuration
C’ such that, for each cell i, the equation C; , = C; is satisfied.

o™. Let S be a finite state set and m be a strictly positive integer. The packing
map o™ is the bijective map from SZ onto (™) which maps a con-
figuration C to the configuration C’ such that, for each cell ¢, the equation
C!l = (Cimiy- - - s Crnitm—1) is satisfied.

Definition 2. Let A be a cellular automaton with states set S. A (m,n,k)-
rescaling of A is a cellular automaton AT™*) with states set S™ and global
(m,n,k)
A

transition function G m

:JkoomoGZoo’
Definition 3. Let A and B be two cellular automata. Then B simulates A if
there exists a rescaling of A which is a sub-automaton of a rescaling of .

This relation of simulation has good properties. In particular, in [5], we proved
that the relation of simulation is a quasi-order with a maximal induced equiv-
alence class exactly corresponding to the set of intrinsically universal cellular
automata in the sense of Albert and Culik IT [I]. As any cellular automaton
can be simulated by a one-way cellular automaton, that is a cellular automaton
with neighborhood {—1,0}, there exist intrinsically universal one-way cellular
automata. Therefore, to prove that a particular family of cellular automata con-
tains an intrinsically universal cellular automaton, it is sufficient to prove that
any one-way cellular automaton can be simulated by a cellular automaton from
the family. The details and the formal definitions of intrinsically universal cellu-
lar automata are presented in the longer version [6].
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2 Two-States Bilinear Cellular Automata

Bilinear cellular automata are polynomial cellular automata which polynomial
is a bilinear functional. Bartlett and Garzon [2] proved the universality of this
family of cellular automata in the special case where the states set is of the kind
ZI’; with p prime. We prove that the family of bilinear cellular automata with
states set ZZ5 is universal, answering their question concerning bilinear cellular
automata with states set ZZ,, for small values of m.

Definition 4. A bilinear cellular automaton is a polynomial cellular automaton
of degree 2, that is, a cellular automaton which states set is a finite commutative
ring and which local transition function can be represented as a polynomial only
consisting of quadratic monomials: 0 (s1,...,84) = Z‘::l Zj=1 b jSiS;.

Theorem 1. FEach one-way cellular automaton can be simulated by a two-states
bilinear cellular automaton.

Proof. Let A be a one-way cellular automaton (S, {—1,0},6). Let n be the car-
dinal of S. Up to a renaming of states, we can assume that S = {0,1,...,n—1}.
We construct a two-states bilinear cellular automaton (Zs,{-r,...,r},P)
which simulates A. The basic idea of the construction is to represent a cell
of a configuration of A by a block of cells all but one in the state 0. The position
of the cell with value 1 determines the state for the cell of the configuration of
A. To encode the transition (¢, j) = k, we build a monomial s,s, where p is the
distance from the position of k to the position of i and ¢ the distance from the
position of k to the position of j as represented on Fig. [l To avoid multiplying
the monomial by (1 — s;) for every I between p and ¢, we must be sure that all
these cells can only be 0. Eventually the mapping from (3, j, k) to (p,q) must be
injective to avoid any “misinterpretation” of a monomial.

0O 0100 0/0O0O0OO0OO0OO0OT1 00

Fig. 1. The idea of a cell encoding

A complete and motivated construction can be found in the longer version of
this paper [6]. Here, we only provide the technical part of the proof. We choose to
discriminate between the encoding of cells of a configuration of A thanks to the
parity of its position into the configuration. An even cell with value 7 is encoded
as a block of cells of size 18n? with value 1 at cell (6n + 2)i. An odd cell with
value j is encoded as a block of cells of size 18n? + 1 with value 1 at cell 6n;.

First, we show that the distance between two cells with value 1 permits
to know whether it correspond to two next encoded cells. The maximal dis-
tance between two cells with value 1 corresponding to two next encoded cells is
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18n2 + 1 + (6n + 2)n = 24n? 4 2n + 1. The minimal distance between two cells
with value 1 corresponding to two encoded cells at distance three or more is
18n2 — (6n + 2)n + 18n? + 1 = 30n? — 2n + 1. Asn > 1, it is clear that two cells
with value 1 correspond to two next encoded cells if and only if their distance is
less or equal to 24n2 + 2n + 1.

Second, we show that, when building a monomial s,,5, encoding the transition
0(i,j) = k, the mapping from (i,7,k) to (p,q) is injective. As it is straightfor-
ward to compute, if the position of k is odd, p = 18n? — (6n + 2)i + 6nk and
q = 6nj — 6nk; if the position of k is even, p = 18n? + 1 — 6ni + (6n + 2)k and
q = (6n+2)j — (6n + 2)k. Being given p and ¢, computing p modulo 2 gives the
parity of the position of k. Then, depending of this parity, p modulo 6n permits
to obtain ¢ or k. From p, we then deduce both ¢ and k. Finally, we compute j
from g. The mapping is injective.

From the above computations, we obtain the following polynomial.

n—1n—1
P(S—r; ceey Sr) = 518n2—(6n+2)i+618(i,§) S6nj—6nd(i,5)

=0 IE0 81802 41— 6nit (6n+2)6(i,g) S (6n+2)j— (6n-+2)8(i,5)
The parameter 7 can be chosen as 36n% + 1. |

3 Conclusion and Open Problems

In this paper, we have proven, thanks to geometrical bulking, the existence of
two-states bilinear intrinsically universal cellular automata, drastically decreas-
ing the previous known number of states (using 2 states instead of 211%!! states
in the paper of Bartlett and Garzon [2]). Our result naturally extends to higher
dimensions. The difference between linear and non-linear cellular automata is
worth studying. To continue the study of bilinear cellular automata, one has to
find a bound on the neighborhood size for intrinsical universality (our best today
estimation is a radius of 1297 cells).
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Graph automata were first introduced by P. Rosenstiehl [5], under the name of
intelligent graphs, surely because a network of finite automata is able to know
some properties about its own structure. Hence P. Rosenstiehl created some
algorithms that find Eulerian paths or Hamiltonian cycles in those graphs, with
the condition that every vertex has a fixed degree [6]. Those algorithms are
called "myopic” since each automaton has only the knowledge of the state of
its immediate neighborhood. A. Wu and A. Rosenfeld ([7] [8]) developed ideas
of P. Rosenstiehl, using a simpler and more general formalism : the d-graphs.
Hence, a graph automata is formed from synchronous finite automata exchanging
information according to an adjacency graph. A. Wu and A. Rosenfeld gave a
linear algorithm allowing a graph automata to know if its graph is a rectangle
or not, then, E. Rémila [3] extended this result to other geometrical structures.

We give here a new and very general method that allows to recognize a large
class of finite subgraphs of 2> (and a lot of subclasses) by putting orientation
on edges and computing coordinates for each vertex. Depending on the class of
graphs we want to recognize, we could use different processes on the border of
the detected geometrical structure. The difficulty of this task is due to the finite
nature of the automaton. As it has a finite memory, an arbitrarily large number
(coordinates) can not be stored in such a memory. Thus we have to use several
techniques : we use time differences to compute coordinates, and we will define
signal flows to do comparisons between coordinates.

Proposed algorithms have a very satisfying linear or quasi-linear time com-
plexity. Details can be found in [1].

Definitions. Let d be a fixed integer such that d > 2. A d-graph is a 3-
tuple (G, vg, g), where G = (V, E) is a symmetric connected graph with only two
kinds of vertices : vertices of degree 1 (which are called #-vertices) and vertices
of degree d; vy is a d-vertex of G which is called the leader, or the general; g
is a mapping from F to {1,2,...,d} such that, for each d-vertex v of V, the
partial mapping g(v,.) is injective. The subgraph G’ of G induced by the set of
d-vertices is called the underlying graph of G.

From any graph G’ of degree at most d, we can construct a d-graph (G, vg, g)
whose underlying graph is G’. For each vertex, we call an up-edge, an edge that
links this vertex to another vertex that is closer from the leader than itself.

Graph Automata. A graph automaton is a set M = (G4, A) with G4 a d-
graph, and A a finite d-automaton (Q, 6 : Q x (Z4)% x Q¢ +— Q). A configuration
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C of M is a mapping from the set of vertices of G4 to the set of states @, such
that C(v) = # iff v is a #-vertex.

We define, for each vertex v, the neighborhood vector H(v) as in [4]. We
compute a new configuration from a previous one by applying the transition
function ¢ simultaneously to each vertex of G4, by reading its state and the
states of its neighbor : Chew(v) = 6(C(v), H(v), C(11),...C(va)).

Hence, we have a synchronous model, with local finite memory. There is a
quiescent state g in @ : a vertex v and all its (non-#) neighbors are g, v will be
qo in the next configuration. The initial configuration is a configuration where
all vertices are qo, except the leader, which is g;n¢-

To simplify our explanations, we will consider that each automaton sends
and receives signals to/from its neighbors at each step of computation.To allow
simultaneous exchanges, we consider a message as a set of signals.

Recognition of 4-Graphs. Now, we will only use automata with two partic-
ular states : the accepting state and the rejecting state.

The class of accepted graphs for one d-automaton A is the class of d-graphs
G4 such there is a configuration, with the leader is in the accepting state, that
can be reached in (Gg, A).

A recognizer is an automaton that rejects all d-graphs that it does not accept.

So the aim of the recognition of d-graphs is to build a recognizer for a given
class of d-graphs. We will study the case d = 4 (since many automata are already
known on this particular topic). Before this paper, the main recognized classes
were the finite classes and some special classes with geometrical properties : grids
[7], tori, cylinders, spheres or Moebius’s ribbons [3].

The planar grid A is the infinite symmetric graph isomorphic to ZZ%. We
want to recognize classes of 4-graphs whose underlying graphs are isomorphic to
subgraphs of A. A finite subgraph G = (V, E) of A is said square compatible if
FE is a union of elementary squares of A. If there is no vertex of V that is owned
by exactly two non-adjacent squares, we say that G is locally square connected.

The 2-neighborhood of a vertex v of a 4-graph G = (V, E) of A is the sub-
graph composed by the square containing the vertex v.

Notice that two isomorphic locally square connected subgraphs of A also are
isometric (in an Euclidean point of view). The main tool which will be used is
the notion of local orientation.

An orientation O of G is a mapping from E to {North, East, South, West}
with good obvious local properties. Fach subgraph of A obviously admits an ori-
entation, but some other graphs also do.

Moreover, an orientation of a locally square connected subgraph of A is com-
pletely determined by the orientations of the edges outgoing from a fixed vertex.
This is not true for connected square compatible subgraphs of A. This fact is
important for the determination of a possible isomorphism from a given graph
to a subgraph of A. It is the reason why we first limit ourselves to the class of
locally square connected graphs.

The Algorithm. Now, we build a recognizer. The algorithm of recognition is
divided into three steps : Orientation, Coordinates and Verification.
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Orientation. To be able to put an orientation on each edge, 4-automata put
indexes (x,y) € Z on the state of each 4-vertex of the 4-graph given. Those
indexes will be used as coordinates in Z? modulo 6 and canonically induce an
orientation of edges.

The process of orientation of edges consists in exploring the potential 2-
neighborhood of each 4-vertex of the underlying graph and giving indexes to its
neighbors (new indexes have to be compatible, in the sense of coordinates in ZZ 2
modulo 6, with the previously given indexes).

The process is done by successive five time steps stages. For initialization,
the leader takes the (0,0) index. During the first stage, indexes are given to
neighbors of the leader vertex. At the n'* stage, indexes are given to vertices at
distance n from the leader.

Each stage is computed using signals exploring the 2-neighborhoods of ver-
tices. Those signals are indexed by the index of the center of the 2-neighborhood
explored, in order to avoid interferences between signals issued from different
vertices. They also have an edge index, which indicates the number of the edge
from which they leave the center.

4

:
[ ] o O o _ -0 e o o [ ]

Fig. 1. Exploration of a 2-neighborhood

Coordinates of Vertices. We would like to place coordinates from Z2 on
each vertex. As finite automata have a finite memory, we can not put coordinates
from ZZ* into it, as an arbitrarily number can be as great as we want. So we will
encode those coordinates into the time-space diagram of the automata, using a
classical process ([2]) as follows :

First, the leader sends two different signals to all its neighbors : A signal
Vertical and a signal Horizontal.

Those signals will spread into the graph, by being sent by each vertex through
its down-edges. Each time a vertex receives a signal from its up-edges, it waits one
step time and sends the same signal through its down-edges (we say that signals
have a speed of 1/2), except for the Vertical signal that has a speed of 1 through
the North edges and 1/3 through the South edges, and for the Horizontal signal
that have a speed of 1 through the East edges and 1/3 through the West edges.
Finalization. Let G = (V, E) denote the underlying graph of the 4-graph
given. If the processes above succeed, one can define a mapping f from V to Z2
such that, for each vertex v, f(v) = (np, — 2d;, n, — 2d;) where np, n, represents
the time where the vertex receives respectively the Horizontal signal or the
Vertical signal and d; is the distance to the leader.

We now have to see if f is injective or not. As we have a 4-graph, with every
edge being oriented and every vertex having coordinates. This property allows
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Fig. 2. (Left) Space time of the coordinates process, (Right) A graph with 8 vertices
covering

us to say that the graph is a subset of the infinite grid ZZ? if and only if there are
no two vertices with the same coordinates. This is the problem of the covering.

We give some linear time solution for specific classes, like convex figures, and
a nlog(n) optimal solution for the general case using binary signal streams.

Extensions. First, it can be extended to other dimensions, like the infinite
grid ZZ3, or ZZ™. The extension to ZZ™ just needs to consider more possible local
configurations,. We can also see that we do not need any property of planarity
in our algorithm. It can be extended to any regular Euclidean network. In fact,
we just need a notion of direction (cardinal points), and the “commutativity of
edges” : To go from a vertex to another one, we can exchange parts of a path
to find another valid path. This property induces a coordinates system as the
canonical system we use on ZZ2.

The locally square connected property is not necessary for linear time com-
plexity : we can use a global square connected property, with more state in the
automaton. We must finally note that there is a trivial algorithm for non-square
connected property in exponential time, testing all possible orientations.
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Abstract. This paper considers the problem of distributed dynamic
task allocation by a set of cooperative agents. There are different types
of tasks that are dynamically arriving to a system. Each of the agents
can satisfy the tasks with some quality (which may be zero). Every task
is augmented by the needed qualitative level of task’s execution. Thus,
relation between agents and task types is fuzzy. The main goal of the
agents is to maximize the overall performance of the system and to fulfill
the tasks as soon as possible. This problem belongs to the Distributed
Problem Solving class of Distributed Artificial Intelligence research. The
results differ from that for task allocation in multi-agent environments
where each agent tries to maximize its own performance.

The principal result of the paper is a distributed polynomial algorithm
for determining probabilistic optimal policy for task allocation in fuzzy
environment.

1 Introduction

Efficient task allocation is very important when a group of agents try to satisfy
a set of tasks. The main problem in the assignment of the tasks is that the
agents have different capabilities. We propose to optimize the performance of
a set of agents that need to satisfy a set of tasks by modeling these agents
with a stochastic closed queueing network [2].The problem is divided into two
subproblems: to determine a distributed policy of optimal task allocation and to
find the optimal effort levels of the agents subject to certain constraints. A policy
for task allocation is a set of probabilities p;; that a task of type ¢; is allocated to
agent a;. For the first subproblem an algorithm for determining optimal policy
is proposed. For the second subproblem an analytical solution on the base of
the symmetries of initial objects [B] is given in [3]. When all the variables of the
performance function are free, the obtained maximum is global. This provides a
way to estimate the quality of different methods.

2 Environment

We model the system by a bipartite graph with the agents as left nodes and task
types as right nodes. The edges are weighted with the value of agent’s ability
(or quality) to fulfill a task.
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We use here the following notations: T - set of task types, |T| =7, t - a task
type, t € T, A - set of agents, |A| =k, a - an agent, a € A, v: Ax T — [0,1];
v(a,t) is interpreted as a level of ability of an agent a to execute a task ¢. It is
more convenient to write v(i,j), where ¢ is the number of an agent a;, and j is
the number of a task type ¢;. The function v distinguishes a fuzzy set p C A x T
The value v(a,t) is a measure of belonging of the pair (a,t) to the subset p.

Consider a fuzzy subset A; C A for every task type t. Measure of belonging
of an element a € A to the subset A; is the function v, defined by the rule:
vi(a) = v(a,t). Correspondingly, for fuzzy subset T, C T we have measure
ve(t) = v(a,t).

In order to make § discrete, let us divide the interval [0, 1] into 10 parts. Every
0 € [0,1] belongs to one and only one of these disjoint intervals. We denote by
0* the right bound of this interval. Assume that f(9) is the distribution function

of the variable §. Probability that § € [§* — 0.1, %] is f;:_ol f(0) dé.

Consider the Cartesian product T x [0, 1]. Take a finite subset of pairs s =
(t,6*) in this infinite set. Such s are called generalized task types. We also write
t(s) =t, 6*(s) = 0*. Besides the fuzzy sets A; and T, let us treat also ordinary
sets Ag and S,. Denote: AY - set of all a € A such that v,(a) > 0, |A?] = k; = k;,
TO - set of all t € T such that v,(t) > 0, |T?| =1, = 7.

Define ordinary sets: A, for every generalized type s = (¢,0*) and S, for
every agent a. Let Ay = {a|v(a,t(s)) > 6*(s) V v(a,s) = max,(v(a,t(s)))}. If
for every a we have v(a,t(s)) < 6*(s) then A, consists of only those a for which
v(a, s) is maximal. If v(a, t(s)) > §*(s) holds true for some a, then disjunction is
true independently from the second condition. According to this definition, A, is
never empty and if the task of the type s is on the input, it will be served anyway.
Let us pass to the set S, = {s|v(a,t(s)) > §*(s) V v(a,s) = mazs(v(a,t(s)))}.
The cardinality of this set is |S,| = 04. S, is a set of all generalized task types
s, which an agent a can fulfill with needed level, and if there are no such agents,
then this set is the set of s with maximal v(a,t(s)) for the fixed a.

3 Methods

We need an algorithm which calculates a probability that the arrived task will
be allocated to an agent a. Denote this probability by p,. The collection of such
probabilities for all of the agents allows to solve the problem of optimization of
performance of the system of cooperative agents and to find optimal intensities of
the agents. Each arriving task has its type ¢t and also a numerical characteristic 6,
i.e., atask is a pair (¢, ). A task (¢, d) is allocated to an agent from the set A, s =
(t,6*). Thus, in order to compute the probability p,, we need first the probability
pi,s that the task has characteristic (¢,9) and then conditional probability ps
that if the task has characteristic (¢,4), then it is allocated to the agent a. The

following formula determines probabilities p,: prs = Pt f 55:70.1 f(0)do = ps and

Pa = Zs PsPs,a-
We propose several algorithms to determine probabilities pg 4.
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Method 1. We introduce equivalence 35 on the set A,. It is defined by the rule:
a1Bsas <> v(ay,t) = v(as,t), where t = ¢(s). This equivalence partitions the set
A, into the set of classes of equivalent agents. All the agents of a class have the
same abilities from the point of view of the client which issued the task of the
generalized type s. But these agents are different over other parameters.

The classes are sorted by the value of the function v(a, t) constituting several
layers: the lowest layer is the class of equivalent agents from Ay with the minimal
value of v(a,t). Denote a layer containing an agent a by f[s(a), its number by
ng, (a) and its cardinality by |Gs(a)|. If @ € As, then ps, = 0. Otherwise this
agent a belongs to some layer O¢(a). All the agents in this layer are equivalent
and thus probability to allocate the task to an agent is in inverse proportion
to the cardinality of the layer and to the number of the layer, because we wish
to save higher layers to the tasks with more strong conditions. The appropriate
formula is ps ., = ¢s.a(ng,(a)|Bs(a)])~!. In order to find weight coefficients ¢ 4,
we introduced the set S, of generalized task types which can be fulfilled by an
agent a, with the cardinality of this set o,. It is evident that the more is o, the
less is probability to send the task to this agent, since this agent can be involved
also in other tasks. Hence, weight coefficients can be represented as c;,, = 2‘—2
and then ps , = as(oang, (a)|Bs(a)])~ . The set Ag is defined in such a way that
it is never empty. This definition gives us opportunity to calculate normalizing
coefficients «, since every task will be allocated to one of the agents and thus
all probabilities sum to one: 1 = ZaeAs Ds,a = Qs ZaeAs m. Denote
el — e m. Then oy = 6%

a€ A,

Ll 1
piya = { € TaNpg (a)‘ﬁs(a)l, A (1)

0, a ¢
Method 2. Let us introduce an equivalence « on the set A of all agents: a1vas <>
Oa; = 04, Where g, = |S,|. Thus, we get partition of the set A, which induces
partition of every Ay, and also partition of every layer of A,.

Denote by v, partition of the layer 8, by equivalence v. For every a € Ag
we have v0,(a), which is v0, layer, containing a. Denote probability pzﬁ +(@)
that the task of type t will be allocated to the layer v3s(a). This probability
is: pzﬁs(“) = as(0ang, (a))~1. The probability to allocate a task to the specific
agent a within the layer is ps o = as(0.ng, (a)|Bs(a)]) 1.

Take sum over a € Ay in order to compute as. The sum is double: first (inner)
sum by -~ in the layer 78 (s is fixed); external sum is by layers 5. The second
sum is due to double partitioning.

Denote €2 = DIFIDIN m Then a, = %. Finally,

1 1
2 = Ermmar @€ As @)
5a 0, ad A,

Method 3. For every agent a we have denoted by S, a set of generalized task
types which this agent can fulfill. Let us consider an event that generalized task
type s belongs to S,. Probability of this event p°= is the sum of all probabilities
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ps that the task is of generalized type s over all s € S,: p¥e = ESES’a ps. The
idea of the third method is to use this probability pS« instead of cardinality of
the set S,, which is quite natural:

1 , 1 1
Ds.a = as— € = —_— s = —.
pSeng,(a)|Bs(a)l’ a; Seng, ()| Bs(a)]” €
1 1
p = Ermmamar @€ A 3)
5a 0, a g A,

Method 4. In this method we do not substitute o, in the formula for the
probability p, . by pS« but use both multipliers:

: =Y
Ds,a = O R € = , Og = —.
7epSemis, (@)1 (a)] 2w @B @ T
1 1
ot = Fres . @€ A (4)
8,0 0, aé As.

Method 5. This method combines Method 2 and Method 3.

1 1
Ps,a = & s = -
*oapdeng, (a)|v6s(a)] ZZ oapSang, ( Iw (@]’ €

a€ A,
a & As.

)

1 1
5 _ | & pSens @hB@)e.
Pea
b

4 Algorithm

We have proposed five empirical methods of p, , computation. None of the meth-
ods is preferable since in different conditions any of them could be better than
others. Thus, we formulate the following algorithm to find the policy of task
allocation: (1) Compute p; , by all methods — (2) Compute p, using ps o — (3)
Compute performance of the system — (4) Choose the method with maximal
performance to be our policy — (5) Allocate arriving tasks according to the
optimal probabilities.
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Abstract. Let Hs ~ ( Z3 ; + ) be the three-element group {a,a®, e}
with a® = e; Ng =N U{0} ; L<.> - the class of all first-order formulas of
the signature < - > . For any recursively enumerable (r.e.) set K C N we
effectively define an NoxNo-matrix Px over Hs and consider the Rees
matrix semigroup Cx = M(Hs, Ng, No, Px). The following theorem
presents the main result of the paper.

Theorem. There exists a recursive mapping N — L<., giving for every
m €N a corresponding closed formula pm € L<.>, in such a way that,
for every r.e. K C N:

m € K iff pm is valid on Ck.

Such an interpretation of the membership problem for K in the elemen-
tary theory T'(Ck) enables us to estimate the complexity of T(Ck); in
particular, if K is a non-recursive set then T(Ck) is undecidable.

Throughout this paper we use the following notation: = - ”"equals by defini-
tion”; L, - the class of all first-order formulas of a signature o (the signature may
contain constant symbols, symbols for operations and for predicates); T,(A) -
the elementary theory of the algebraic system A of the signature ¢ (this means
the class of all closed formulas from L, that are valid on A); A = ¢ - the for-
mula ¢ is valid on A. In the terminology concerning first-order formulas and
theories we follow [2]; in particular, the term algebraic system is equivalent
to algebraic structure, and the term decidability is equivalent for T, (A) to
solvability or recursivity and means the existence of an algorithm answering
for any closed formula ¢ € L,, whether ¢ € T,(A) or not.

In the terminology concerning completely simple semigroups we follow [I].
Let C ~ M(H,I,J, P) be a representation of a completely simple semigroup
C' by a Rees matrix semigroup, where H is the structure group of C, I and J
are index sets, and P = (pj; | j € J,4 € I) is the sandwich-matrix. Then C is
isomorphic to the set of all triples {(h,4,5) | h € H,i € I,j € J} with binary
operation - , defined by

(h1yir, g1) - (ha,i2, j2) = (R - pjii, - ha, i, j2),
where hi - pj i, - ho denotes the usual product in the group H.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 408-[411] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Now let
Hs = {a,a? e} witha®=¢, N={1,2,...}, No=NU{0},

and let K = {m(1),...,m(4),...} be a recursively enumerable (r.e.) subset of
N. Let

e, if j=0o0ri=0,
Py = (pji | j,i € Ng), where pj; = ¢ a, ifi>0 and 0 < j < m(i),
a?,if i > 0 and j > m(i).

Let
Ck = M(H3, No, No, Pg).

The aim of this paper is to interpret the membership problem for K in
the elementary theory of C'x. The interpretation will be done in two steps, via
two-sorted algebraic systems D(ig,jo) defined below . Let us note that using
two-sorted systems of another kind helped earlier to prove the undecidability of
the diophantine theory of a free inverse semigroup with more than one generator

.

Definition 1. Let M (H,I,J, P) be a Rees representation of a completely sim-
ple semigroup C. For every ig € I, jo € J let D(ig,jo) be the two-sorted al-
gebraic system with basic sets H and I x J of the signature < -,o,m >, where
- denotes multiplication on H; o denotes multiplication on I x J, defined by
(i1,71) o (i2, jo) = (i1, j2); m is the symbol of the unary function that maps the
set I x J into H according to the rule

m((6,)) = Pjio) "~ Pji - Pioi) "+ Pioio-

For formulas of the signature < -,o,m > we will use variables of two kinds:
Y1, Y2, ... with the domain H and Y1,Ys,... with the domain I x J. Let

A = {D(io, jo) | i0 € I, jo € J}.

Remark 1. The description of isomorphisms between Rees matrix semigroups [3]
allows us to show that the class A does not depend on a particular Rees repre-
sentation of a completely simple semigroup C. It depends only on the semigroup
C, and we can denote it by A(C).

The following proposition gives an exact interpretation of the membership
problem for K in the elementary theory of the class A(Ck), for every r.e. K C
N.

Proposition 1. There exists a recursive mapping N — L. o >, giving for
every m €N a corresponding closed formula 6, € L<. o x>, in such a way that,
for every r.e. K C N:

m € K iff A(Ck) | om.
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Proof. Let us fix an arbitrary r.e. set K = {m(1),... ,m(3),...} C N. Let
P = Pk , and let A = A(Ck). Consider the two-sorted system D(0,0) € A.
The function 7 on D(0,0) turns out to be as follows:

m((i,4)) = (pjo) " - pji - (Poi) " - oo = Pji»
because pjo = po; = e for all 4, j € Ng. Now let

neqi,.... ) = N\ (V5 #Y5),

1<j1<g2<r

col(Yivo.. Yog) = N (Y501 =Y) A(x(Y;) = p)).

1<j<r

Lemma 1. For any m > 1 let
Ym = Jyly #eA(FY1, ..., Y)(neq(Yr,... ,Y) Acol(Ye, ..., Yo, y)A
(VYog1)(col(Yr, ..., Yii1,y) = —neq(Y1, ..., Yimi1)))).
Then D(0,0) = v, iff m € K.

The next lemma gives a property that specifies the system D(0,0) in the
class A. More precisely, this lemma establishes the negation of such a property.

Lemma 2. For every ig,jo € Ng, where ig # 0 or jo # 0, there exist i1 €
No \ i, j1 € No\ jo such that in the matriz

P(io, jo) = ((Pjio) ™" Pji - (Pjoi) ™" * Pjoio | J, i € No)
the element of the ji-th row and i1-th column equals e.

Note that all the elements of the ip-th column and of the jo-th row of P (i, jo)
equal e too.

Lemma 3. Let { be the following formula:
(FY1,... . Ya)(neq(Yr, ... ,Yy) Acol(Y1,Ya,e) A col(Ys, Yy, e) A —col(Yr,Ys,€)).

Then D(0,0) = —C and D(ig,jo) = ¢ for any ig, jo € No such that ig # 0 or
Jo # 0.

Now for every m € N let 6,," = ((=¢) = 4m.) Then from Lemmas 1 and 3
it follows that, for every r.e. K C N:

m e K iff A(Ck) k= 6"
To obtain d,, it remains to delete the symbol e from 6t i.e. to replace all the
expressions of the kind y = e by 32 = y. Proposition 1 is proved.

The following proposition gives an exact interpretation of Tc. o r (A(C)) in
T..~(C), for every completely simple semigroup C.
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Proposition 2. There exists a recursive mapping L<. o »~ — L<.~ , giving for
every closed formula ¢ € L<. o x> a corresponding closed formula ¢! € L., in
such a way that, for every completely simple semigroup C :

AC)E e iff C ol

The composition of the two mappings given by Propositions 1 and 2 allows
us to prove the main result of this paper.

Theorem. There exists a recursive mapping N — L.~ , giving for every m €N
a corresponding closed formula @, € L<.~, in such a way that, for every recur-
siwely enumerable K C N:

m € K iff o is valid on Ck.

Corollary 1. The complezity of T<.~(Ck) is greater than or equal to the com-
plexity of the membership problem for K.

The following corollary gives an example of a completely simple semigroup
with the three-element structure group and with undecidable elementary theory.

Corollary 2. If K is a recursively enumerable non-recursive subset of N then
T<.~(Ck) is undecidable.
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Abstract. The principles of quantum computation differ from the prin-
ciples of classical computation very much. Quantum analogues to the
basic constructions of the classical computation theory, such as Turing
machine or finite 1-way and 2-ways automata, do not generalize deter-
ministic ones. Their capabilities are incomparable. The aim of this paper
is to introduce a quantum counterpart for real - time Turing machine.
The recognition of a special kind of language, that can’t be recognized
by a deterministic real - time Turing machine, is shown.

1 Introduction

The quantum mechanism gives us a certain kind of power, which cannot be
achieved by the deterministic or probabilistic approach. Richard Feynman [I]
supposed that it might require exponential time to simulate quantum mechanical
processes on classical computers. It was in 1985, when D. Deutsch introduced
the notion of quantum Turing machine [2] and proved that quantum Turing
machines compute the same recursive functions as classical deterministic Turing
machines do. But it will be proved, that it is possible to find quantum Turing
machine advantages over deterministic, that have some limitations, such as time
or tape space. This paper shows, that there is a language that is accepted by a
quantum real - time Turing machine, but can’t be accepted by a deterministic
real - time Turing machine.

2 Preliminaries

The model of the quantum computing will be described here to introduce the
notation used further. To get more information on the specific topic please refer
to [3]. The unit of quantum information is the quantum bit or qubit. For a qubit
the possibility to be 1 or 0 is stated as ||a]|® + [|b]|* = 1, where a and b are the
arbitrary complex numbers. If we observe qubit, we get true with probability
l|a||* and false with probability [|b]°.

* Research supported by contract IST-1999-11234 (QAIP) from the European Com-
mision, and grant no. 01.0354 from the Latvian Council of Science.
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We consider quantum systems with m basis states |¢1), |g2),..., |gm). Let y
be a linear combination of them with complex coefficients

Y =ay|q) +az|g)+ ... +amlg).

The norm of ¢ is

2 2 2
loll = y/larl® + lasf® + .. + [am]?.

The state of quantum system can be any @ with ||| = 1. ¢ is called a super-
position of |q1), |g2);--s |qm)- a1, a2, ..., an, are called amplitudes of |q1), |g2),-..-,
|gm)-

There are two types of transformations that can be performed on a quantum
system. First, there are unitary transformations. A unitary transformation is a
linear transformation U that preserves norm (any ¢ with [[¢|] = 1 is mapped to
o with '] = 1).

Second, there are measurements. The simplest measurement is observing ¢ =
a|q1) + azlg2) + ... + am |g2) in the basis |q1), |g2),...; |gm). It gives |g;) with
probability a?. After the measurement, the state of the system changes to |g;).

3 Definitions

Definition 1. Real - time deterministic Turing machine (TM) is a set M =
(X, X, Q, 90,45, I), where X~ finite alphabet (of input symbols), including sym-
bols # and $, X, - finite alphabet (work tape symbols), including symbol \,
Q - set of states, qo - initial state, qf - final state, {—,+—,1} - move-
ments of the head (left, right, stop), I - set of instructions. Instruction is a
row X x Xy x Q — Q x Xy % {—,+—,T}.

Such a machine has one endless input tape and one endless work tape with one
head moving on each tape. At the beginning machine is in the state qg, the input
tape head is on the first symbol of the word from the left. Work tape is empty
and TM reads the first symbol of the word from the input tape. As a second step,
it reads the second symbol, etc. After the last symbol it reads symbols $. Let
it be the instruction of I: zyq, — ¢;2 —, where current state is g, € @, the
machine is reading symbol z € X' and the work tape head is observing symbol
y € Xy. Then the machine moves to the state ¢;, replacing the symbol y with
z, and moves to the right.

Real - time TM every moment reads a new symbol. When the symbol $ has
been read, the work is finished. Real - time TM accepts the word, if the work is
finished, the working tape contains one symbol 71”7, the rest of the tape is filled
with ”A\” and the head observes the symbol ”1”. It rejects the word, if the work is
finished, the working tape contains one symbol 70", the rest of the tape is filled
with ”A” and the head observes the symbol ”0”. Real - time TM recognizes the
language L in time t(x), if for every word = € L exists a set of instructions from
I, that needs not more than t(x) steps to obtain the result 1, and there isn’t any
word x € L that a set of instructions from I for x leads to the result 1.
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Definition 2. Real - time quantum Turing machine (QTM) is a set M = (X,
Yw, Q, qo, qr, 8), where X' - finite alphabet (of input symbols), including symbols
# and $, X, - finite alphabet (work tape symbols), including symbol X, Q -
set of states, qo - initial state, qy - final state, transition amplitude mapping
0:Q+X %Xy xXy*xQx{—,«—, 1} — C[0,1] is required to be such, that
quantum evolution of M is unitary. That means that quantum evolutions of M
can be defined as unitary matrices U, where UU* = I and U* is a conjugate
transpose of U, i.e. the transposition of U and conjugation of its elements, and
I is the unit matriz.

To be quantum Turing machine, it has to meet so-called well-formedness condi-
tions (see more about unitarity conditions in [3]).

After each step the measurement is performed.

Let it be 6 : gyryzq; —— %, where current state is g € @, the machine
is reading symbol x € X' and the head is observing symbol y € Yw. Then the
machine moves to the state g;, replacing the symbol y with z, and moves to the
right. Real - time QTM every moment reads a new symbol. The moment, when
the symbol $ has been read, the work is finished. Real - time QTM recognizes the
language L with amplitude A(A) %), if M working on any word x with amplitude
not less than A accepts x, if € L, and rejects x, if « ¢ L.

Theorem 1. There is a language L, that can be recognized by a real - time
QTM, but can’t be recognized by a real - time deterministic TM.

Proof. Let L = {x&y&x""&y" "}, where x, y = {0,1}*.

First, we’ll prove, that L can be recognized by a real - time QTM and second,
we’ll prove, that L can’t be recognized by real - time deterministic TM.

The first step is to split the process into three states, one of which is rejecting
state ¢, and ¢; and ¢ compare x and x"¢" and y and y"®¥ respectively.

Than the word belongs to the language L, if both the branches ¢; and g say
yes”, and doesn’t, if any of the branches says "no”.

qo - initial state, {qa,qaa} - & set of accepting states, {q,, ¢} - a set of
rejecting states.

Here is a transition function of the QTM. Each vector describes a transition,
where the first symbol is that one that is read from the input tape, and the
second one is read from the work tape. Symbol ”¢” means, that it can be any
symbol. Transitions, that don’t change the state of QTM, are not shown.

”

Vie lao) = 75 la)
Ve qo) = % lq2)

Ve ‘q0> = % ‘qrr>

Vou lgs) = lgr) Vou las) = |arr)
Vio lgs) = lar) Vio las) = |arr)
Ve la1) = |az) Ve l@2) = |aa)
Ve 1g3) = |a5) Viee [q4) = |g6)
Ve |a5) = |a7) Ve |a6) = |as)
V$e |Q7> = |qq> V$5 |QS> = |Qaa>
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All the other transitions are arbitrary such that the transformations are unitary
(see more in [3]).

Then the first branch moves like that:

q1 - reads x and writes it down to the work tape, moving to the right; g3 -
waits while y is read; g5 - reads £"°¥ and goes to the left the work tape, comparing
x and z"%Y; q7 - waits while y"®" is read.

The second branch:

q2 - waits while x is read; g4 - reads y and writes it down to the work tape,
moving to the right; gg - waits while ™" is read; g7 - reads y"®¥ and goes to the
left the work tape, comparing y and y"¢’.

If the branch finds the difference between x and ™" or y and y"¢", then it
goes to one of the rejecting states. Otherwise after the symbol $ is read it goes
to one of the accepting states.

If going backward the work tape the symbol read from the work tape doesn’t
match the symbol read from the input tape, QTM goes to the rejecting states.

When the symbol & is read from the input tape, the QTM changes its state.
When the symbol $ is read from the input tape, the QTM finishes work. Then
the working states go to the accepting states.

So if the word is from L, then both of the branches say ”yes” with probability
2/3; If the word is not from L, then it is rejected by at least one branch, and in
total the word is rejected with probability >= 2/3.

Language L can’t be recognized by a deterministic TM in time |w]|, that is
the length of the word w € L (see the standard proves [, [5], [6]).

rev

4 Conclusion

We have proved the existence of the language class, that can be recognized by
real - time QTM and can’t be recognized by real - time TM. That means that
QTM with limitations can be more powerful than deterministic one.
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Abstract. This paper concerns issues related to building mathematical
models and optimal algorithms of stacks and queues [I] control in single-
and two-level memory. These models were constructed as 1, 2 and 3-
dimensional random walks. In our opinion the algorithms, constructed
for concrete data structure, will work better, than universal replacement
algorithms in paging virtual and cash-memory. It was confirmed by the
practice of construction of stack computers [2]. This research work was
supported by the Russian Foundation for Fundamental Research, grant
01-01-00113.

1 Introduction

In the case of single-level memory, several methods of stacks and queues [I]
presentation in memory may be used. The connected presentation is the first
method. In this case any number of lists can coexist inside a shared memory area
until the free memory list is exhausted. But on the other hand, this approach
requires an additional link field for each element. The second method (Garvic’s
algorithm) uses the consecutive allocation of one list after another.

It is also possible to allocate stacks consecutively and divide them into pairs
of stacks growing towards each other [3]. In the case of queues Knuth determined
that operating two queues in common memory is impossible [1](ex. 2.2.2, N 17),
however, he does not seem to consider the possibility of the travel of two queues
one after the other around a circle. This is the case we analyze here, as in [4], it
has been shown that this method of stacks control is optimal.

2 On the Problem of Optimal Stack Control

2.1 The Optimal Allocation of n Stacks in Single-Level Memory

Let we have a memory of m > 0 conditional units and there are n stacks divided
into pairs of stacks growing towards each other. Let ¢;, p; denote the probabilities
of deletion and insertion information into the i-th stack. Deletion from empty
stack with probability ¢; means that process remain on the same state. The
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process starts from the state, when stacks are empty. Our task is to determine
the optimal initial memory distribution and optimal memory redistribution in
case one of the stacks overflows, when optimality is understood in the sense of
maximizing the average functioning time until stack overflow. More exactly the
problem will be stated for n=3.

2.2 The Optimal Allocation of Three Stacks in Single-Level
Memory

Suppose there are three stacks located in a memory area of volume m units. The
pair of stacks growing towards each other occupies s memory units and m — s
memory units are left for the third stack. Let x1, x2, 3 denote the current stack
heights. In this case the mathematical model is the three-dimensional random
walk inside a prism with three reflecting barriers 1 = —1, o = —1, 3 = —1
and two absorbing barriers x1 + o = s+ 1, z3 = m — s + 1. The problem of
finding optimal initial memory distribution consists in determining the value of
s and numbering of the stacks (i.e. determining the number of the stack to be
placed separately from the others), to maximize the average time of walk inside
the prism until the absorption in its border, provided the process begins from
the origin. In other words this task is reduced to choosing an optimal prism.

The case of three stacks, when only insertions are assumed. In this case
we have the probability of moving out of the position (z1, 22, z3) to the position
(x1 + 1,29,23) — p1, to the position (x1,z2 + 1,23) — p2, and to the position
(z1, 22,23 + 1) — p3 where py +po +p3 = 1. Let © = 1 + 22, y = 23, p =
p1 + P2, ¢ = ps3.

Then the 2-dimensional random walk in the integer lattice space, where 0 <
r<s,0<y<m-—sis used as a mathematical model. The probability of
moving out of the position (x,y) to the position (z+1,y) — is p, to the position
(z,y+ 1) is ¢ = 1 — p. The process starts from the state (0,0) and is absorbed
at the lines x = s+ 1 and y = m — s + 1. The objective of our study is to find
the value s, where the mean time of walk to the absorption would be maximal.

2.3 The Optimal Allocation of Two Stacks in Two-Level Memory

Let two stacks grow and collide inside a shared memory of volume m.

D. Knuth [1] posed the problem to construct the mathematical model of this
process. In [5]-[10] the mathematical model of the process has been constructed
as the two-dimensional random walk in a triangle with two reflecting boundaries
and one absorbing boundary.

In [5] order to solve the problem, the Markov chain theory was used.

In [6]—[10] the asymptotic behavior of stack sizes at the instant of the overflow,
as well as the time till the memory overflow were investigated.

In the present paper we consider a generalization of Knuth’s problem. In the
case of two-level memory the problem is reduced to choosing optimal initial state
of the 2-dimensional random walk inside the triangle until the absorption in its
border.
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2.4 The Optimal Management of Three Stacks in Two-Level
Memory

In the case of two-level memory the problem is reduced to choosing optimal initial
state of the 3-dimensional random walk inside the prism until the absorption in
its border|[4].

3 On the Problem of Optimal Queue Control

3.1 The Optimal Allocation of Single Queue in Two-Level Memory

Suppose there is cyclical consecutive queue [I] in a memory area of volume n
units. We assume, that in the case of memory overflow the process does not ter-
minate. Instead, swapping with the second level memory occurs, and beginning
of queue in fast memory transfer into state yo, and (n — yo) last elements swap
to second-level memory.

Let y-denote the current height of beginning of queue in fast memory, x-
denote current height of new last elements in fast memory, p- denote the prob-
ability of insertion information, ¢ = 1 — p- denote the probability of deletion
information from queue, m = n — 1- denote the maximal number of elements
in the queue. Then the 2- dimensional random walk in the integer lattice space,
where x > 0,y > 0,z + y < m is used as mathematical model. The probability
of moving out of the position (z,y) to the position (z+1,y) is p, to the position
(x,y — 1) is ¢ = 1 — p. The process starts from the state (0, o) and is absorbed
at the linesx+y=m+1 and y = —1.

The objective of our study is to find the state yg, where the mean time of
walk to the absorption would be maximal.

3.2 The Optimal Allocation of Two Queues in Single-Level Memory

Here we consider the problem of control over several queues in the memory of the
same level. Assume that we want to work with k cyclic queues in the memory of
the size n. We can arrange the operation of the queues as follows: to separate an
individual area in the memory for each queue or to separate a common area for
some (probably, for all ) queues and to operate inside the shared pieces so that
the queues should travel one after the other around a circle. In any arrangement
the following problem emerges: how much memory should be separated to each
queue depending on its probabilistic properties? And, of course, it is necessary
to answer the main question : which of the arrangements would have greater
mean time to overload?

The model of the process is made up for the case k=2. Let us denote the prob-
abilities of insertion and deletion of the elements in the queues by p1, q1, p2, g2-

When the queues are stored individually, let us denote current lengths of
queues by x and y, the length of memory separated to the first queue by s. Then,
we’ll have, as a model, two-dimensional walk over integer lattice in the region
0<z<s,0<y<n-—s with the corresponding probabilities of transitions.
The walk begins in the point x = y = 0, here the lines x = —1 and y = —1
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are the reflecting barriers, as well as the lines x = s and y = n — s - absorbing
barriers. It is proposed to choose s so that the expectation value of the time to
absorption would be maximum. It is the optimal value that must be used for
the comparison with the case of shared memory.

In the case of shared storage of queues let us denote current lengths of queues
by x and y, and the distance from the end of the first queue to the beginning of
the second one by z. Then we’ll have, as a model, 3-dimensional walk over the
integer lattice in the region 0 < 2,0 < y,0 < z, 2+ y + z < n. Being in the state
(2,9, 2) where 0 < 2,0 < y , the process transfers into the state (x +1,y,z — 1)
with the probability p;, into the state (x — 1,y, z) with the probability ¢i, into
the state (x,y + 1,z) with the probability ps, into the state (z,y — 1,z + 1)
with the probability ¢o. In the state (0,y,2) and (z,0, z) the walk remains on
the spot with the probabilities ¢; and ¢o, respectively. The planes z = —1 and
x4+ y+ 2z =n+1 are the absorbing barriers. It is proposed to find the values
0 < 29 < n, so that at the exit from the state (0,0, zg) the expectation value of
the time to absorption would be maximum.

The tasks are solved with the help of the apparatus of absorbing Markov
chains as well as the construction and solution of difference equations. The al-
gorithms as well as computational programs in C++ for this problems were
developed. In the report the results of numerical experiments have been anal-
ysed.
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Abstract. The recognizable subsets of free monoid semirings are
investigated. They are defined using linear automata as recognizers. For
a subset of a free monoid semiring, we define the Myhill and Nerode
congruences and prove a generalization of the well-known Myhill-Nerode
Theorem. We consider recognizable subsets of the semiring of natural
numbers. It is shown that every finite subset of and every ideal of No
are recognizable. Examples of recognizable subsets of free semirings are
also given.

Keywords: dynamical (linear) system, recognizable set, semiring,.

In 1967 Elinberg considered reconizable subsets in arbitrary monoids. Note that
in this case recognizable and rational subsets do not necessarily coinside. By
analogy with monoids various concepts of recognizability have been proposed for
other algebraic structures. Recognizable subsets were defined in general algebra
by Mezei and Wright in terms of finite congruences (see [d]). An equivalent
definition suggesting the idea of finite algebras as recognizers was given by Stein-
by [5]. On the other hand, dynamical (or linear) systems over semirings have been
actively investigated for years (we refer to [2] and [3]). Therefore it is of interest
to study languages that can be recognized by input semimodules of such systems,
which are called linear automata.

In this paper we consider recognizable subsets of free monoid semirings and
show that they can be defined using linear automata as recognizers. For a subset
of a free monoid semiring, we define the Myhill and Nerode congruences and
prove a generalization of the well-known Myhill-Nerode Theorem. It follows that
in case of free monoid semirings our definition of recognizability is equivalent to
the definition by Mezei and Wright and to the definition by Steinby. Finally we
consider recognizable subsets of the semiring of natural numbers. In particular,
we show that every finite subset of and every ideal of Ny are recognizable. We
also give examples of recognizable subsets of free semirings.

We refer to [2] for background concepts on semirings. Throughout, we con-
sider semirings with neutral element 0 and identity 1. A right semimodule over
a semiring S (or right S-semimodule) is defined as an additive semigroup (A4, +)
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in which for all @ € A, s € S an action as € A is given so that the following con-
ditions hold: a(rs) = (ar)s, al = a,a0 =0s =0, (a+b)s =as+bs, a(r+s) =
ar + as for all a,b € A and r,s € S. Left S-semimodules are defined dually.
A semiring R which has also a structure of an S-semimodule is called an S-
semialgebra.

Let S be a semiring, and let Modg be a category of right semimodules over
S. Every system (A, X, 0) = (A4, X) is called a linear automaton (in the variety
Modg), where

e A € Modg is a semimodule of states;

e X is an alphabet of input signals;

e 0: Ax X — A is the transition function; for every x € X, the mapping
a +— aox is an S-homomorphism.

For a monoid M, the definition of the monoid semiring S[M] is similar to
that of a monoid ring. In particular, given a set X, the free monoid semiring
S[X*] consists of all polynomials over S in non-commuting variables of X.

Given a linear automaton (A4, X, o), where A € Modg, one can extend it to
a linear automaton (A, SX™*, o) over the monoid semiring SX* by extending the
transition and output functions as follows:

a o (s1u + Saug) = asy o uy + ass o us.

We shall investigate recognizable subsets in the monoid semiring S[X*] mo-
tivated by the following

Proposition 1. The monoid semiring S[X*| is a free S-semialgebra over X,
or, in other words, it is a free semiring over X in the subvariety of all semirings
in Modg. In particular, the monoid semiring No[X*] is a free semiring over X
in the variety of all semirings. a

A linear recognizer (A, ag, F) in the variety Modg consists of a linear au-
tomaton (A, X*) in Modg, an initial state ag € A and a set F' C A of final
states. An linear recognizer (A, ag, F) is finite if A is finite. The set recognized
by a linear recognizer (A, ag, F) is

L(A) ={ue S[X"]|ap-ue F}.
Further, we present some algebraic characterizations of recognizable subsets
in S[X*].
For arbitrary subset L C S[X*], define the following equivalence relations on
S[X*]:
w 0, v if and only if (Va € S[X*],Vw,w' € X*,Vs € 5)
[wusw' +a € L < wusw' +a € L]
u pr v if and only if (Va € S[X*],Yw € X*,Vs € 5)
[usw+a € L < vsw+a € L.
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Proposition 2. 0}, is the greatest congruence on S[X*| which saturates L.

Proof. Let us prove, for example, that 6, is stable with respect to multiplication.
Consider an arbitrary nonzero element ¢ = ric; + - -+ + ¢, € S[X*], where
ri € S,¢; € X,.. We are going to show that (u,v) € 01 implies (uc,vc) € 0y,
Take arbitrary elements s € S,a € S[X*] and w,w’ € X*. Then

w(uc)sw’ + a = wuryscyw’ + (wurgscow’ + - -+ + wurysc,w’ +a) € L
& worpsciw’ + (wurgscaw’ + -+ + wurysc,w’ + a)

= wursscow’ + (wvrisciw’ + -+ + wurpsc,w’ +a) € L

& worgscow’ + (wurysciw’ + -+ - + wurysc,w’ +a) € L

& worpscpw’ + (wory_18c, _w' + - +worpseiw’ + a) = w(ve)w' € L.

Similarly, (uc,ve), (u + ¢,v 4+ ¢) € 0. Thus 6, is a congruence. It is clear that
every congruence that saturates L is contained in 6. a

The following proposition can be proved similarly.

Proposition 3. py, is the greatest right congruence on S[X*| which saturates
L. O

Proposition 4. (S[X*]/pr, X*) is a minimal linear recognizer of L. O

Given a linear automaton (A, X) in A, we have a natural homomorphism p
from the semirings S[X*] to the semiring of all S-homomorphisms of A defined
by

ap(u) = au, for uw € SI',a € A.

The semiring S[X*]/ker p = u(S[X*]) is called the semiring of transitions of
(4, X).

Proposition 5. S[X*]/0;, is isomorphic to the semiring of all transitions of the
linear automaton (S[X*|/pL, X™). O

The following theorem is a generalization of the Myhill-Nerode Theorem and
gives a few characterizations of recognizable sets.

Theorem 1. For arbitrary subset L C S[X*], the following conditions are equiv-
alent:

(1) L is recognized by a finite linear recognizer (A, ag, F') in the variety A;

(2) L is saturated by a congruence of S[X*] of a finite index;

(3) O is of a finite index;

(4) L is saturated by a right congruence of S[X*] of a finite index;

(5) pr is of a finite index;

(6) there exist a finite semzmng A, a homomorphism ¢: S[X*] = A and a subset
F C A such that L =F¢~ L. O
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Theorem [1] allows us to use facts about recognizable subsets in the sense
of the definition mentioned in condition (6). Namely, let A be any algebra of
signature X. The set Rec(A) of recognizable subsets of A is defined as follows
(see [5]). A subset L of A belongs to Rec(A) if and only if there exist a finite
XY -algebra B, a homomorphism of Y-algebras ¢: A — B and a subset ' C B
such that L = F¢~!.

In the case of the semiring Ny,

0L:pL2{<u,v>€NOXN0|u+b€L©v+b€L,VbENO}.

Proposition 6. Fvery finite subset of the semiring Ng is recognizable.

Proof. Let L be a finite subset of Ny, and let a be the greatest element of L.
Then all elements of Ny greater than a are in the same class of 6;,. Therefore 6,
is of a finite index, and so L is recognizable. O

Theorem 2. FEvery ideal of the semiring Ny is a recognizable subset.

Proof. First, we claim that very principal ideal of the semiring Ny is recognizable.
Indeed, consider an arbitrary principal ideal aNy. We are going to show that
every two elements of Ny that have the same residue modulo ¢ are in the same
class of O,y,. Take any two elements u = auy + p and v = avy + p. Assume that
u+b € aNy, for some b € Ny. We have u+b = au; +p+b = ak, for some k. Hence
ak —auy = p+0b > 0, and therefore v +b = avy + p+ b =a(vy + k —u1) € aNy.
We get (u,v) € O,n,. Thus O,n, has at most a classes, and so the ideal aNj is
recognizable.

Further, take an arbitrary ideal I of Ny. It was proved in [I] that for every
ideal I of Ny there exists a finite subset A of Ny such that I U A is a principal
ideal of Ny. Obviously, we can choose a set A of this kind so that TN A = (.
Since the set U A is a principal ideal, it is recognizable in view of the preceding
claim. By Proposition [6], the set A is recognizable, too. Since both the sets TU A
and A are recognizable and I N A = (), it follows from the results of [5] that the
set I = (I UA)\ A is recognizable. O

Corollary 1. Let Ly = {z € Ny | « < a}, for some a € N, and let Ly be a
recognizable language in X*. Then the subsemigroup L of (No[X*],+) generated
by L1Ls is a recognizable set. a
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Abstract. A description of the property of monotonicity of Boolean
functions using propositional calculus is presented, which allows to use
#SAT algorithms for computing Dedekind numbers. Using an obvious
modification of Davis-Putnam satisfiability algorithm, Dedekind num-
bers until the seventh have been calculated. Standard arithmetization of
propositional logic allows to deduce Kisielewicz’s formula in more trans-
parent way.

1 Dedekind Numbers

Function f: {0,1}™ — {0,1} is a Boolean function of n variables. Let a, 8 €
{0,1}™. Let « < B =Fi[oy; < B; & Vj((j # 1) = (a; = B35))]. By <T we denote
the transitive closure of the relation <. Function f: {0,1}™ — {0, 1} is monotone,
if flag,...,0n) < f(B1,-..,0n) whenever (ai,...,a,) <7 (B1,...,5B,)

Problem: How many different monotone n-variable Boolean functions there
exist?

The problem of finding the number, D(n), was suggested by Dedekind ([2]).
Within more then 100 years Dedekind numbers up to 8 were calculated. Although
A. Kisielewicz at 1988 ([3]) found a closed formula for D(n):

22" on_ 151 log, i
Dn)=> T[ IT | 1— vkt (1—0f, +bib0) | (1.1)
k=1 j=1 i=0 m=0

where bf = [k:/?z] -2 [k/Q”l], it does not help very much in computing D(n).
For n = 6 we must sum 2%% values which is out of limits of the fastest computers.

2 Logical Description of Boolean Function Classes

Our goal is to describe the notion of monotonicity using family of proposi-
tional formulae. Every Boolean function of n variables can be represented by
its truth-table, so we use 2" propositional variables xq, ... ,x2n_1; one variable
for each entry of the truth-table. For convenience we suppose that indexes of
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the variables are binary numbers. The correspondence of the Boolean function
f:{0,1}™ — {0,1} to the bit-string fo,..., fan_1 is defined by f (a) = f, for
every o € {0,1}". Using this encoding, we can consider propositional formu-
lae with variables zg,... ,zon_1 as descriptions of the properties of n-variable
Boolean functions.

Theorem 1. Function f: {0,1}" — {0,1} with truth-table fo,..., fon_1 is
monotone if and only if truth assignment fy,..., fon_1 satisfies propositional
formula

My (20, ... @gn_1) = A (Ta V 23) . (2.2)

a,B€{0,1}";a<3

We omit the proof, which is similar to the proof of Theorem[2. Another possi-
bility to get Dedekind numbers is by counting anti-chains. Function f: {0,1}" —
{0,1} is anti-chain, if f(ai,...,a,) = 0 or f(61,...,08,) = 0, whenever
(a1,... ) < (B1,-..,08s). One can establish a bijection between anti-chains
and monotone functions by considering anti-chain as a collection of “minimal
ones” (or alternatively as a collection of “maximal zeros”) of a monotone func-
tion.

Theorem 2. Function f: {0,1}" — {0,1} with truth-table fo,..., fon_1 is
anti-chain if and only if truth assignment fo, ..., fon_1 satisfies propositional
formula

An (20, ... Ton_q) = /\ (Toa VT5) . (2.3)

a,B8€{0,1}™;a<+3

Proof. 1. Let f be anti-chain. By definition of anti-chain for every «, 5 € {0,1}",
a <T 8 implies f(a) = 0 or f(B) = 0. Suppose A, (fo,--- , fan_1) = false.
Then at least one of the clauses of A, say T, VT, must be false for assignment
fo, -+, fan—1. It is possible only if f, =1 and fz = 1, which means that f (o) =
1 and f(8) = 1. From the definition of A,, we know that & <* 3 and f is not
anti-chain. Contradiction.

2. Let A, (fo,-..,fan_1) = true. Suppose f is not anti-chain, then there
exist o, 3 € {0,1}" such that « <T 3, but f(a) = 1 and f(8) = 1. Then
the clause T, V T is false and the assignment (fo,..., fan_1) violates A,.
Contradiction.

3 Arithmetization

Standard method for representing propositional formula A (z1,...,2,) as a
polynomial [A (z1,... ,x,)] consists of two steps:

Step 1. Transform propositional formula into equivalent formula, which con-
tains Boolean operators A, —, — only.

Step 2. Change Boolean operators into arithmetical ones:



426 M. Tombak, A. Isotamm, and T. Tamme

BACl = [B]-[C], [B—C] = 1-[B]+[B]-[C], [-B] = 1-[B]
where B and C are propositional formulae. A (z1,... ,z,) = [A(21,... ,2,)] for
X1,...,o, €{0,1}.

Theorem 3 ((A. Kisielewicz, 1988)). For anyn > 1

22" on_14-1 log, i
Dn)=> ] IT{r-vkok IT (1 -0l +0500) | .
k=1 j=1 i=0 m=0

where bf = [k/2"] — 2 [k/21+1].

Proof. We present here an alternative proof, which consists of transformation
and arithmetization of the formula, defining anti-chain from theorem

.An (I(),... ,1‘271_1) = /\ (fa \/fﬁ) .
a,B3€{0,1};a<t3

The condition o <™ 3 can be removed inside as the antecedent of the impli-
cation.

Ap (o, o . ,Zon_1) = /\ /\ (a <t ﬁ) — (Ta VT3) .

ae{0,1}m Be{0,1}n

Using the fact, that a <T 3 = A" _, (m < B) and that for every z,y €
{0,1}, z <y =z — y, we can rewrite the formula as

AnGeos o) = AN (/\ <am%ﬁm>>  (Fa V T5)
ae{0,1}" Be{0,1}n \m=1

Using the equivalence from propositional logic x — (TVZ) = = (x Ay A 2)
and commutativity of conjunction we receive

An (l.Ov“' ax2"71) = /\ /\ - (1@ /\xﬁ/\ </\ (O[m —)ﬁm)>>
ae{0,1}" ge{0,1}n m=1
After arithmetization we receive
[An (2o, ... ywan_1)] = H H (1—%@5 H (1—am+amﬁm)> )
Be{0,1}™ a€{0,1}" m=1

Let bFbF | ...bkbE be the binary representation of the integer k. Then b =
[k/2"] — 2 [n/27%1] and we can use integers instead of bit-strings.

2" —12"-1

S 1 1 (EFY | (ERTR)

j=0 =0
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For every 4,7 (0 <i,j <2"), bl ...bib5 <T bl . b]b implies 7 < 7, so we
must consider only cases ¢ < j and compute product Hm: (1 —bi, +bi,b7)) for
m < log, .

2" —1j—1 log, i ‘ o
[An (.’Eo,... ,1’271,1)] = H H 1—xixj H (].—bzn-l-b:nbgn)
j=1 =0 m=0

Bit-string f = fo... fon_1 is truth-table of some monotone function if and
only if [A,, (fo,..., fan—1)] = 1. For computing D(n) we have to add these values
for all bit-strings from {0,1}?" or, otherwise, for binary representations of all
natural numbers k from 0 to 22" — 1, i.e.

22" 19 _1j-1 log, %
= > II1TI|r-vivs (1 -0, +0.,b7)
k=0 j=1 i=0 m=0

The value D(n) does not change, if we change limits of the outer sum to
2’7!,
Ek | because the formula does not use the most significant bit of 22"

22" on_14-1 log, i
ny=> [T IT (t—okof TT (bl +0,00)
k=1 j=1 i=0 m=0

4 Concluding Remarks

We have already mentioned above, that Kisielewicz’s formula does not help us
in computing D(n) for n > 5. Better idea might be computing the number of
satisfying assignments of M,, or A, using some method for counting solutions
of propositional formulae. An obvious modification of Davis-Putnam algorithm
([A]) for counting satisfying assignments calculated D(7) but could not cope
with calculating D(8). We see at least two directions for future work. Firstly, it
would be interesting to try to reduce other combinatorial counting problems to
#SAT. Secondly, Dedekind numbers can be considered as a benchmark for #SAT
algorithms and this gives a good reason to develop better methods for counting
solutions. Counting methods for restricted classes of CNF are also interesting
because the formula A,, is anti-monotone, 2CNF and Horn formula.
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Abstract. A general method is presented for testing graph isomor-
phism, which exploits those sufficient conditions that define linear or-
derings on the vertices of the graphs. The method yields simple and
constructive, low-order polynomial graph isomorphism algorithms for
classes of graphs which have a unique ordering, or a small (not nec-
essarily bounded) number of different orderings. The general method is
instantiated to several graph classes, including: interval graphs, outer-
planar graphs, biconnected outerplanar graphs, and triconnected planar
graphs. Although more efficient algorithms are known for isomorphism
on some of these classes of graphs, the method can be applied to any
class of graphs having a polynomial number of different orderings and
an efficient algorithm for enumerating all these orderings.

Considerable effort has been devoted over the last three decades to graph isomor-
phism and related problems, motivated by the many practical applications but
also by the failure of all attempts to determine the complexity of the graph iso-
morphism problem. A comprehensive survey of the so-called graph isomorphism
disease can be found in [3,9], while complexity aspects of the graph isomorphism
problem are treated in much detail in [2,6,10].

The concept of graph isomorphism lies (explicitly or implicitly) behind al-
most any discussion of graphs, to the extent that it can be regarded as the
fundamental concept of graph theory. Two graphs are isomorphic if there is a
bijective correspondence between their vertex sets which preserves and reflects
adjacencies—that is, such that two vertices of a graph are adjacent if and only
if the corresponding vertices of the other graph are adjacent.

Definition 1. Two graphs G1 = (V1, E1) and Go = (Va, Eq) are isomorphic,
denoted by G1 = G, if there is a bijection h : Vi — Va such that {u,v} € E; if,
and only if, {h(u),h(v)} € Es, for all u,v € V1. Such a bijection h is called a
graph isomorphism between Gy and Gs.

Algorithms for testing isomorphism of general graphs are usually based either
on invariants or on certificates [7]. An invariant is a necessary condition for
isomorphism, a property that does not depend on the presentation (labeling) of
a graph. A certificate is a necessary and sufficient condition for isomorphism, a
description of a unique representative of a graph in a given isomorphism class.

* Partially supported by the Spanish CICYT project TIC98-0949-C02-01 HEMOSS.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 428-431, 2001.
© Springer-Verlag Berlin Heidelberg 2001



A General Method for Graph Isomorphism 429

Unfortunately, no certificates have been found for general graphs which are
not either equivalent to the straight definition of isomorphism, or at least as
difficult to compute. Invariants, on the other hand, are useful for demonstrating
non-isomorphism, but nothing can be concluded about two graphs which share
an invariant.

In some classes of graphs, though, a sufficient condition for graph isomor-
phism can be stated which defines a unique ordering or numbering of the ver-
tices—or a unique numbering of the edges that induces a unique numbering of
the vertices. For a graph G = (V, E), where E C V x V| n and m will be used
to denote the number of vertices and edges in G, respectively.

Definition 2. A numbering of a graph G = (V. E) is a bijection f : V —
{1,...,n}.

When a sufficient condition for isomorphism in a given class of graphs pro-
duces a unique numbering of the vertices of a graph, it can be easily turned into
a necessary and sufficient condition. As a matter of fact, since such numberings
are one-to-one functions, they define a bijection between the vertices of any two
given graphs. Then, since the test for graph isomorphism given a vertex mapping
takes linear time, if the sufficient condition for isomorphism in a special class of
graphs can be tested in low-order polynomial time this yields a simple low-order
polynomial-time method for testing isomorphism in the given class of graphs.

Definition 3. A numbering f of a graph G1 = (V1, E1) together with a num-
bering g of a graph Gy = (Va, Es) induce a one-to-one mapping h : Vi — Va,
called the vertex mapping induced by f and g and defined by h(u) = v if, and
only if, f(u) = g(v), for allu € Vi and v € V5. A vertex mapping h : Vi — V4 is
adjacency-preserving if {h(u), h(v)} € Es for all {u,v} € Ey, and it it adjacency-
reflecting if {u,v} € Ey for all {h(u),h(v)} € Es.

Lemma 1. Two graphs G1 = (V1,E1) and Go = (Va, E2) are isomorphic if,
and only if, there is a vertexr mapping h : V1 — Vo which preserves and reflects
adjacencies.

Proof. Follows directly from Def. 1 and Def. 3. O

Proposition 1. Two graphs G and G5 are isomorphic if, and only if, there is
a numbering f of G1 and a numbering g of Ga such that the vertex mapping
induced by f and g is adjacency-preserving and adjacency-reflecting.

Proof. (if) Immediate. (only if) Let G; = (V4, E1) and G2 = (Va, E3) be two
isomorphic graphs, let h : V; — V5 be an adjacency-preserving and adjacency-
reflecting vertex mapping, let (v1,...,v,) be an arbitrary permutation of Vi,
and let f: V4 — {1,...,n} be the bijection defined by f(v;) =i for all v; € V].
Let also g : Vo — {1,...,n} be the bijection defined by g(v) = f(h~1(v)) for all
v € Vo. Then both f and g are numberings. Moreover, since for all u € V; and
v € Va, h(u) = v if, and only if, f(u) = f(h=1(v)) = g(v), it follows that h is the
vertex mapping induced by f and g, which by hypothesis preserves and reflects
adjacencies. a
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The previous formulation of graph isomorphism suggests a simple, general
method for testing whether two graphs G; and G are isomorphic. Given an
arbitrary numbering f of G, if for some numbering g of G5, the vertex mapping
induced by f and g preserves and reflects adjacencies, then G; and G5 are
isomorphic; otherwise (if for all numberings g of Gs, the vertex mapping induced
by f and g is not adjacency-preserving or it is not adjacency-reflecting) then Gy
and G5 are not isomorphic.

Actually, in order to systematically explore the vertex mappings induced by
the numberings of the two graphs, cyclic rotations of the numberings need to
be taken into account. The following algorithmic scheme encodes the general
method for testing graph isomorphism. Let G; and G be two graphs with
n1 = ng. Upon completion, if G; = G4, the vertex mapping h found is a graph
isomorphism between GG; and Gs.

function isomorphic (G1,Ga, h)
let p be a numbering of graph G;
for all numberings ¢ of graph G5 do
for all cyclic rotations ¢’ of ¢ do
let h be the vertex mapping induced by p and ¢’
if h preserves and reflects adjacencies then
return true {G; and G2 are isomorphic}
end if
end for
end for
return false {G; and G5 are not isomorphic}
end function

Given a numbering f of a graph G; and a numbering g of a graph Ga, the
vertex mapping h induced by f and g can be computed in time linear in the
number of nodes, i can be tested for preserving and reflecting adjacencies in
time linear in the number of nodes, and the number of cyclic rotations of g is
also linear in the number of nodes. Therefore, the worst-case complexity of the
general method is O(a+ben?), where O(a) is the cost of finding some numbering
f of G1 and O(b) is the cost of finding each of the O(c) numberings of G5. In
particular, when the number of different numberings is bounded by a constant
and each numbering can be found in linear time, the method gives a simple
O(n?) graph isomorphism algorithm.

Interesting instances of the graph isomorphism problem arise when dealing
with restricted classes of graphs, because the graph isomorphism problem can
be solved in polynomial time for some classes of graphs. It is the structure of
those graphs what makes them polynomially solvable, which is often reflected
in a sufficient condition for graph isomorphism, which induces a numbering. As
a matter of fact, the general method is efficient for testing graph isomorphism
when restricted to classes of graphs that have a unique or a small number of
different numberings, which can be enumerated in low-order polynomial time.
Notice that general graphs admit O(n!) different numberings.
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Interval graphs have an interval representation that defines a unique ordering
of the vertices according to interval precedence, and since the interval representa-
tion can be found in linear time [1], the general method gives a simple algorithm
for isomorphism of interval graphs in O(n?) time.

Outerplanar graphs have a unique planar embedding such that all vertices
lie on a single face, and since the unique planar embedding, which can be found
in linear time [8], defines a unique numbering of the graph, the general method
gives a simple algorithm for isomorphism of outerplanar graphs in O(n?) time.

Biconnected outerplanar graphs have a unique Hamiltonian circuit, and since
the unique Hamiltonian circuit, which can be found in linear time [8], defines a
unique numbering of the graph, the general method gives a simple algorithm for
isomorphism of biconnected outerplanar graphs in O(n?3) time.

Triconnected planar graphs (polyhedral graphs) have a unique Eulerian cir-
cuit, because they have a unique combinatorial embedding in the plane, and
since the unique Eulerian circuit, which can be found in linear time [5,11], de-
fines a unique numbering of the graph, given by an enumeration of the vertices
in the order in which they are visited for the first time in a traversal of the Eu-
lerian circuit, the general method gives a simple algorithm for isomorphism of
triconnected planar graphs in O(n?) time, whereas previous methods [5,11] take
O(m?) = O(n*) time, although more complex algorithms have been proposed [4]
which take O(nlogn) time.

References

1. K. S. Booth and G. S. Lueker. Testing for the consecutive ones property, inter-
val graphs and graph planarity using PQ-tree algorithms. J. Comp. Syst. Sci.,
13(3):335-379, 1976.

2. D. G. Corneil and D. G. Kirkpatrick. A theoretical analysis of various heuristics
for the graph isomorphism problem. SIAM J. Comput., 9(2):281-297, 1980.

3. G. Gati. Further annotated bibliography on the isomorphism disease. J. Graph
Theory, 3(1):95-109, 1979.

4. J. E. Hopcroft and R. E. Tarjan. An O(nlogn) algorithm for isomorphism of
triconnected planar graphs. J. Comp. Syst. Sci., 7(3):323-331, 1973.

5. X.Y. Jiang and H. Bunke. Optimal quadratic-time isomorphism of ordered graphs.
Pattern Recogn., 32(7):1273-1283, 1999.

6. J. Kobler, U. Schoning, and J. Turdn. The Graph Isomorphism Problem: its Struc-
tural Complezity. Progress in Theoretical Computer Science. Birkhauser, 1993.

7. D. L. Kreher and D. R. Stinson. Combinatorial Algorithms: Generation, Enumer-
ation, and Search. CRC Press, 1999.

8. S. L. Mitchell. Linear algorithms to recognize outerplanar and maximal outerplanar
graphs. Inform. Process. Lett., 9(5):229-232, 1979.

9. R. C. Read and D. G. Corneil. The graph isomorphism disease. J. Graph Theory,
1(4):339-363, 1977.

10. U. Schoning. Graph isomorphism is in the low hierarchy. J. Comp. Syst. Sci.,
37(3):312-323, 1988.

11. L. Weinberg. A simple and efficient algorithm for determining isomorphism of
planar triply connected graphs. IEEE Trans. Circuit Theory, 13(2):142-148, 1966.



Designing PTASs for MIN-SUM Scheduling
Problems*

(Short Version)

F. Afrati! and I. Milis?

! NTU Athens, Department of Electrical and Computer Engineering,
9, Heroon Polytechniou str., 15773, Athens, Greece
Athens University of Economics and Business, Department of Informatics,
76, Patission str., 10434 Athens, Greece

Abstract. We review approximability and inapproximability results for
MIN-SUM scheduling problems and we focus on two main techniques
for designing polynomial time approximation schemes for this class of
problems: ratio partitioning and time partitioning. For both techniques
we present examples which illustrate their efficient use.

1 Introduction

In the context of scheduling problems, we are given, in general, a set of n jobs,
and a number m of machines. Each job has a processing time p;; on machine
i, a release date 7;, a deadline d; and a positive weight w;. A partial order, <,
describes a precedence relation among jobs; we say that jobs are independent if <
is empty. T'wo different scheduling models can be considered: the preemptive one,
where the interruption of a job execution is allowed, and the non-preemptive,
where once a job starts executed it should be completed. A schedule X' is an
assignment of jobs to machines and an associated starting time .S; for each job
j. A schedule is feasible if at any time a machine processes at most one job and
if i < j, then job j starts its execution after the completion of job i. By C; is
denoted the time at which job j completes its execution and by D; is denoted
the time by which machine ¢ complete the execution of all jobs assigned to it.
OPT denotes the objective value of the optimum schedule.

To refer to the several variants of scheduling problems, that can be obtained
from the above general description, the standard three-field, «|8|y, notation
scheme of Graham et al. [I3] is used. The first field describes the machine envi-
ronment. A single machine environment is denoted by o = 1, (identical) parallel
machines by o = P(m) and unrelated (parallel) machines by o = R(m); the op-
tional m denoting a constant number of machines. The second field of the nota-
tion describes any special conditions and constraints on the problem parameters
(release dates, deadlines, precedence relation, processing times, multiprocessor
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jobs, preemption). The third field of the notation describes the optimization
criterion. According to optimization criteria, scheduling problems can be clas-
sified into two classes: MIN-MAX criteria and MIN-SUM criteria. The most
common MIN-MAX criterion is the completion time (makespan) of the sched-
ule, miny max; Cj, and also the maximum lateness, miny max; (C; — d;).
The most common MIN-SUM criterion is the total (weighted) completion time,
miny >, w;C;, and also the total (weighted) flow time, miny >, w;Fj,
where Fj = Cj —Ty.

It is well known that only some of the simplest variants of scheduling prob-
lems can be solved in polynomial time. For a thorough listing of polynomial
solved variants as well as complexity results on scheduling problems the reader
is referred to the book and a web page of Brucker [5]. Hence, most of the recent
research is directed towards designing approximation algorithms for the NP-hard
variants of scheduling problems. A p-approzimation algorithm computes polyno-
mially a solution within p factor of the optimum one. In this setting we are
interested in designing p-approximation algorithms with p as small as possible
as well as on finding lower bounds for p. When p is a constant, then we say that
the approximation algorithm is a constant factor one. We say, however, that we
have a Polynomial Time Approzimation Scheme (PTAS) if we give an algorithm
which, for any value of €, can construct an (1 + ¢)-approximation solution. If the
time complexity of a PTAS is also polynomial in 1/e, then it is called a Fully
PTAS (FPTAS). For lower bounds or inapproximability results, the notion of
NP-completeness is used to disprove the existence of good approximation algo-
rithms, unless P=NP. It is also well known that, unless P=NP, there is no a
FPATS for strongly NP-hard problems.

Historically, MIN-MAX scheduling problems were the first investigated in the
approximation algorithm framework and a lot of results have been proposed after
Graham’s seminal paper [I2]. On the other hand, much less was known about the
approximability of MIN-SUM scheduling problems until 1996. However, during
the last five years, there was an explosive progress on the approximality of MIN-
SUM problems, that recently led to PTASs for many of them.

In this paper we present a brief survey of this research on MIN-SUM schedul-
ing focusing on PTASs design techniques. In Section 2 we present the history of
known results for constant approximation algorithms and we comment on the
techniques used and their limitations. Next, we present two main techniques for
designing polynomial time approximation schemes for this class of problems. In
Section 3 we present the ratio partitioning technique and in Section 4 the time
partitioning technique. For both cases we give examples which illustrate hoe
these techniques may be used to derive PTASs for such problems. Examples are
taken from [3[I2].

2 History of Approximation Results and Techniques

Although Shani [27], in 1976, gave a FPTAS for Pm | | >~ w;C}, no other approx-
imation result was known until 1991, when Ravi, Agrawal and Klein [26] gave
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an O(lognlog ) ; w;)-approximation algorithm for 1[prec|_ w;C;. Moreover,
much less was also known about the approximability of MIN-SUM scheduling
problems even until 1995, despite the fact that there was an extensive litera-
ture on the polyhedral structure of these problems (especially of single machine
problems). This fact, however, was only exploited for characterizations of poly-
nomial solvable variants and for computing optimum solutions (see Queyranne
and Schulz [25] for a thorough survey of this research area).

Philips, Stein and Wein [22], in 1995, gave the first constant approximation
algorithms: an (8 + ¢€) for both 1|r;, pmin| > w;C; and P|r;,pmin| > w;C;), a
(16 + ¢€) for 1|r;| > - w;C; and a (24 + ¢€) for P|r;| > w;C;. Hall, Shmoys and
Wein in [15] and its journal version by Hall, Schulz, Shmoys and Wein [14],
in 1996 and 1997, improved dramatically the known approximation factors and
gave algorithms for many new variants. Their results, some of which are the best
known even today (see Table 1 below), were motivated by the successful work
done on polyhedral structure of scheduling problems and build on earlier research
on computing near-optimum solutions for MIN-MAX scheduling problems, by
rounding optimum solutions to linear relaxations. In view of future results, the
most important point of their work was the introduction of an time-interval in-
dezed LP formulation, since it was proven later very fruitful for designing PTASs
for many MIN-SUM problems. The general idea of time indezed LP formulation
was used in the past in several forms. Potts [23] used decision variables J;;, where
d;; implies that job J; precedes job J; in the schedule. Dyer and Wosley [9] used
variables x;;, where z;; = 1 means that job J; completes its execution at time ¢.
Wosley B2] and Queyranne [24] used as decision variables the completion times
C; of jobs themselves. Hall et al. [I5] adopted this last formulation to obtain
their results for single machine problems and proposed a different, more compact
linear time-interval indezed LP formulation: subdivide the time horizon into the
intervals [1,1], (1,1 + €], (1 +¢, (1 +¢€)?],...,, where € is an arbitrary small posi-
tive constant. Then, the linear program only specifies the interval in which the
job is completed and since all completion times within an interval are within a
(1 4 €) factor of each other, the relative schedule within an interval will be of
little consequence. This was the first use of time partitioning.

After Hall et al. [THT4] there has been an explosion of research in this area
with successively smaller constant factor algorithms as well as algorithms for
new variants of MIN-SUM scheduling problems. Due to space limitations, here
we present, in Table 1, only the best known constant approximation factors and
summarize briefly all this research. Except a few combinatorial methods, these
algorithms follow the general and successful relaxation method: first an opti-
mum solution to a relaxation of the original problem is polynomially obtained,
then this solution is rounded, either to order the jobs in time or to assign the
jobs to machines, to obtain a near-optimum optimum solution of the original
problem. The large body of algorithms within this method can be classified
according two factors: the type of relaxation and the rounding technique used.
Types of relaxations include preemptive schedule relaxations and linear and con-
vex programming relaxations, while rounding techniques include scheduling by
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completion times, scheduling by a-points and randomized rounding (see [34] for
a elegant survey on LP relaxation algorithms).

Although there is practical evidence [28/43] that LP relaxations can provide
very good approximate solutions, all relaxation based algorithms suffer from a
major drawback: their solution is not compared directly to the solution of the
original problem but to the solution of the relaxed one. However, there are gaps
between the solutions of the relaxed and the original problem and any algorithm
obtaining such a rounded solution inherits these gaps. Hall et al. [14], Schulz
and Skutella [29] and Chekuri and Motwani [7] argue on the fact that several
relaxation methods for 1|prec| >  w;C; can not improve on the best known 2-
approximation algorithm. Moreover, Torng and Uthaisombut [39] have shown
that any preemptive relaxation for 1|r;| >~ Cj;, that uses the SRPT algorithm to
solve the relaxed problem, can not led to an approximation factor better than
€/(e — 1), that matches the best known factor of 1.58 [§]. It seems therefore,
that such approaches methods can never yield a PTAS for MIN-SUM scheduling
problems.

Indeed, until 1998 only FPTASSs, based on dynamic programming, for weakly
NP-hard MIN-SUM problems were known (see Shani’s [27] for a FPATS for
Pm | |> w;C; and [H1]). Alon, Azar, Woeginger and Yadid [4], in 1998, ob-
tained a PTAS for P | |Y_ D2. Skutella and Woeginger [37] realized that last

results implies also a PTAS for P |% =¢| > w;C; and then in a first step they
J

generalized this to a PTAS for Z—; ratios within a constant range. In a second
step they obtained the first PTAS for a strongly NP-hard MIN-SUM problem
(P | | > w;Cj). Their main idea was ratio partitioning, i.e. the partitioning of
the jobs into subsets according to their % ratios and such that the ratios of all
jobs in one subset are within a constant Jrange. Then, using the first step, near
optimum solutions are computed for all subsets. Finally, these schedules are con-
catenated in order of nonincreasing ratios in each machine. Subsequently, Afrati,
Bampis, Kenyon and Milis [3] based also on ratio partitioning provided a PTAS
for Rm | | >~ w;C;. However, the concatenation of schedules obtained following
the ratio partition technique can not be applied in the presence of release dates.
For this case the time partitioning technique was recalled by several researchers
[1] and it was proven powerful enough to yield PTASs in the presence of release
dates. Based also on time partitioning Afrati et al. [2] presented recently PTASs
for P2|fix;| > C; and Pm|fix;,pmitn|)  C; and Fishkin et al. [T0] presented
PTASs for Pm|fiz;,r;| Y. w;C; and Pm|size;j,r;| > w;C;.

The important point with all existing PTASs is that they rely either on
time partitioning or on ratio partitioning technique. It seems more important
in view of the fact that they succeeded where older techniques had failed and
it is most likely that these techniques can be used to obtain PTASs for more
involved scheduling variants. Moreover, all known PTASs use a combination of
elementary and well understood combinatorial ingredients: partitioning, group-
ing, geometric rounding, enumeration and dynamic programming. The approach
taken, in these PTASSs, is to sequence several transformations of the input prob-
lem. Some transformations are actual changes to simplify the input, while others
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are applied as thought experiments to the optimum solution to prove there is
a near-optimum solution with nice structure. Each transformation potentially
increases the objective value by only 14 O(e), that is, it produces 1+ O(e) loss.
Besides problem-variant-specific transformations, some general transformations

are used in these techniques. Such transformations are geometric rounding and
time stretching.

Table 1. Summary of results (see also [32] for a discussion on open problems).

l Problem [Best known p[(F)PTAS or Lower bound]
1,5 C; 1.58 8] PTAS [1]
;]S w;C; 1.69 [ PTAS [1]
1|r;, pmin| > w;C; 4/3 [31] PTAS [1]
ifprec > w;,C; | 2 [ 1
1|r;, prec| Y w;C; e+ e |29
1|r;, prec, pmin| > w;C; 2 [14]
UrI 3 F, oA M| 0w’ I
Pm| | > w;C; FPTAS [27]
P| > D7 1.04 [20] PTAS [4]
Plprec,p; = 11> C; 8/7 [16
Plprec| > C; 4/3 [16
Pl > w,C; 1.21 [17] PTAS [37]
Plr;| > w;Cy 2 [30 PTAS [1
Plr;,pmin] > w;C; 2 [30 PTAS [1
Plr;,prec| > w;C; 4 21
Plr;,prec, pmin| > w;C; 3 [14]
Plry| > F, o) [19] 267 [
Plr;,pmin| ) F} O(logn) [19]

P2|fiz;] > C; 2 6] PTAS [2]
Pmlfiz;, pmin| > C; PTAS [2]
Pm|r;, fiz;] > w;C; PTAS [10]
Pmlr;, size;| Y w;C; PTAS [10]
P|fizj,p; =113 C; m'/? 0]

Plsize;| > C; 32 [40]

Rm|r;| > w;C; 2 [36 PTAS [1
Rm|r;, pmitn| Y w;C; 3 [36 PTAS [1

Rm| | w;C; 3/2 |35 PTAS [1]

R| > w;C; 3/2 [35] [33] NO PTAS [16]

Rlpmin| > w;C; 2 [36]
R|r;|>°C; NO PTAS [16]

Rlpmin| ) w;C; 2 36

R|r;, pmitn| ) w;C; 3 36
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2.1 Geometric Rounding and Time Stretching

The first simplification creates a well-structured set of possible processing times
and release dates: With 1 + € loss, we can assume that all processing times and
release dates are rounded to integer powers of 1 + €. To prove, we change the
values in two steps. First multiply every release date and processing time by
1 + €; this increases the objective by 1 + €. Then decrease each date and time
to the next lower integer power of 1+ e (which is still greater than the original
value). This can only improve things.

The second transformation time stretching creates idle time gaps evenly
spread along the schedule. These gaps will be used conveniently in later trans-
formations to accommodate jobs that we are moving around in order to prove
that there is a near-optimum schedule with nice structure. Often, we will use
time stretching to add an idle amount of ep; time units before every job j. This
will increase each completion time (and hence their sum) by a factor of 1 + e.
According to this last transformation, we may also assume that the starting time
of each job jis S; > ep;: If job j completed at time ¢ > p; then it now completes
at time (1 + ¢)t and therefore does not start until time et > ep;.

3 Ratio Partitioning

For the basic 1|| Y w;C; variant W. Smith, in 1956, designed a very easy greedy
algorithm: sequencing in order of non-increasing w;/p; ratios produces an op-
timum schedule [38]. We consider here the case of unrelated machines with no
release dates. In this section, by py) we denote in this section the execution time
of job j on machine ¢ and for simplicity of notation we think in terms of two
machines; however, it should be clear that it can be generalized for any constant
number of machines. If we consider the restriction of the optimum schedule to
each one of the machines, then Smith’s ratio rule also applies: the jobs executed
on machine M; are processed in order of non-increasing ratios R;Z) = w;/ pjz).
It is therefore clear that the only difficulty is to decide, for each job, on which
machine to execute it. To this end, we define a ratio partitioning, i.e. a partition
of the range of ratios into disjoint windows such that the i** window consists
of ratios in the range F; = (a¢'Rimqz, ' ' Rinag), where Ryq, = max; {wj/pjl)}
and a = €.

A first observation is that we can think of each job having its two ratios either
in the same window or in adjacent windows. If the processing times of a job are
very different on the two machines, then we can directly decide to schedule it on
the machine on which it has the shorter processing time. In quantitative terms:

(1) (2)
b < €p;

that this job is M -decided), and that all jobs such that p§2) < epﬁl) are scheduled
on My (we say that this job is Ms-decided). To prove, we show that by moving
all such jobs to the machine with the small processing time, the cost does not
increase much: we move each such job in the other machine in the place so that

it starts before or at time C; (its completion time in the old schedule). Thus the

We can assume that all jobs such that p are scheduled on M; (we say
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new completion time of this job is at most C} +pJ < Cj+ 6p ) < Ci(1+e)
The other jobs affected are the jobs in machlne M, (suppose we moved the job
to M) which are delayed. Each such job k is delayed by at most e times the
sum of Ms-processing times of moved jobs which completed before time Cj in

Ms; but this is € times C). Thus, in this case, we can put p§ ) — 0 or p§ ) —

accordingly. Moreover, for each undecided job pé < ep§2) and p§2) < ep§1), that

ise< R;l)/Rf) < 1/e. Hence, each job is either decided or it has its two ratios
either in the same window or in adjacent windows.
Towards to a further problem simplification we define a job-type Tk g’ as the

set of jobs having the same pair of ratios, i.e. Tp pr = {] | R(l) R and R(2)
R’}. Using this definition, a second observation is that “very dlfferent” job types
do not affect each other. To state formally, we rewrite the cost function as:

Z]yk on a, Mali.kl+ Zj)k on am, Mzl[j, k], where

pg)wj ifj=k
Wi w5

1 i . if 1 — J
5P, wj if j # k and 5=
k j

Vi, ke J, M5, k] =

(1) e W wj

w; if Ye > ]

Py wj 0 P
0 otherwise

Notice that an entry M,[j, k] represents the contribution to the cost function
of job j, due to job k. Thus, if job j is scheduled on machine M;j, and the
jobs on M; with ratio equal to R(l) are ordered randomly, then the expected
weighted completion time of j satlsﬁes w;Cj; =" on M, M7, k]. Using this
formulation of the cost function, we can prove that if the ratios of two jobs are
very different, then we can neglect their interaction:

1. For every pair of jobs {j, k} such that Ry) < GQRI(;), we can replace M;|[j, k]
by 0.

2. For i = 1,2, and for every pair of jobs {j, k} such that j and k are either M;-
decided or undecided, and such that RE )< €4R( 2 , we can replace both M, [j, k]
and Malj, k] by 0

We prove the first in two steps: First for each k on M;, we look at the jobs j
on M such that R;-l) < eQRI(Cl)7 and whose completion times satisfy Cj, < €Cj.
The presence of k before such a j has only a marginal effect on j’s completion
time (easy to prove). Second, we look at the pairs {j, k} which are scheduled by
on M, such that R§-1) < eQR,(Cl), but whose completion times satisfy C; < Cj/e.
The contribution to the cost function of those pairs is very little.

To prove the second: Consider the case ¢ = 1. From item (1) above we can
replace M1[j, k] by 0. If either job is Mj-decided, then it will never be placed on
My and so we can replace Mslj, k] by 0. If both are undecided, then we have:

2 1 4
pé) > ep( andp D < pé)/e. Thus: % 2 (1) < —ﬁ < %%% = 62%.
J k k k
By item 1 above, again, we can replace Ms][7, ] by 0.
Finally, we can bound the number of jobs within each job-type by a constant
number. Consider a job-type Tr r/ and the sum of the weights of jobs in Tk g/,
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Wg,r. We group small jobs together to build larger compound jobs. Thus, we
can assume that every job of a job-type has weight at least e2Wg, g/, and hence
each job-type has at most 1/€2 = O(1) elements. More specifically, we group
greedily so that the sum of weights of the tiny jobs in each group (which now
represents the weight of the compound job) is between e2Wg ,» and 262Wg gi.
Clearly a schedule that uses the compound jobs results in a cruder fractioning
of the jobs in the job type among the machines. To take care of that we stretch
time by 1+ € and this stretching is enough to accommodate the compound jobs.
This is because, with 1 4+ O(e) loss, we can discard schedules that put a fraction
of a job type smaller than eWWpr g/ on one of the machines.

3.1 Example: R2|| Y w;C;

We first simplify the input of the problem by applying geometric rounding on the
parameters defining the jobs. Then, we identify the jobs which are M;-decided
or Ms-decided. We replace all irrelevant processing times (i.e. p§2) if j is M-

decided and p§-1) if j is Ma-decided) by oo, which means that the corresponding
ratio becomes equal to 0. Then we do all the simplifications of the previous
subsection, namely calculating first the M;[j, k] and then putting accordingly
some of them equal to 0.

Note that, the set of undecided jobs having at least one ratio in a specific
window has size O(log?(1/€)/€?): Roughly, because of geometric rounding, we
have only a constant number of different ratios within a window and, because
undecided jobs have their ratios either in the same window or in adjacent win-
dows, there are only a constant number of job types that may contain a job of
a particular ratio in one of the machines. Moreover, there is a constant number
of jobs within each job type.

Summing up the above analysis: a) Each job type has the two ratios either in
the same window or in adjacent windows and b) Job types affect each other only
in the stretch of two windows and c) there is a constant number of undecided
jobs with at least one ratio in a specific window. An immediate consequence of
that is dynamic programming with respect to the windows of ratios. In each
stage i of the dynamic programming, we have fixed the schedule for jobs with
both ratios in windows F7, ... F; and keep all possible schedules of jobs with at
least one ratio in window F;. Thus, each stage runs in O(1) time.

4 Time Partitioning

For an arbitrary integer x, we define R, = (14¢€)*. We partition the time interval
(0, 00) into disjoint intervals of the form I, = [R,, Ry+1). We will use I, to refer
to both the interval and the size (Rz1+1 — R) of the interval. We will often use
the fact that I, = eR,, i.e., the length of an interval is € times its start time. We
consider an optimum schedule and focus on the schedule of one machine. Moving
a job j inside the interval in which it runs produces a 1 + O(e) loss because it
will only increase its completion time by at most I, which is less than eR,
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or less than eC;. Another useful observation is that a job can not be arbitrarily
large: In the worst case, a job starts at time ep; and completes at time ep; + pj,

hence, it crosses at most s = [log; Epz;:p’} = [logy (1 + 1)] intervals.

If a job j crosses several intervals, we know that it crosses at most s intervals,
and then we can accumulate idle time for all s intervals in the beginning of job 7,
and we know that the relative size of the 1st and sth interval is ﬁ = GFe=T =
€. Also know that by time stretching we can create, in each interval an extra idle

gap of size el,. In what follows in this section, we assume unit weights.

4.1 Large and Small Jobs

In many cases, jobs that are much smaller than the interval in which they run
are essentially negligible and easy to deal with. The difficulty comes from jobs
that are large—taking up a substantial portion of the interval. Small jobs are a
lot like fractional jobs in linear relaxation methods, and fractional solutions are
usually easier to find. We assume, in this section, that small jobs are defined to
be those with p; < el,, where I, is the interval where job j runs.

We restrict attention to schedules in which no small job crosses an interval:
By time stretching, add in each interval a gap of eI, and finish the single small
job that may be crossing an interval. Also, note that there is a constant number
of large jobs in an interval, namely at most %

Interestingly, we can almost get rid altogether of large jobs (except a constant
number of them). We can do that by moving most large jobs in larger intervals
without much degrading the quality of the schedule. Thus, we end up with an
overall constant number of large jobs:

Lemma 1. With a 1+ O(e) loss, we assume:
1. For each job j, S; > min{% e"OPT}.
2. All jobs are small in the intervals they run except at most 1/€".

Proof. The proof of (2) follows from (1): Note that S; > p;/e? means that job j
is small when it runs. Also, all jobs starting after time e’OPT are at most 1/¢".
The small jobs trivially satisfy this condition in (1). We move around large jobs
in larger intervals so that they are now small in the interval that they run. We
do that only for large jobs that complete before e’ OPT.

We move a task that completes before time (1 + E%)pj in the first gap after
time ¢t = Cj/e*. We have to worry about three considerations:

1. There is space large enough to accommodate all jobs that are landed on
a particular gap. This is so because the gap at time ¢ is equal to €2t, hence, at
least equal to C';, thus can hold all jobs which complete before time Cj.

2. There is not some hugely long crossing job in this interval. This is guar-
anteed by the fact that any crossing job may cross at most s intervals. Thus,
we put the moved job in the beginning of the crossing job and still it is in an
interval where it is considered small. This is so because the intervals along which
a job stretches differ in size by a factor at most e.



Designing PTASs for MIN-SUM Scheduling Problems 441

3. The added cost is not too much: We need to bound the added cost of
the large jobs we moved forward. The last interval from which we advance jobs
ends at time t = ¢€’OPT. Thus the total completion time of the advanced jobs
is S, LUEORe L5 (1 4 )i = LUHDY o 6pr(] 4 €)2 < 2¢0PT

R,<t € e — €d >0 €5 € =
as desired. B

4.2 Example: 1|7; | > C;

We apply geometrical rounding to all variables of the input of the problem.
Thus, jobs are released only in the end of intervals. The preemptive variant
of 1|rj | C; can be solved optimally by SPRT rule. Supposing that, in the
optimum schedule of the non preemptive problem all jobs are small, we can set
release dates equal to max{r;, i’—{,} According to Lemma [T] this does not change
the feasibility of a nearly optimum schedule. We can now use SPRT rule to
obtain an optimum preemptive schedule and then use the gaps in each interval
to finish up the preempted jobs. These are small, so they need no more than el
to finish up. Running SPRT followed by finishing up preempted jobs corresponds
to running SPT rule.

Our only problem, now, is that the optimum schedule may require some
jobs to run when they are large. By Lemma [I] there is still a nearly optimum
solution with only a constant number of large jobs. We can schedule these large
jobs by complete enumeration and schedule the rest using SPT rule with the
new release dates as above. Again, using SPT rule for the small jobs, essentially
we use SPRT rule (which still remains optimum in the presence of the fixed large
jobs) to obtain a preemptive solution and then finish up the jobs.

4.3 Example: P2|fix;|> C;

For this problem, we have two kinds of monoprocessor jobs, the 1-jobs and the
2-jobs dedicated to run on machine M; and Ms respectively. Biprocessor 12-jobs
are dedicated to both machines.

In what follows, we use the following proved in [6]: In any optimum schedule,
1) All jobs of the same type are scheduled according to the shortest processing
time rule (SPT). 2) If a biprocessor job is not the first job of the schedule, then
its starting time must be equal to the completion time of some other job.

Besides geometric rounding, we need some more transformations. We begin
with the following lemma which states that jobs scheduled to run in parallel
have comparable processing times.

Lemma 2. With a 1+4¢ loss, we never have two jobs scheduled in parallel whose
processing times differ by a factor greater than e%

Proof. Let j be a job executed w.l.o.g. on processor M7, and let A be the set of
jobs scheduled in parallel with j on processor Ms with processing times < eispj.
Recall that, since the single-machine-jobs on each processor are scheduled in the
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order of increasing processing times, the jobs in A form an interval. We consider
the following two cases:
a) > icaPi < €p;j. We use time stretching to move starting time of j to
Sj +epj, thus jobs in A and job j do not run in parallel any more. b)} . _ 1 p; >
ep;. Put the job j in the gap so that it completes at time % Let S; be the
starting time of job j in the initial schedule. Since for every i € A, p; < €°p;, we
get that at least zir jobs in A complete in the time-interval [S; + %2, S; + ep;].
; ¢ C;
Then Y",c 4 Ci > (Sj+58) 5k > §55(S+pj) = 155C;. Thus, & < 4eY", ., Ci.
Summing over all jobs j, we get an increase of at most 4eOPT.

Moreover, it can be easily proven that if the set of jobs 7 can be partitioned
into subsets L and S such that Max p; <é miB pj, then, all jobs in S are sched-
JE Jje

uled before any job in L is scheduled. A separation result allows for partitioning
the jobs into "long” jobs and ”short” jobs with a few (negligible) ”medium” jobs
in between. Its proof is a simple algebraic manipulation.

Lemma 3. Let Lo = {j € T|p; > e'OPT}, and L; = {j € T|*¢’'OPT < p; <
U=V OPTY. If Lo # 0, then there is some i < [log, }ﬂ such that

OPT(LoULiU...UL;) < (1+€)OPT(LoUL;U...UL;_4).

L; is the negligible set of "medium” jobs, LoU...U L;_; are the "long” jobs
and the rest are the "short” jobs. It is not hard to prove that, with a 1 + O(e)
loss, we can schedule all short jobs before any long or medium job is scheduled.
Clearly, we can find such a partition in polynomial time.

The above transformations together with a polynomial algorithm for the pre-
emptive variant [2] yield a PTAS for this problem. For the short jobs, according
to the results in the beginning of this section, we can rearrange biprocessor jobs
within an interval, so that to obtain only one preemption per interval. Then, we
move large monoprocessor jobs forward in intervals where they are small and fin-
ish up preempted (monoprocessor) jobs to derive a non-preempted schedule. For
the long jobs we find a schedule by complete enumeration and then concatenate
the two schedules.
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Abstract. The Maximum Weight Stable Set (MWS) Problem is one of
the fundamental algorithmic problems in graphs. It is NP-complete in
general, and it has polynomial time solutions on many particular graph
classes, some of them defined by forbidden subgraphs. A classical exam-
ple is the result of Minty that the MWS problem is polynomially solvable
for the class of claw-free graphs. The complexity of the MWS problem is
unknown for the class of Ps-free graphs.

We give a survey on recently obtained efficient algorithms for the
MWS problem for several graph classes defined by forbidden subgraphs
where the algorithm avoids to recognize whether the (arbitrary) input
graph is in the class i.e. the output is either a correct solution of
the MWS problem or the fact that the input graph is not in the
class. Such algorithms were called robust by Spinrad. The algorithms
use the concepts of modular decomposition and of clique width of graphs.

Keywords: Maximum Weight Stable Set Problem on graphs; robust al-
gorithms; modules and homogeneous sets in graphs; prime graphs; graph
structure; clique width.

1 Introduction

A vertex set in a finite undirected graph G = (V, E) is stable if its elements are
pairwise nonadjacent. For a vertex weight function w on V|, let v, (G) denote the
maximum weight sum of a stable set in G. The Mazimum (Weight) Stable Set
(M(W)S) Problem asks for a maximum (weight) stable set in the input graph G.

The M(W)S problem is a basic algorithmic graph problem occuring in many
models in Computer Science and Operations Research. It is NP-complete even
for triangle-free graphs [46] (see [33]) which led to the investigation of a variety
of graph classes defined by forbidding small graphs such as claw-free graphs
for which a polynomial time algorithm for the MWS problem was given by
Minty [43] (and independently for the MS problem by Sbihi [47]). Note that for
(K1,4,diamond)-free graphs [16] the MS problem is NP-complete.

Minty’s algorithm for claw-free graphs has been extended to a polynomial
time algorithm for the MWS problem on chair-free graphs by Alekseev in [1].

The complexity of the MWS problem for Ps-free graphs is still unknown
which recently led to the investigation of some subclasses of Ps-free graphs where
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polynomial time algorithms for the MWS problem were given - see e.g. [2,4,6,7,
11,14,15,29,31].

Summarizing the known complexity results for P, extensions (see Figure 1)
gives: The MWS problem for F-free graphs

1. can be solved in polynomial time if F' € {co-gem, chair}
2. is NP-complete if F' € { co-P, bull, co-chair, house, gem}, and
3. and its complexity is open for F € {P5,C5, P}

The aim of this note is to give a survey on an approach combining the con-
cepts of

(1) modular decomposition,
(#4) clique width and
(#i7) robust algorithms

which recently attracted much attention.

To (i): The modular decomposition tree of a finite undirected graph G gives
a tree description of G where the leaves are the vertices of G and there are three
kinds of internal nodes: join (denoted by (1)), co-join (denoted by (0)) and
prime nodes. The papers [41,42,23,24] describe this approach and give linear
time algorithms for computing the modular decomposition tree.

It is a simple observation that the MWS problem is solvable in polynomial
time for a graph class whenever it is solvable in polynomial time for the prime
graphs belonging to this class since «,,(G1(1)G2) = max(aw,(G1), aw(G2)), and
aqv(Gl(O)GQ) = aw(Gl) + Olu)(G2)~

This immediately leads to polynomial time solutions for the MWS problem
using the modular decomposition tree in a bottom-up way for computing ., (G).

To (ii): Bounded clique width allows to efficiently solve all algorithmic
problems expressible in a certain kind of Monadic Second Order Logic in linear
time [21], among them the MWS Problem. The notion of clique width has
been introduced in [20] and is intimately related to modular decomposition of a
graph. We give a list of graph classes having bounded clique width.

To (iii): In [48], Spinrad defined the concept of a robust algorithm for a graph
class C and an algorithmic problem as follows:

— If G € C then the algorithm solves the problem correctly.
— If G ¢ C then the algorithm either solves the problem correctly or finds out
that G ¢ C (sometimes with a corresponding witness for this fact).

Thus, a robust algorithm delivers a correct answer in any case, solves the
problem for every graph in C and avoids to recognize C. This is of crucial im-
portance whenever the recognition time bound for C is worse than solving the
algorithmic problem on the graph class (in extreme cases, the recognition prob-
lem can be NP-complete and the algorithmic problem can have a linear time
solution).
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We give examples of efficient robust algorithms for the MWS problem on
some graph classes such as (bull,chair)-free graphs and (Ps,co-chair)-free graphs.

Our results improve previous ones on particular graph classes in several ways:

1. for some classes, the structure investigations imply bounded clique width for
the whole class or bounded clique width under suitable assumptions which
are useful for solving the MWS problem;

2. for some examples, previous time bounds can be improved due to the fact
that robust algorithms avoid to recognize whether the input graph is in the
class;

3. for bounded clique width, not only the MWS problem but also many other
problems such as Minimum Dominating Set, Steiner Tree, Maximum Weight
Clique can be solved efficiently.

2 Notions and Preliminary Results

Throughout this paper, let G = (V, E) be a finite undirected graph without self-
loops and multiple edges and let |V| = n, |E| = m. Let G = (V, E) with 2y € E
if and only if zy ¢ E for x,y € V denote the complement graph of G.

The edges between two disjoint vertex sets X, Y form a join (co-join) if for
all pairsz € X,y e Y, 2y € E (zy ¢ E) holds. Let A(1)B (A(0)B) denote the
corresponding join (co-join) operation between A and B.

A vertex z € V distinguishes vertices z,y € V if zo € F and zy ¢ E. A
vertex set M C V is a module if no vertex from V'\ M distinguishes two vertices
from M i.e. every vertex v € V'\ M has either a join or a co-join to M. A module
is trivial if it is either the empty set, a one-vertex set or the entire vertex set V.
Nontrivial modules are called homogeneous sets. A graph is prime if it contains
only trivial modules. The notion of modules plays a crucial role in the modular
(or substitution) decomposition of graphs (and other discrete structures) which
is of basic importance for the design of efficient algorithms - see e.g. [44] for
modular decomposition of discrete structures and its algorithmic use.

A homogeneous set M is maximal if no other homogeneous set properly
contains M. It is well-known that in a connected graph G with connected com-
plement G, the maximal homogeneous sets are pairwise disjoint which means
that every vertex is contained in at most one maximal homogeneous set. The
existence and uniqueness of the modular decomposition tree is based on this prop-
erty, and recently, linear time algorithms were designed to determine this tree -
see [41,42,23,24]. The tree contains the vertices of the graph as its leaves, and the
internal nodes are of three types: they represent a join or co-join operation, or a
prime subgraph. The graph G* obtained from G by contracting every maximal
homogeneous set to a single vertex is called the characteristic graph of G. It is
not hard to see that G* is connected and prime.

Let N(v) := {u : u € V,u # v,uv € E} denote the open neighborhood of
v and Nv] := N(v) U {v} the closed neighborhood of v. For U C V let G(U)
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denote the subgraph of G induced by U. As already mentioned, a vertex set
U C V is stable (sometimes called independent) in G if the vertices in U are
pairwise nonadjacent. A vertex set U C V' is a clique in G if U is a stable set in
G.

For a vertex weight function w on V, let a,,(G) denote the maximum weight
sum of a stable set in G and let w,,(G) := a,(G) denote the maximum weight
of a clique in G. If w(v) = 1 for all vertices v then we omit the index w. Note
that for all classes on which the MWS problem can be efficiently solved, the
Maximum Weight Clique Problem can be efficiently solved on the complement
class.

For k > 1, let P, denote an induced chordless path with k vertices and k — 1
edges, and for k > 3, let Cx denote an induced chordless cycle with k vertices
and k edges. A hole is a C, k > 5. For a P, with vertices a, b, ¢,d and edges
ab, be, cd, the vertices a and d (b and c¢) are called the endpoints (midpoints) of
the P;. Note that the P, is the smallest nontrivial prime graph and the com-
plement of a Py is a P itself (where midpoints and endpoints change their roles).

(1) co-gem (2 Ps (3) chair (fork)
(4) co-P (co-banner) (5) P (banner) © Cs
(7) bull (8) kite (co-chair, co-fork) (9) house (co-P5)

(10) gem

W

Fig. 1. All one-vertex extensions of a Py

See Figure 1 for the definition of the bull, chair, P, gem and their comple-
ments, the bull, co-chair, co-P and co-gem.

The diamond is the K4 — e i.e. a four vertex clique minus one edge. The claw
is the graph consisting of four vertices a,b,c,d such that a (the center of the
claw) is adjacent to the pairwise nonadjacent vertices b, c,d. The domino is a



On Robust Algorithms for the Maximum Weight Stable Set Problem 449

graph consisting of a P5 plus a vertex adjacent to the central vertex and to the
end-vertices of the P5;. An A is the graph resulting from a domino by deleting
one of its edges between two vertices of degree two.

Let F denote a set of graphs. A graph G is F-free if none of its induced
subgraphs is in F. There are many papers on the structure and algorithmic use
of prime F-free graphs for F being a set of P, extensions; see e.g. [35,36,28,29,
30,31,38,4,6,11].

A graph G is a

— thin spider if G is partitionable into a clique C' and a stable set S with
|C| = |S] or |C| = |S| + 1 such that the edges between C' and S are a
matching and at most one vertex in C' is not covered by the matching (an
unmatched vertex is called the head of the spider);

— thick spider if it is the complement of a thin spider;

— matched co-bipartite graph if G is partitionable into two cliques Cy, Cy with
|C1| = |Ca] or |C1] = |Ca| + 1 such that the edges between C; and Cy are
a matching and at most one vertex in C7 and Cs is not covered by the
matching;

— co-matched bipartite graph if it is the complement of a matched co-bipartite
graph;

— bipartite chain graph if it is a bipartite graph B = (X,Y, F) and for all
vertices from X (Y'), their neighborhoods in Y (X)) are linearly ordered (bi-
partite chain graphs appear in [50]; in [40] they are called difference graphs);

— co-bipartite chain graph if it is the complement of a bipartite chain graph.

— enhanced co-bipartite chain graph if it is partitionable into a co-bipartite
chain graph with cliques C1, Cy and three additional vertices a, b, ¢ (a and ¢
optional) such that N(a) = C; UCy, N(b) = Cy, and N(c) = Cs.

— enhanced bipartite chain graph if it is the complement of an enhanced co-
bipartite chain graph.

There are some basic tools extending small subgraphs in prime graphs which
are of great use in many cases when investigating small classes of prime graphs.

Lemma 1 ([37]). If a prime graph contains an induced Cy then it contains an
induced house or A or domino.

The graph complement version of Lemma 1 is

Corollary 1. If a prime graph contains an induced 2Ky then it contains an
mduced Ps or A or co-domino.

Lemma 2 ([45]). If a prime graph contains a triangle Cs then it contains an
induced house or bull or double-gem.

The graph complement version of Lemma 2 is
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Corollary 2. If a prime graph contains a set of three pairwise nonadjacent ver-
tices then it contains an induced Ps or bull or A.

Note that unlike the case of three pairwise nonadjacent vertices, the case of
four pairwise nonadjacent vertices leads to infinitely many prime extensions as
shown in [10]. Based on the reducing copath method of [51], [9] describes also
the extensions of a claw, a diamond and a P3 + K7 which lead to finitely many
extension graphs.

Hoang defined in [35] that a graph is Py-sparse if no set of five vertices in G
induces at least two distinct P,’s. From the definition of Ps-sparse graphs, it is
obvious that a graph is P;-sparse if and only if it contains no Cs, Py, Ps, P, P,
chair, co-chair (see Figure 1). The motivation for P;-sparse graphs and variants
was given by

— applications in areas such as scheduling, clustering and computational se-
mantics;
— natural generalizations of cographs.

Theorem 1 ([35]). The prime Py-sparse graphs are the spiders.

Spiders were called turtles in [35].

The class of Ps-sparse graphs was extended in several ways leading to simple
prime graphs - see e.g. [3,29,32].

3 Cographs, Clique Width, and Algorithmic Problems

The Py-free graphs (also called cographs) play a fundamental role for graph
decomposition; see [13] for a survey on this graph class and related ones. For
a cograph G, either G or its complement is disconnected, and the cotree of G
expresses how the graph can be recursively generated from single vertices by re-
peatedly applying join and co-join operations. Thus, the modular decomposition
tree of cographs contains no prime nodes. See [19] for linear time recognition of
cographs and [17,18,19,13] for more informations on Py-free graphs.

In [20], the join and co-join operations were generalized to the following
operations in labeled graphs:

creation of single vertices with integer label 4,

— disjoint union (i.e. co-join),

— join between all vertices with label ¢ and all vertices with label j for i # 7,
and

relabeling vertices of label ¢ by label j,

[20] then defines the clique width cwd(G) of a graph G as the minimum
number of labels which are necessary to generate a given graph by using the
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three operations. Obviously, the clique width of cographs is at most two. A k-
expression for a graph G of clique width k describes the recursive generation of G
by repeatedly applying the three operations using only a set at most k different
labels.

Proposition 1 ([21,22]). The clique width of a graph G is the mazimum of the
clique width of its prime graphs, and the clique width of its complement graph G
s at most twice the clique width of G.

Recently, the concept of clique width of a graph attracted much attention
since it gives a unified approach to the efficient solution of many algorithmic
graph problems on graph classes of bounded clique width via the expressibility
of the problems in terms of logical expressions; in [21], it is shown that every
algorithmic problem expressible in a certain kind of Monadic Second Order Logic
called LinEMSOL(m,1,) in [21], is linear-time solvable on any graph class with
bounded clique width for which a k-expression can be constructed in linear time.

Hereby, in [21] it is mentioned that, roughly speaking, MSOL(7;) is Monadic
Second Order Logic with quantification over subsets of vertices but not of edges;
MSOL(7,1) is the extension of MSOL(7) with the addition of labels added
to the vertices. LinEMSOL(7; 1) is the extension of MSOL(7y ) which allows
to search for sets of vertices which are optimal with respect to some linear
evaluation functions. The Maximum Weight Stable Set Problem is an example
of a LinEMSOL(ry 1) problem.

Theorem 2 ([21]). Let C be a class of graphs of clique width at most k such
that there is an O(f(|E|),|V]) time algorithm, which for each graph G in C,
constructs o k-expression defining it. Then for every LinEMSOL(t1 1) problem
on C, there is an algorithm solving this problem in time O(f(|E]), |V]).

Note that the clique width of distance hereditary graphs (which are exactly
the (house, hole, domino, gem)-free graphs; see [13] for different characteri-
zations of these graphs) is at most 3 as shown in [34], and thin spiders and
bipartite chain graphs are (house, hole, domino, gem)-free. Thus, their clique
width is at most 3. Moreover, for thick spiders, co-bipartite chain graphs,
matched co-bipartite graphs, co-matched bipartite graphs, enhanced bipartite
and co-bipartite chain graphs, induced paths and cycles of arbitrary length as
well as for graphs having a fixed number of vertices, it can be seen by using
Proposition 1 or in a straightforward way by giving a k-expression that their
clique width is bounded by a constant.

Recall that Theorem 1 says that the prime P,-sparse graphs are the spiders,
and according to Proposition 1 and the fact that the clique width of spiders is
bounded by 3, it follows that Py-sparse graphs have bounded clique width. In a
similar way, other examples lead to bounded clique width - see the next section.
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4 Some Classes of Bounded Clique Width

We first mention complete descriptions of prime (Ps,Ps,bull)-free, (Ps,Ps,co-
chair)-free and of (bull,chair,co-chair)-free graphs:

Theorem 3 ([28]). If G is a prime (Ps,Ps,bull)-free graph then G or G is a
C5 or a bipartite chain graph.

Theorem 4 ([29]). If G is a prime (Ps,Ps,co-chair)-free graph then G is either
a bipartite chain graph or a spider or Cs.

Theorem 4 has a slightly simpler proof in [15].

Theorem 5 ([8]). If G is a prime (bull, chair, co-chair)-free graph then G or
G is co-matched bipartite, a path, or a cycle.

Our next example gives a complete description of (Ps,diamond)-free graphs:

Theorem 6 ([4]). If a connected and co-connected graph G is (Ps,diamond)-
free then the following two conditions hold:

)
) G* is an enhanced bipartite chain graph;
) G* has at most 9 vertices.

Theorem 6 turns out to be useful in some other cases since other classes
of prime graphs are contained in the class of (P5,diamond)-free graphs as the
subsequent theorems show.

Theorem 7 ([15,8]). Let G be a prime graph.

(i) If G is (Ps,co-chair,gem)-free then G is (Ps,diamond)-free.
(it) If G is (Ps,bull,co-chair)-free then G is either the complement of an induced
path or cycle or (Ps,diamond)-free.

Theorem 8 ([5]). Let G be a prime graph.

(i) If G is (Ps,Ps,gem)-free then G is a distance-hereditary graph or a Cs.

(i) If G is (Ps,gem,co-gem)-free ((Ps,bull,gem)-free, (Ps,chair,gem)-free) then
G is (Ps,diamond)-free.

(iii) If G is (Ps,P,gem)-free then G is a matched co-bipartite graph or a gem-free
split graph (being distance hereditary) or Cs.

Now, Proposition 1 and the fact that all particular graph occuring in the
theorems such as bipartite chain graphs, spiders etc. have bounded clique width,
implies:
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Corollary 3. The graph classes described in Theorems 3 - 8 have bounded clique
width.

Meanwhile, it was shown in [12] that the class of (chair,co-P,gem)-free
graphs has bounded clique width.

It is interesting to study other combinations of forbidden P, extensions. In
some of the cases, it turns out that the class has unbounded clique width since
it contains the class of bipartite graphs, split graphs or unit interval graphs or
their complement class which classes have unbounded clique width as shown in
[34]. In many cases, however, the question whether the clique width is bounded
remains open - see [5] for a list of such problems.

5 Robust MWS Algorithms

Recall that for all classes of constant-bounded clique width for which k-
expressions can be found in linear time, the MWS problem can be solved in
linear time. This holds true for all examples in the previous section but does
not automatically mean a linear time robust algorithm since the recognition
time bounds are not necessarily linear.

For (Ps,diamond)-free graphs however, there is a slightly larger class C having
linear time recognition and the same clique width which implies that there is a
robust linear time MWS algorithm for class C and thus for (Ps,diamond)-free
graphs [4]: take C = the class of graphs whose homogeneous sets are cographs
and whose characteristic graph is either matched co-bipartite or a thin spider or
an enhanced bipartite chain graph or have at most 9 vertices.

This is also applicable for some subclasses of (Ps,diamond)-free graphs
mentioned in Theorem 8.

Thus we get the following principle (without using the clique width ap-
proach) which solves the MWS problem in linear time on (Ps,diamond)-free
graphs in a robust way:

Algorithm «,,(G) for (Ps,diamond)-free graphs

Input: A connected and co-connected graph G.
Output: The maximum weight «,,(G) of a stable set in G or a proof that
G is not (Ps,diamond)-free (G is not in C).

(1.1) Determine the maximal homogeneous sets Hi,...,Hy of G and check
whether they all induce cographs. If not, then STOP - G is not
(Ps,diamond)-free (is not in C).

(1.2) Otherwise, for all ¢ € {1,... ,k} determine o, (H;) using the cotree repre-
sentations of Hy, ..., Hg.
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(1.3) Construct the weighted characteristic graph G* by shrinking H; to one
vertex h; and giving h; the weight o, (H;) for all i € {1,... ,k}.
(2) If G* is a matched co-bipartite graph, a thin spider, an enhanced bipartite
chain graph or a graph with at most 9 vertices then solve the problem in
a straightforward ways;
(3) If G* is none of these graphs then G is not (Ps,diamond)-free (G is not in
0).

Note that the Maximum Weight Clique Problem can be solved in a completely
analogous way.

Theorem 9 ([4]). Algorithm o, (G) for (Ps,diamond)-free graphs is correct and
works in linear time O(n 4+ m).

In [12] it is shown that the simple structure of (chair,co-P,gem)-free
graphs (leading to bounded clique width) enables a similar approach as for
(Ps,diamond)-free graphs. In this way, [12] improves the time bound O(n*) for
the MWS problem given in [39,52] to a robust linear time algorithm.

Now to other examples where we do not get linear time bounds but use some
structural results showing that under additional conditions which help to solve
the MWS problem, the clique width of some classes is bounded.

Theorem 10 ([6]). Let G be a prime graph with stability number a(G) > 3.

(i) If G is (Ps,claw)-free then G is either a thin spider or a 3-sun.

(it) If G is (Ps,bull)-free then G is a bipartite chain graph.

(iti) If G is (bull,claw)-free then G is an induced Py, k > 5, or an induced Cy,
k> 6.

Theorem 10, (i) improves a result of [7]. Moreover, Theorem 3 is a corollary
of Theorem 10, (i).

Theorem 10 leads to an obvious robust algorithm for the MWS problem
on (Ps,claw)-free, (Ps,bull)-free and (bull,claw)-free graphs with time bound
O(MM) by using the structural result given in Theorem 10 in the case that
a(G) > 3 and computing a,,(G) in a direct way if a(G) < 2.

In [26], De Simone and Sassano solved the MS problem for bull- and chair-free
graphs in time O(n3). Moreover, De Simone showed

Lemma 3 ([25]). If a prime (bull,chair)-free graph contains an induced co-
diamond then it is bipartite or an induced odd cycle Copy1, k > 2.

The subsequent result improves the results by De Simone and Sassano [26,
25] in several ways:

Theorem 11 ([8]). If G is a prime (bull, chair)-free graph with a(G) > 4 or
containing a co-diamond then G is co-matched bipartite or an induced path or
cycle.
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This leads to an O(nm) time bounded robust algorithm for the MWS
problem in [8] for (bull,chair)-free graphs: If G is co-gem-free then the problem
can be solved in a straightforward way in time O(nm), and if G contains a
co-gem i.e. G contains a co-diamond, Theorem 11 is applicable.

Note that the clique width of (bull,chair)-free graphs is unbounded since
every bipartite graph is (co-P,Cs,bull,co-chair,house,gem)-free, and in [34] it
was shown that an n x n square grid has clique width n + 1 which means that
bipartite graphs and thus also co-bipartite graphs have unbounded clique width.
Thus, the class of (P,C5,bull,chair, Ps,co-gem)-free graphs (being a subclass of
the (bull,chair)-free graphs) has unbounded clique width.

Our last examples are based on the fact that for 2K5-free graphs, the MWS
problem can be solved in polynomial time due to a result of Farber [27] showing
that 2K,-free graphs have O(n?) maximal stable sets, and by enumerating these
maximal stable sets using the algorithm given in [49], an O(n®) time bounded
algorithm for the MWS problem is obtained. By using some additional tricks,
the time bounds can be improved.

Theorem 12 ([15]). If G is a prime (Ps,co-chair)-free graph containing an
induced 2K5 then G is matched co-bipartite.

The class of (Ps,co-chair)-free graphs has unbounded clique width due to a
result of [34] showing that unit interval graphs (which are the claw-free interval
graphs) have unbounded clique width.

Note that prime (Ps,co-P)-free graphs are even 2Ks-free which implies that
the MWS problem is solvable in time O(n®) on these graphs.

Theorem 13 ([11]). If G is a prime (Ps,gem)-free graph containing an induced
2K5 then G is matched co-bipartite.

We do not know whether the class of (Ps,gem)-free graphs has unbounded
clique width.

Robust algorithms for the MWS problem have the following time bounds:

1. (Ps,co-chair)-free graphs: O(nm) time [15];
2. (Ps,gem)-free graphs: O(n?) time [11];

Note that in [14], a robust O(nm) time algorithm for the (unweighted) MS
problem on (Ps,P)-free graphs is given.
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Multicasting in Optical Networks*

Luisa Gargano
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Optics is a key technology in communication networks to enable bandwidth
intensive applications, such as video conferencing, real-time medical imaging,
broadcasting services to home [3]. Readers interested in the relevant aspects of
fiber optic technology are referred to [TIUTHITT].

In WDM (Wavelength Division Multiplexing) optical networks, the available
optical fiber bandwidth is utilised by partitioning it into several channels, each
at a different wavelength. Each wavelength can carry a separate stream of data.
In general, a WDM network consists of routing nodes (equipped with switches
operating directly in the optical domain), interconnected by point—to—point optic
fiber links. Each fiber—link can support a given number of wavelengths.

A Dbasic mechanism of communication in a wavelength routed network is
a lightpath. A lightpath is an all-optical communication channel between two
nodes in the network and it may span more that one fiber link. The interme-
diate nodes in the fiber path route the lightpath directly in the optical domain
using their switches. Data transmission through a lightpath does not require elec-
tronic processing at the intermediate nodes, thus reducing delay and improving
reliability. In the absence of any wavelength conversion device, the lightpath is
required to be on the same wavelength channel through its path in the network.
A fundamental requirement in a wavelength routed WDM network is that two or
more lightpaths traversing the same fiber link must be on different wavelength
channels so that they do not interfere with one another.

Given a communication request from node z to node y, one sets up a lightpath
for it by choosing a path from = to y in the network and assigning a wavelength
to this path. Similarly, given a set of communication requests, one has to set up a
corresponding set of lightpaths under the basic constrain recalled above that two
lightpaths traversing the same fiber link must be assigned different wavelengths.
There is a vast literature dealing with the problem of minimizing the number
of wavelengths to set up lightpaths for (classes of) communication requests (see
e.g., [I2V7T39T4IT6]). A summary of graph theoretical problems associated
with routing in optical networks can be found in [3/T0].

Multicasting is the simultaneous transmission of data from a source to a sub-
set of all possible destinations in the network. Multicast service is becoming
a key service in computer networks. Many applications such as shared withe-
boards, distributed interactive simulation, and teleconferencing require efficient
multicast, where a sender transmits data to a group of receivers in an efficient
way [6I8/12].

* Research partially supported by the European Community under the RTN project:
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In this talk, we will present several algorithmic problems and results con-

nected to the problem of multicasting in all-optical networks.
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Abstract. In this paper we propose an advanced randomized coloring
algorithm for the problem of balanced colorings of hypergraphs (dis-
crepancy problem). It allows to use structural information about the
hypergraph in the design of the random experiment. This yields color-
ings having smaller discrepancy than those independently coloring the
vertices. We also obtain more information about the coloring, or, con-
versely, we may enforce the random coloring to have special properties.
Due to the dependencies, these random colorings need fewer random bits
to be constructed, and computing their discrepancy can be done faster.
We apply our method to hypergraphs of d-dimensional boxes. Among
others, we observe a factor 24/2 decrease in discrepancy and a reduction
of the number of random bits needed by a factor of 2¢.

Since the discrepancy problem is a particular rounding problem, our
approach is a randomized rounding strategy for the corresponding
ILP-relaxation that beats the usual randomized rounding.

Keywords: randomized algorithms, hypergraph coloring, discrepancy,
randomized rounding, integer linear programming.

1 Introduction and Results

1.1 The Discrepancy Problem and Integer Linear Programs

In this paper we deal with a special kind of integer linear programs, namely
those that model discrepancy problems. Roughly speaking, the combinatorial
discrepancy problem is to partition the vertex set of a given hypergraph into two
classes in a balanced manner, i.e., such that each hyperedge contains the same
number of vertices in each of the two partition classes. To be precise:

We call a pair H = (X, &), where X is finite set and & C 2%, a hypergraph.
The elements of X are called vertices, those of €& hyperedges. A partition of X into
two classes is usually represented by a coloring x : X — C for some two-element
set C. The partition then is formed by the color classes x~1(i),i € C. It turns
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out to be useful to select —1 and +1 as colors. For a coloring x : X — {—1,1}
and a hyperedge FE € £ then the expression

X(E) =Y x(a)

z€E

counts how many of the +1-vertices of E cannot be matched by —1-vertices.
|X(E)| is therefore a measure of how balanced the hyperedge E is colored by x.
As it is our aim to color all hyperedges simultaneously in a balanced manner,
we define the discrepancy of y with respect to H by

dise(#, x) -= max [x(E)|.

The discrepancy problem originated from number theoretical problems (e. g.
van der Waerden [vdW27] or Roth [Rot64]), but due to a wide range of ap-
plications and connections it has received an increased attention by computer
scientists and applied mathematicians during the last twenty years.

Most notably is the connection to uniformly distributed sets and sequences
which play a crucial role in numerical integration in higher dimensions (quasi-
Monte Carlo methods). This area is also called geometric discrepancy theory. Via
the so-called “transference principle”, geometric and combinatorial discrepancies
are connected with each other. An excellent reference on geometric discrepancies,
their connection to combinatorial ones and applications is the book of Matousek
[Mat99)].

The notion of linear discrepancy of matrices describes how well a solution of
a linear program can be rounded to an integer solution (lattice approximation
problem). Due to work of Beck and Spencer [BS84] and Lovész et al. [LSV86], the
linear discrepancy can be bounded (in a constructive manner) by combinatorial
discrepancies.

Further applications are found in computational geometry and the theory of
communication complexity. For these and other applications of discrepancies in
theoretical computer science we refer to the new book of Chazelle [Cha00].

Discrepancy problems can be formulated as integer linear programs. Since we
believe that our methods can be extended to this more general context, let us
briefly sketch the connection: Let X = {1,... ,n} =:[n] and &€ = {E4,... ,E,}.
Then the following integer linear program (here given as a 0,1 ILP) solves the
discrepancy problem for H:

minimize 2\

subject to

le_%|EJ|§>\’ j:].,...,m
i€EE;
—le+%|E]|§>\, j:].,...,m
S
SL’Z‘E{O,l}, 1=1,...,n
A>0.
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The problem in using the linear relaxation of this ILP is that there always
exists the trivial solution x = (x1,... ,x,) = %LL. Therefore, a fruitful connec-
tion between solutions of the [0, 1]-relaxation and the original problem is not to
be expected.

On the other hand, randomized rounding strategies for this trivial solution
yield random colorings and, vice versa, generators of random colorings can be
interpreted as randomized rounding strategies. Thus both problems are strongly
connected. It also turns out that the tools used and the difficulties occurring
in both problems are very similar. Thus we think that the methods of this
paper might have a broader application and are not restricted to the discrepancy
problem.

Note that when applying a randomized rounding strategy to the above ILP,
we do not need to care about feasibility (as for most randomized rounding prob-
lems). The reason is that any infeasibility inflicted by the rounding, i.e., any
violation of the constraints, simply is a discrepancy.

1.2 Algorithmic Aspects of Randomized Coloring and Randomized
Rounding

Discrepancy is an N P-hard problem. It is even N P-hard to decide whether a
zero discrepancy coloring exists or not. Efficient algorithms finding an optimal
coloring therefore are not to be expected. Indeed, very little is known about
the algorithmic aspect of discrepancy. For some restrictions of the problem a
nice solution exist, e. g. for hypergraphs having vertex degree at most ¢. Beck
and Fiala [BF81] gave a polynomial time algorithm leading to a coloring having
discrepancy less than 2t.

A common algorithmic approach for the general case (and in fact the only
one known to us) are random colorings obtained by independently choosing a
random color for each vertex. Via a Chernoff-bound analysis (see e.g. Alon and
Spencer [AS00]) this yields colorings having discrepancy O(y/nlogm), where
as above n shall always denote the number of vertices and m the number of
hyperedges. More precisely, they show

Theorem 1. A random coloring obtained by independently choosing a random
color for each vertex has discrepancy

disc(H, x) < v/2nlIn(4m)
with probability at least %

Note that this yields a randomized algorithm computing a coloring of the
claimed discrepancy by repeatedly generating and testing a random coloring
until the discrepancy guarantee of the theorem is satisfied. This algorithm has
expected run-time O(n(R + m)), where R is the complexity of generating a
random bit. To get rid of the random aspect, several so-called derandomiza-
tion techniques have been developed. We refer to [Sri01] for a survey. Random
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constructions show that (at least for suitable values of n and m) there are hy-
pergraphs having discrepancy £2(y/nlog ™). Thus this approach cannot be im-
proved significantly in the general case.

Via the transfer sketched in the previous subsection, all of the above holds
for general rounding problems as well. In particular, no randomized rounding
strategy for a linear problem of n variables and m constraints can guarantee a
violation in the constraints of less than £2(,/nlog 2).

A central problem with random colorings (random rounding) is therefore
how to take into account the special structure of the hypergraph (the ILP). One
way to deal with this is to use random colorings as above, but to tighten the
analysis using the structural information. Limited dependencies of ‘bad’ events
play a crucial role here. Two papers in this context are Schmidt et al. [SSS95]
and Srinivasan [Sri96].

A second approach is to use a different kind of random colorings, i.e., to
design the random experiment in a way that it exploits the structure of the
hypergraph. This is what we do in this paper.

1.3 Our Results

We analyze a way of generating random colorings not by independently coloring
the vertices, but by enforcing some dependencies. Thus we are able to exploit
structural information about the hypergraph.

This proves to be effective in several ways. Firstly, it allows to generate
random colorings having smaller discrepancy. Being a fairly general class of
hypergraphs that have some common structure, we analyze hypergraphs of d—
dimensional boxes. Our randomized colorings beat the ordinary random colorings
in terms of discrepancy by a factor roughly 2%4/2.

A second advantage is that we also obtain some more information about the
random coloring. For example, we may prescribe that our colorings should be
fair, that is, have equal-sized color classes. This can be useful in some applica-
tions, e. g. the recursive method to construct balanced multi-colorings of [DS0T]
uses fair colorings. A nice thing from the technical point of view is that we get
these fair colorings without extra technical difficulties. Usually, working with
fair colorings is more difficult, since the hypergeometric distribution is harder to
analyze than the binomial one (cf. Chvétal [Chv79] and Uhlmann [UUhI66]).

A third point concerns the complexity of generating the colorings. Due to
the dependencies the number of random bits needed to generate our random
colorings is smaller than for ordinary random colorings. For the hypergraphs of
d-dimensional boxes we reduce the number of random bits needed by a factor
of 2¢. This is important, if generating random bits is costly.

Finally, computing the discrepancy of our random colorings can be done
faster compared to ordinary random colorings. The reason is that (depending
on the hypergraph, of course) the number of relevant hyperedges, i.e., those for
which x(F) has to be computed, is reduced. Since a typical randomized algorithm
computes a low-discrepancy coloring by repeatedly generating a random coloring
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and then computing its discrepancy until a satisfactory solution is found, this
fact also speeds up computing low-discrepancy colorings.

2 Structured Randomized Coloring

As mentioned in the introduction, our aim is to generate random colorings that
do not independently color the vertices, but on the contrary use suitable depen-
dencies that reflect the structure of the hypergraph. To do so, we partition the
vertex set into classes. Within such a class, we will have perfect dependence,
that is, each vertex determines the color of all other vertices in the class. For
two vertices lying in different classes, their colors shall be chosen independently.
The problem of this very general approach is of course to catch the structure
of the hypergraph through the partition and the dependencies in the partition
classes. We show an example of how to do so in the next section and proceed by
fixing the general framework.

Let P = {P1,...,P.} be a partition of the vertex set. Let xp, : P, —
{=1,+1} be colorings such that [xp, (EN P;)| < 1 holds for all edges E € £. For
a hyperedge E € & set

I(P,E) :={i € [r]lxp(ENF;) # 0},

hence xp,(ENP;) € {—1,+1} for all ¢ € I(P, E). We generate a random coloring
like this: For each i € [r] := {1,... ,r} we ‘flip a coin’, i.e., independently and
uniformly choose a random sign ¢; € {—1,+1}. Let x : X — {—1,+1} denote
the union of the &;xp,, that is, we have x(z) = &;xp,(z) for all z € P;. We call
X a structured random coloring with respect to P and the xp,,i € [r]. Here is a
discrepancy estimate for such a coloring.

Lemma 1. Let x be a structured random coloring with respect to P and the
Xp;, i € [r]. For any hyperedge E € £ we have

2
P(Ix(E)| > \) < 2¢~ =70mm.

The proof is not very difficult. We still state it here, as it reveals why our
structured random colorings are superior to the ordinary ones.

Proof. For each i € I(P,E) define a random variable Z;, = xp,(ENP;) =
> wernp, XP;(@). Set Z =37, c1p ) Zi- Note that Z = x(E). Since the Z; are
mutually independent —1, 1 random variables, we may apply the Chernoff bound
(cf. [AS00], Corollary A.1.2) and get

P(1Z] > \) < 9¢ ™ ATF B,



466 B. Doerr

Comparing Lemma [I] with the analogous estimate for ordinary random col-
orings

2
P(|x(B)| > \) < 2¢~ 711,

we see that in our version we replaced the cardinality |E| of the hyperedge by
the possibly smaller number of P; such that xp,(E N P;) # 0. We thus reduced
the relevant size of the hyperedges.

There is a second way structured random colorings can improve discrepancy
bounds, namely by reducing the number of relevant hyperedges. Set

Ep = | J{ENP)|xp(ENP)#0}

for all E € £ and Ep := {Ep|E € £}. From the definition of structured random
colorings it is clear that any structured random coloring x with respect to P and
the xp, P € P fulfills x(E) = x(Ep). In particular, we have

disc(H, x) = disc((X, Ep), X)-

Depending on the partition P and the colorings x p,, the mapping E — Ep
is not injective, and hence |Ep| < |€|. In this case we only need to consider the
smaller number |Ep| of hyperedges. Since the discrepancy bound depends on the
number of hyperedges just logarithmically, this effect is less important compared
to the reduction of the relevant sizes of the hyperedges. It can however be useful,
as it makes the computation of disc(H, x) easier.

This observation together with Lemma [T] yields

Theorem 2. Let so := maxgeg |I(P,E)| and mg := |Ep|. Then a structured
random coloring with respect to P and the xp, P € P has discrepancy at most

disc(H, x) < /250 In(4myg)
with probability at least %
Proof. Omitted. O

There are two more points to add concerning structured random colorings.
One is that we may get information about x through properties of the colorings
xp, P € P. For example, if each xyp, P € P has equal-sized color classes, then
this also holds for x. Conversely of course, we may enforce certain properties on
x by choosing suitable colorings xp, P € P.

Secondly, from the definition of structured random colorings it is clear that
to generate a structured random coloring with respect to P and xp, P € P, we
need only |P| random bits instead of n random bits needed for ordinary random
colorings.
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3 Higher-Dimensional Boxes

In this section we show how the method described above can be applied to an
actual example, namely hypergraphs of higher-dimensional boxes. They display
some regularity that can be exploited. On the other hand, this is still a fairly
general class of hypergraphs. For similarly geometrically defined hypergraphs,
so-called cylinder intersections, a discrepancy result was used to prove bounds
on multi-party communication complexities by Babai et al. [BHK9S|.

We say that a hypergraph H = (X,&) is a hypergraph of d—dimensional
bozxes for some d € N, if there is a decomposition X = X; x --- x X4 such that
each hyperedge E € £ has a representation £ = E; X --- X E, respecting the
decomposition of X, i.e., such that F; C X; holds for all i € [d]. Let us agree to
call any set Fy X --- X Eg such that E; C X, for all i € [d] a box.

For an arbitrary number r we denote by [r], the smallest even integer not
being smaller than r. We show

Theorem 3. Let H = (X, €) be a hypergraph of d—dimensional bozes. Let X =
X1 X -+ x Xg4 be a corresponding decomposition. Set n := | X|, n; := |X;| fori €
[d] and m := |E|. Then there are structured random colorings x : X — {—1,1}
having discrepancy at most

disc(H, x) <27 \/[”112 -+ [ngl, In(4m)

with probability at least % Generating these structured random colorings needs
279, random bits.

Note that Theorem [I] using ordinary random colorings only proves a bound
of \/2n1 -+ -ngIn(4m) = /2nIn(4m). This is worse by a factor of 2%/2 (in the
case of even n;).

Proof. Without loss of generality we may assume that X; = [n;]. We first con-
sider the case that all n;,2 =1,... ,d, are even.
Set P = {{2z1 — 1,21} x - x {224 — 1,224} | Vi € [d] : 2; € [5]}, that is,
we partition the vertex set into small cubes of size 2¢ in a rather canonical way.
The coloring corresponding to each small cube shall be such that adjacent
(in the Hamming distance sense) corners always receive opposite colors. More
formally, for a given cube P € P we define a coloring xp : P — {—1,1} by

xp(z)=1 < Z x; is even
i€[d]

for all @ = (z1,... ,2q).

Let £ € £ and P € P. As both E and P are boxes, so is £ N P. From
the definition of xp we see that any subbox S of P such that |S| # 1 fulfills
Xx(S) = 0. Hence |xp(ENP)| <1forall E €& and P € P. We may therefore
define random structured colorings with respect to P and the yp, P € P as
introduced in Section [2l Let x be such a coloring.



468 B. Doerr

We have |I(P, E)| < |P| = 2~%n. Applying Theorem Rl with sy = 279, we

get the bound
disc(H, x) < 2= vnln(4m),

which finishes the proof in the case that all n;,7 =1,... ,d, are even.

For the general case we consider the hypergraph H; = ([[ni],] x -+ X
[[nals), €). Since H is a subhypergraph of H;, any coloring x; for #; by re-
striction yields a coloring x = (x1)x for H. The claim follows from disc(H, x) <
disc(H1, x1) and applying the case of even cardinality sets to H;. O

Apart from this improved discrepancy bound, we also gained some informa-
tion about the coloring itself. For example, all geometric boxes are colored very
nicely. We call a box B C X a geometric boz, if it can be represented in the form
B =1 x---x I for some intervals I; C [n;],7 € [d]. As can be seen easily, these
boxes fulfill |x(B)| < 2¢ for any structured random coloring x with respect to P
and xp, P € P.

Furthermore, our colorings are fair, that is, they are perfectly balanced on the
whole vertex set. We have x(X) = 0, if | X| is even, and x(X) € {—1,1}, if | X|
is odd (note that any odd cardinality set S cannot have discrepancy x(S) = 0,
no matter what the coloring x is like).

Fair colorings are important in recursive algorithms and divide-and-
conquer procedures. The relation between combinatorial discrepancies and e—
approximations (and thus also the “transfer principle” connecting geometric
and combinatorial discrepancies) rely on the concept of fair colorings. We re-
fer to the first chapter of Matousek [Maf99] for the details. Another example
is the recursive method to construct balanced multi-colorings from 2—color dis-
crepancy information (cf. [DSOT]).

If X € &, then fairness can be obtained by recoloring some vertices in the
larger color class. This increases the discrepancy by a factor of at most 2. With
our structured random colorings, we can get fairness “for free”.

To show how such structural knowledge about the random coloring can be
used to reduce the number of relevant hyperedges, we examine a special class of
box hypergraphs: The hypergraph of all d-dimensional boxes in [ng]¢ for some
ng € Nis H = ([no]?, {S1 x - -+ x S4|S; C [no]}). The usual random colorings

(Theorem [)) fulfill
disc(He,) < \/2nd In(4 2m0d)
d+1
=V2In2n,? Vd(1+o(1))
d+1

~ 1.18n,2 Vd(1+0(1))
with probability at least % In the following theorem we improve this bound
and also show that less than 370%/2 of the 2"0¢ hyperedges are relevant. For

convenience let us concentrate on the case that ng is even. The general result
can be obtained from similar reasoning as in the proof of Theorem [
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Theorem 4. Letng,d € N, ng even, d > 2 and set n := nd. There are structured

random colorings x for ’Hfm that have

d+1
dise(H,,x) < 1.05 2742n,> Vd

with probability at least % Generating these colorings needs 2~%n random bits.

To compute their discrepancy, only 2~43"0%2 hyperedges have to be regarded.

Proof. Set P := {{2x1 — 1,221} x --- x {224 — 1,224} |21, -+ ,24 € [%]} and
define xp, P € P as in the proof of Theorem[3. Let x be a random coloring with
respect to P and xp, P € P. As above we have |I[(P, E)| < 27 9nd.

Now let us bound the number of hyperedges that are relevant for the dis-
crepancy of x with respect to H. We first compute |Ep|. Let E = S1 x -+ x Sg.
Assume that for some i € [d] and = € [%] we have {22—1,2z} C S;. Then no box
P={2x;—1,2z1} x---x{2x4—1, 224} such that z; = x intersects E in exactly
one vertex. From some elementary properties of boxes and the definition of xp
we derive xp(ENP) =0. Thus Ep = (S1 x---x (S;\ {22 —1,22}) X - - X Sg)p.
By induction we see that 7 : E +— Ep is a projection of £ onto £. Therefore we
need to count its fixed points only to get |Ep|. We just exhibited that a necessary
(and sufficient) condition for a hyperedge E = Sy X --- X Sg to be a fixed point
is

Vi€ [dVe e [3]: SN {2r — 1,2z} < 1.
For each i € [d], z € [%] we therefore have exactly three possibilities: S; N {2z —
1,2z} is empty or {2z — 1} or {2z}. This makes |Ep| = 3"0%/2 fixed points.

Still, not all hyperedges in Ep are relevant. From the structure of x we derive
a further reduction: Note that for all ¢ € [d],

*yi:5—>€;51><---><S,L-><~--><Sd»—>51x---x([no]\Si)xu-de

is a fixed-point-free bijection of £ that leaves the set Ep of reduced hyperedges
invariant and preserves discrepancy: We have
X(E) = —x(i(E))

for all hyperedges E € £. In particular, the group (71,...,v4) ~ Z4 acts on &
and Ep in such a way that all orbits have length 2¢. As all elements of an orbit
have the same discrepancy with respect to Y, it is enough to consider just one
representative from each orbit. Let & C & be system of representatives of the
orbits in Ep, that is, & contains exactly one element of each orbit in Ep. Since
|Eo| = 27%|Ep|, we reduced the number of relevant hyperedges by another factor
of 2¢. From Theorem B we finally get (with probability at least %)

disc(H, x) = disc((X, &), x)
< \/2 2-dnd In(4 2-d3n0d/2)
d
< vln32_d/2n0%\/a
<1.05 272 T Vd.
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We should remark that the size reduction yields a change in the order of
magnitude in terms of d, namely the additional 292 factor, whereas counting
the relevant edges (less than (7/8)™ of the total number of edges) only improves
the constant by about 11%. Recall however, that reducing the number of relevant
hyperedges does reduce the complexity of checking whether a structured random
coloring fulfills the discrepancy bound of the theorem or not.

4 Summary and Conclusion

In this paper we presented a new way of generating random colorings for the
discrepancy problem of hypergraphs. This allows to use structural information
about the hypergraph and thus

— improves discrepancy guarantees,

— allows to prescribe additional properties regarding the coloring, e.g. fairness,

— reduces the number of random bits needed to generate the coloring,

— reduces the number of relevant hyperedges, and thus reduces the complex-
ity of computing the discrepancy of the random coloring and the expected
complexity of computing a low-discrepancy random coloring.

Since generating random colorings for a discrepancy problem is equivalent to
generating random roundings for the trivial solution of the corresponding ILP-
relaxation, we believe that these methods can be applied to a broader range of
ILPs as well.
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Abstract. We study the problem of scheduling n jobs that arrive over
time. We consider a non-preemptive setting on a single machine. The
goal is to minimize the total flow time. We use extra resource competitive
analysis: an optimal off-line algorithm which schedules jobs on a single
machine is compared to a more powerful on-line algorithm that has ¢ ma-
chines. We design an algorithm of competitive ratio O(min(A¢, n'/%)),
where A is the maximum ratio between two job sizes, and provide a lower
bound which shows that the algorithm is optimal up to a constant factor
for any constant ¢. The algorithm works for a hard version of the prob-
lem where the sizes of the smallest and the largest jobs are not known
in advance, only A is known. This gives a trade-off between the resource
augmentation and the competitive ratio.

We also consider scheduling on parallel identical machines. In this case
the optimal off-line algorithm has m machines and the on-line algorithm
has ¢m machines. We give a lower bound for this case. Next, we give
lower bounds for algorithms using resource augmentation on the speed.
Finally, we consider scheduling with hard deadlines.

1 Introduction

Minimizing the total flow time is a well-known and hard problem, which has
been studied widely both in on-line and in off-line environments [1[7I8]. The
flow time f(J) of a job J is defined as its completion time, C'(J), minus the time
at which it arrived, r(J) (the release time of J). This measure is applicable to
systems where the load is proportional to the total number of bits that exist in
the system over time (both of running jobs and of waiting jobs). In this paper,
we consider on-line algorithms using resource augmentation, and we examine the
effects on the performance of an algorithm if it has more or faster machines than
the off-line algorithm (see [6l9]).

We consider the following on-line scheduling problem. The algorithm has par-
allel identical machines, on which it must schedule jobs with different processing
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requirements that arrive over time. A job J (which arrives at time r(J)) with
processing requirement P(J) (also called running time or size) that becomes
known upon arrival, has to be assigned to one of the machines and run there
continuously for P(J) units of time. The objective is to minimize the sum of
flow times of all jobs. The total number of jobs is n.

We compare on-line algorithms that are running on ¢m machines (¢ > 1) to
an optimal off-line algorithm, denoted by OPT, that is running on m machines
but knows all the jobs in advance. Such on-line algorithms are also called /-
machine algorithms, since they use ¢ times as much machines as the optimal
off-line algorithm. An algorithm that uses the same number of machines as the
off-line algorithm, but uses machines which are s > 1 times faster, is called a
s-speed algorithm.

For a job sequence o and an on-line algorithm A, we denote the total flow
time of o in the schedule of A on ¢m machines by Ay, (o). We denote the optimal
total flow time for o on m machines by OPT,, (o). The competitive ratio using
resource augmentation is defined by

Apm (o
T'm.,em (A) = sup OPT((<)7) ,

where the supremum is taken over all possible job sequences . The goal of an
on-line algorithm is to minimize this ratio.

Approximating the flow time is hard even in an off-line environment (see |7}
8]). In an on-line environment it is well known that the best competitive ratio
of any algorithm that uses a single machine is n (easily achieved by a greedy
algorithm). The problem has been studied introducing resource augmentation by
Phillips, Stein, Torng and Wein [9]. They give algorithms with augmentation on
the number of machines. These are an O(log n)-machine algorithm (which has a
competitive ratio 1 + o(1)) and an O(log A)-machine algorithm (which achieves
the competitive ratio 1), where A is the maximum ratio between running times
of jobs. Both algorithms are valid for every m.

We give an algorithm Levels and show r; ¢(Levels) = O(min(n'/*, AY/*)),
where n is the number of jobs that arrive. This algorithm works for a hard
version of this problem where the sizes of the smallest and the largest jobs are
not known in advance; only A is known in advance. The algorithm in [9] works
only if the job size limits are known in advance.

Furthermore, we show that for all on-line algorithms A and number m; of off-

. 1/ A1/¢
%) . This shows that Levels is

optimal up to a constant factor for any constant [ against an adversary on one
machine.

In [4], a related problem on a network of links is considered. It immediately
follows from our lower bounds, that any constant competitive algorithm has a
polylogarithmic number of machines. More precisely, if A has a constant compet-

log(min(,n’m) ) This result can also
m\/log log(min(n,A))
be deduced from Theorem 10 in [4]. However, using their proof for the general

line machines we have ry,, ¢(A) = 2 (

itive ratio and ¢m machines, £ > 2 <
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lower bound would give only an exponent of ?15' Improving the exponent to be
the tight exponent % is non-trivial. Our results imply that by choosing a given
amount of resource augmentation, the competitive ratio is fixed. We adapt the
lower bound for the case where the on-line algorithm has faster machines than
the off-line algorithm. This results in a lower bound of £2(n!/ 2’”2) on the speed
of on-line machines, if £ = 1.

We also consider the following scheduling problem studied in [3l9]. Each job
J has a deadline d(J). Instead of minimizing the flow time, we require that
each job is finished by its deadline, effectively limiting the flow time of job J
to d(J) — r(J). The goal is to complete all jobs on time. For this problem,
we give lower bounds on the speed and the number of machines required for a
non-preemptive on-line algorithm to succeed on any sequence.

Throughout the paper, for a specific schedule ¢ for the jobs, we denote the
starting time of job J by S¢(J), and its flow time by f¢(J) = C¢(J) —r(J). We
omit the subscripts if the schedule is clear from the context.

2 Algorithms with Resource Augmentation

We have the following results for the case where n is not known and the case
where OPT has the same number of machines as the on-line algorithm.

Lemma 1. Any on-line algorithm for minimizing the total flow time on parallel
machines has a competitive ratio of £2(n) if it does not know n in advance, even
if it is compared to an off-line algorithm on one machine.

Proof. We use a number N >> 1.

One job of size 1 arrives at time 0. When it is started, N jobs of size 1/N
arrive with intervals of 1/N during the next 1 time. If they are all delayed until
time 1, no more jobs arrive and we are done. The optimal flow time on one
machine is 3 and the online flow time is O(N).

On the other hand, if one of those jobs is started while the first job is running,
N jobs of size 1/N? arrive with intervals of 1/N? during the next 1/N time.
Depending on the decision by the online algorithm, we continue in this way or
stop as soon as it delays N jobs (or reaches the last machine).

When all machines are in use, the online algorithm cannot prevent a flow
time of O(N). O

Lemma 2. r,¢(A) = 2(n/¢?) for all algorithms A.
Proof. A single unit job arrives at time 0. Let ¢ be the time at which A starts

n—1

this job. Let pu = ﬁ. For j = 0,..., "=, £ jobs of length p are released at

time ¢+ ju. It is easy to see that the optimal total flow time is ©(¢) whereas the
flow time of A will be 2(n/¢). Consequently, r¢¢(A) = 2(n/¢?). O

We define an algorithm Levels that knows n. Levels uses ¢ priority queues
Q@1,...,Qy (one for each machine) and ¢ variables Dy > ... > D,. We initialize
Q; = 0 and D; = 0. An event is either an arrival of a new job or a completion
of a job by a machine. Let v = n'/¢, where n is the number of jobs.
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Algorithm Levels

— If a few events occur at the same time, the algorithm first deals with all
arrivals before it deals with job completions.

— On completion of a job on machine 7, if Q; # 0, a job of minimum release time
among jobs with minimum processing time in @; is scheduled immediately
on machine . (The job is dequeued from Q;.)

— On arrival of a job J, let ¢ be a minimum index of a machine for which
D; < ~P(J). If there is no such index, take i = m. If machine ¢ is idle, J is
immediately scheduled on machine i, and otherwise, J is enqueued into @;.
If P(J) > D;, D; is modified by D; < P(J).

We analyze the performance of Levels compared to a preemptive OPT on
a single machine. Denote the schedule of Levels by 7. Partition the schedule
of each machine into blocks. A block is a maximal sub-sequence of jobs of non-
decreasing sizes, that run on one machine consecutively, without any idle time.

— Let N; be the number of blocks in the schedule of Levels on machine 7.
— Let B, be the k" block on machine i.

— Let b; ;. ; be the j*" job in block B,

Let N;j be the number of jobs in B; .

— Let P, be the size of the largest job in blocks B; 1,..., B; i.e.

P, = max max P(b;,.;
o T S 1<EN, (birs)

Pio=0 foralll<i¢</

— Let I = UISiSZ,ISkSNi Bi 1, i.e. I is the set of all jobs.

Similar to the proof in [5], we define a pseudo-schedule ¢ on £ machines, in which
job b; i ; is scheduled on machine ¢ at time Sw(bi’kd») — P; ,—1. Note that ¢ is
not necessarily a valid schedule, since some jobs might be assigned in parallel,
and some jobs may start before their arrival times.

The amount that jobs are shifted backwards increases with time. Therefore,
if there is no idle time between jobs in 7, there is no idle time between them in
1 either. Note that in ¢, the flow time of a job J can be smaller than P(J), and
even negative.

We introduce an extended flow problem. Each job J has two parameters
r(J) and r'(J), where r'(J) < r(J). r'(J) is the pre-release time of job J. Job J
may be assigned starting from time 7/(J). The flow time is still defined by the
completion time minus the release time, i.e. f(J) = C(J) —r(J). Going from an
input o for the original problem to an input ¢’ of the extended problem, requires
definition of the values of 7’ for all jobs. Clearly, the optimal total flow time for
an input o’ of the extended problem is no larger than the flow time of ¢ in the
original problem.

Let I; be the set of jobs that run on machine 7 in 7. We define an in-
stance I] for the extended problem. I] contains the same jobs as I;. For each
J € I, v(J) remains the same, Define 7'(J) = min{r(J),Sy(J)}. Clearly
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OPT(I) > Y'_, OPT(I;) > Y.t_, OPT(I}), where OPT(I;) is the preemp-
tive optimal off-line cost for the jobs that Levels scheduled on machine i. We
consider a preemptive optimal off-line schedule ¢; for I/ on a single machine. In
@;, jobs of equal size are completed in the order of arrival. Ties are broken as in
7. The following lemma is similar to [5].

Lemma 3. For each job J € I], fy,(J) > fu(J).

Proof. Since ry,(J) = ry(J) for each job J, we only have to show that in ¢;,
J does not start earlier than it does in 1. Assume to the contrary this is not
always the case. Let J; be the first job in ¢, for which Sy, (J1) < Sy (J1). Note
that in this case r’(J1) < Sy (J1) and hence r(J1) < Sy (J1). Let ¢t be the end of
the last idle time before Sy (J1), and let B, i be the block that contains J;.

Suppose P; ,_1 < P(Jy). Then all jobs that run on machine ¢ from time ¢
until time Sy (J1) in ¢ are either smaller than P(J7) or have the same size, but
are released earlier. Moreover, these jobs do not arrive earlier than time ¢, hence
in ¢; they do not run before time ¢. They do run before Sy,(J1) because they
have higher priority, hence Sy, (J1) > Sy (J1), a contradiction.

Suppose P; 1 > P(J1). J; was available to be run in ¢ during the inter-
val [r(J1), Sy(J1)] since r(J1) < Sy(J1). In 7, all jobs running in the interval
[r(J1), Sx(J1)] are smaller than J; (or arrived before, and have the same size),
except for the first one, say Jo. Since in 1), all these jobs are shifted backwards
by at least the size of Jy, during [r(J1), Sy (J1)] only jobs with higher priority
than J; are run in . Jj is the first job which starts later in ¢ than it does in ¢;,
so these jobs occupy the machine until time Sy (J1), hence Sy (J1) < Sg, (J1). O

Theorem 1. r; s(Levels) = O(n'/?).

Proof. Using Lemma [3] we can bound the difference between 1 and 7. Since
Levels(bi’k’j) = Cz/;(bi,k,j) + Pi,kfl - T(bi’k’j), we have

Levels(]) = Z Z Z (Cy(bikg)+ Pig—1—1(bik;))

1<i<l1<k<N; 1<j<N; i

< Y (Cylbing) —rlir)) + Y Pigr
biYk-,jEI blk’JEI
< OPT(I Z Pij 1.

b;. k,]el

Let P the maximum job size. We show the following properties:

P; 1 <~P(bi;) foreachjob by ;,1<i<l—1 (2.1)
Pprp_1 < 751 for each job by k. ; (2.2)
Adding both properties together we get
Levels(]) < OPT(I) Z P 1+ Z Py 1
by €l bk, €T

0
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P
SOPT(I)+~ Y Phixj)+ >, =
biyk,jEI b[,kijI
OPT(I)

< OPT(I) +~OPT(I) +n - = (2y+1)-OPT(I)

n=1)/t
This holds since OPT(I) > P and OPT(I) is at least the sum of all job sizes,
and since |I| = n.

To prove (21) we recall that b;j ; was assigned to machine i because it
satisfied D; < vP(b; i ;). If P;x—1 < P(bi,;) we are done. Otherwise the job
of size P; 1 arrived before b;; ; and hence when b;; ; arrived, D; satisfied
D; > Pj g1, hence P 1 < Di < vP(bj ).

To prove (22)) we show by induction that every job J on machine ¢ in Levels
satisfies P(J) < P/+"~!. This is trivial for i = 1. Assume it is true for some
machine i > 1, then at all times D; < P/4'~! holds. Hence, a job J’ that was
too small for machine i satisfied P(J’) < D;/v < P/~%. This completes the
proof. (I

We give a variant of Levels with a competitive ratio which depends on A,
the ratio between the size of the largest job and the size of the smallest job.
Algorithm Revised Levels: Run Levels with v = A'/Y

Theorem 2. 7 ;(Revised Levels) = O(AYY).

Proof. The proof is very similar to the proof of Theorem [[I The only difference
in the proof is that property (ZII) also holds for machine ¢ (this follows from
property (Z2) and the definition of A), hence the competitive ratio is now «y+ 1.

d

Taking v = min(n'/¢, AY/*) we can get a competitive ratio of O(min(n'/¢,

Al/é)).

3 Lower Bounds for Resource Augmentation

Theorem 3. Let A be an on-line scheduling algorithm to minimize the total
flow time on £ machines. Then for any 1 < my < ¢ and sequences consisting of

. /e
O(n) jobs, rm, ¢(A) = 2 (W)

We first describe a job sequence o and then show that it implies the theorem.
Let n be an integer. There will be at most Zf:o n'/* jobs in & (note Zf:o ni/t =
©(n)). We build o recursively, defining the jobs according to the behavior of the
on-line algorithm A.

Definition A job j of size « is considered active, if the previous active job of size
« is completed by A at least « units of time before j is assigned, and j finishes
before or when the job that caused its arrival finishes.

The first job in ¢ has size n and arrives at time 0. We consider it to be an
active job. On an assignment of a job j of size a by A, do the following;:
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— If j is active, and all other machines are running larger jobs (all machines
are consequently busy for at least a units of time), n jobs of size 0 arrive
immediately. No more jobs will arrive.

— Otherwise, if j is active, then j causes the arrival of n'/¢ jobs of size % L
These jobs arrive starting the time that j is assigned, every -7 units of
time, until they all have arrived.

— In all other cases (j is not active), no jobs arrive till the next job that A

starts.

Lemma 4. OPT;(0) < 6n.

Proof. We show that all jobs can be assigned on a single machine, during an
interval of length 2n, so that a job of length o has a flow time of at most 3a.
The total flow time then follows.

We show how to assign all jobs of a certain size a so that no active jobs of
size o are running at the same time on on-line machines, i. e. the intervals used
by A to run active jobs of size a, and the intervals that are used by OPT to
run jobs of size «, are disjoint. Smaller jobs are assigned by OPT during the
intervals in which A assigned active jobs of size «. Hence, the time slots given
by the optimal off-line for different jobs are disjoint.

Finally, we show how to define those time slots. A job j of size «, that arrives
at time ¢, is not followed by other jobs of size o until time ¢+ 3«. Since an active
on-line job starts at least « units of time after the previous active job of this
size («) is completed, there is a time slot of size at least « during the interval
[t,t+ 3] where no active job of size « is running on any of the on-line machines.
The optimal off-line algorithm can assign j during that time. This is true also
for the first job. Finally, the optimal algorithm can also manage the jobs of size
0 easily by running them immediately when they arrive. Hence, the total time
that the optimal off-line machine is not idle is at most 2n. O

We partition jobs into three types, according to the on-line assignment. A
job that arrived during the processing of a job of size «, and has size %ﬁ
is either active or passive (if it is not active, but completed before the job of
size o is completed). Otherwise, the job is called late. Let P(a), T(a) and L(«)
denote the number of passive, active and late jobs of size a (respectively). Let

N(a) = P(a) + T(a) + L(a).
Claim. T(a) > [5(P(a) + T(a))]

Proof. The number of jobs of size a that the on line algorithm can complete
during 2« units of time (until a job can be active again) is at most 2n. ([l

Now we are ready to prove Theorem [3l

Proof. (Of Theorem [3l) According to the definition of the sequence, N (o) =
n'/t . T(3an'/?). We distinguish two cases.

Case 1. In all phases L(a) < $N(a). Hence T() > 4, N(a) for all ov. This
is true for a = (3)“~'n!/? (the smallest non-zero jobs) and hence there at least
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nt=1/¢. (ﬁ)é_1 > 0 such jobs. Therefore the zero jobs arrive and are delayed by
at least (§)! -n!/* units of time. Since their flow time is at least n-n'/*- (5),
and the optimal flow time is at most 6n, the competitive ratio follows.

Case 2. There is a phase where L(a) > %N(a). Consider the phase with
largest o in which this happens. Since for larger sizes o/ we have L(a/) < 1N(/),
we can bound the number of jobs of size a (for a = (3)'n!~"/¢) by N(a) >

2/Z( ) The late jobs are delayed by at least 1 3an1/e on average. (This is
the delay if for each job of size 3an'/¢ the last 2711/[ jobs of size a that arrive
are the ones that are late; in all other cases, the delay is bigger.)

The total flow time is at least

1 1\'1 /1\"!
> .z 1Vt > —pilt il 1—i/0+1/0
Ay(o) > L(a) 1 -3an 5" (4€> 1 <3) n
1—1 i
= L . 11 Lt/ — 1 §n1+1/£
(40t 8 \3 120) 8

—_

3 it n'/t
Z@muf8%+/—9<wm@1'@m

Since the optimal flow is ©(n), the competitive ratio follows. O

Theorem 4. Let A be an on-line scheduling algorithm to minimize the total
flow time on £ machines. Then ry,, ¢(A) = 12 ((1%)[) for any 1 < mq < L if the
maximum ratio between jobs is A.

Proof. We adjust o by starting with a job of size A and fixing n = A/3¢. We
assume A > 6¢ so that n > 2¢ and n'/? > 2, which is needed for the construction
of the sequence.

Starting from here, we build a sequence ¢’ in exactly the same way as o,
except that we do not let jobs of size 0 arrive. Clearly, OPT;(0") < 6A. We can
follow the proof of Theorem [B] However, we now know that all the smallest jobs
will be late. If they arrive we are in the second case of the proof; but if they do
not, then for an earlier o we must have L(a) > 2N (a). So only Case 2 remains
of that proof.

1/¢

The total flow is at least g (?24)2 A= %%A (because now ¢ < ¢ in stead of

i <€ —1), giving the desired competitive ratio. (I

A direct consequence of Theorems[3 and[ is the following bound on the num-
ber of machines needed to maintain a constant competitive ratio. This corollary
can be also proved using a simple adaptation of Theorem 10 in [4].

Corollary 1. Any on-line algorithm for minimizing total flow time on m ma-
chines that uses resource augmentation and has a constant competitive ratio, is

an 2 ( \/llogl(mzn(ﬁ’(A))A)J -machine algorithm (on sequences of ©(n) jobs).
m+4/loglog(min(n,
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Next we consider resource augmentation on the speed as well as on the num-
ber of machines. We consider an on-line algorithm which uses machines of speed
s > 1. The optimal off-line algorithm uses machines of speed 1.

Theorem 5. Let A be an on-line scheduling algorithm to minimize the total
flow time on £ machines. Let s > 1 be the speed of the on-line machines. Then
nl/l

Tmy(A) = £2 (W) forany 1 < my < ¢ and sequences consisting of O(n)

jobs. Furthermore, 1y, o(A) = 2 (%) forany 1 <my < /.

Proof. Again, we use a job sequence similar to o. The jobs of phase i now have
size 1/(3s2n!/%)?. For the A-part of the proof, we fix n = A/(3s?)’. Similar
calculations as in the previous proofs result in the stated lower bounds. ([

Corollary 2. Any on-line algorithm for minimizing total flow time on m ma-
chines that uses resource augmentation on the speed and has a constant compet-
itive ratio, is an 2(nY/ *))-speed algorithm (on sequences of O(n) jobs) and an
Q(Al/(%Q))—speed algorithm.

4 Hard Deadlines

We consider the problem of non-preemptive scheduling jobs with hard deadlines.
Each arriving job J has a deadline d(J) by which it must be completed. The
goal is to produce a schedule, in which all jobs are scheduled such that all of
them are completed on time (i.e. by their deadlines). We give a lower bound
on the resource augmentation required so that all jobs finish on time. We use a
similar lower bounding method to the method we used Section Bl We allow the
on-line algorithm resource augmentation in both the number of machines and
their speed. We compare an on-line algorithm that schedules on ¢ machines of
speed s to an optimal off-line algorithm that uses a single machine of speed 1.

Let A denote the ratio between the largest job in the sequence and the
smallest job. The lower bound sequence consists of £ + 1 jobs Jy, ..., J; where
P(J;) = 1/(2s+1)". We define release times and deadlines recursively; r(Jo) = 0
and d(Jp) = 2+ 1/s. Let m be the on-line schedule, then r(J;11) = Sr(J;) and
d(Ji+1) = Cx(J;). Hence J;41 runs in parallel to all jobs Jy, . .., J; in any feasible
schedule 7.

Lemma 5. An optimal off-line algorithm on a single machine of speed 1 can
complete all jobs on time.

Proof. For each i > 0, P(J;) = 1/(2s + 1), hence d(J;) — r(J;) = P(J;_1)/s =
2s+1 P(J;). This holds also for Jo, since P(Jy) = 1 and d(Jo) —r(Jo) = 2L, All
jobs arriving after J; have release times and deadlines in the interval [S;(.J;),
Cr(J;)]. The optimal off-line algorithm can schedule J; outside this time interval,
and avoid conflict with future jobs. By induction, previous jobs are scheduled
before r(J;) or after d(J;), so there is no conflict with them either. If S, (J;) —
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r(J;) > P(J;), schedule J; at time r(.J;). Otherwise C(J;) = Sx(J;)+P(J;)/s <
( i)+ P(J;)(1 +1/s), hence J; is scheduled at time C,(J;) and completed at
Cr(Ji) + P(Ji) <r(Ji) + P(Ji) (2 + 1/s) = d(Js).

It is easy to see that the on-line algorithm cannot finish all jobs on time. If the
first ¢ jobs finish on time, then all £ machines are busy during the time interval
[r(J¢),d(Je)] and it is impossible to start J; before time d(.Jy). We omit the proof
of the following theorem:

Theorem 6. The on-line algorithm fails, if A > (2s + 1)°.

We show some corollaries from the lower bound on A. These are necessary
conditions for an on-line algorithm to succeed on any sequence. Given machines
of constant speed s, the number of machines ¢ must satisfy ¢ > % ie.
£ = 2(log A). On the other hand, for a constant number ¢ of machines, s has to
satisfy 25 +1 > AY? ie. s = Q(AYY).

The lower bound on A clearly holds also for the case where the optimal
off-line algorithm is allowed to use m; > 1 machines. Consider a k-machine
algorithm that always succeeds in building a feasible schedule (k = £/my), then
k satisfies k = 2(log A/m) for constant s. Finally, s satisfies s = 2(A/™F) for

constant k.

5 Conclusions and Open Problems

We have presented an algorithm for minimizing the flow time on ¢ identical
machines with competitive ratio O(min(A¢ n'/%)) against an optimal off-
line algorithm on a single machine, and we have shown a lower bound of

L1/ A1)
94 (%) on the competitive ratio of any algorithm, even against an

adversary on one machine. For every constant ¢, this gives an exact trade-off
between the amount of resource augmentation and the number of on-line ma-
chines.

An interesting remaining open problem is to find an algorithm which is op-
timally competitive against an off-line algorithm on a single machine for any

L.
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Abstract. Path problems such as the maximum edge-disjoint paths
problem, the path coloring problem, and the maximum path coloring
problem are relevant for resource allocation in communication networks,
in particular all-optical networks. In this paper, it is shown that maxi-
mum path coloring can be solved optimally in polynomial time for bidi-
rected generalized stars, even in the weighted case. Furthermore, the
maximum edge-disjoint paths problem is proved NP-hard for complete
graphs (undirected or bidirected), and a constant-factor approximation
algorithm is presented. Finally, an open problem concerning the exis-
tence of routings that simultaneously minimize the maximum load and
the number of colors is solved: an example for a graph and a set of
requests is given such that any routing that minimizes the maximum
load requires strictly more colors for path coloring than a routing that
minimizes the number of colors.

1 Introduction

Resource allocation in communication networks leads to challenging optimiza-
tion problems concerning paths in graphs. We refer to such problems as path
problems. For example, if a network is to support bandwidth reservation or
guaranteed quality of service, resources must be allocated to a connection on
all links along some path between its endpoints. If the resource requirements
of individual connections are so large that no two connections can share a link,
connections must be routed along edge-disjoint paths. Maximizing the number of
accepted connection requests then leads naturally to the mazimum edge-disjoint
paths problem.

In all-optical networks with wavelength-division multiplexing, different con-
nections can use the same fiber link simultaneously if their signals are trans-
mitted on different wavelengths. Establishing a connection requires reserving a
certain wavelength on all links along a path from the sender to the receiver
(assuming that wavelength conversion is not available). Two connections that
are routed through the same link (edge) must be assigned different wavelengths.

* Research partially supported by the Swiss National Science Foundation.
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Wavelengths are conveniently viewed as colors, and the problem of minimizing
the number of wavelengths required to establish a given set of connection re-
quests is called the path coloring problem. If the number of wavelengths is a hard
constraint and the goal is to maximize the number of accepted connections using
only the available wavelengths, the maximum path coloring problem is obtained.

For path problems of this type, no approximation algorithms with good ap-
proximation ratio are known for general network topologies. Therefore, investi-
gating these problems for specific classes of graphs (where better ratios can often
be obtained) is an interesting field of research. In this paper, we present various
new results concerning path problems in specific classes of graphs.

Preliminaries. The communication network is modeled as a graph G = (V, E).
G can be an undirected graph or a directed graph. An important subclass of
directed graphs are the bidirected graphs. These are directed graphs for which
(u,v) € E implies (v,u) € E. All of the path problems defined in the following
can be studied for undirected paths in undirected graphs and for directed paths
in directed graphs or bidirected graphs. We consider only undirected graphs and
bidirected graphs.

A request is given by a pair (u,v) of vertices in G. In the directed case, the
request (u,v) asks for a directed path from u to v in G. In the undirected case,
the order of u and v does not matter, and the request (u,v) just asks for an
undirected path with endpoints v and v in G. Now we can define the following
path problems.

Path coloring (PC): Given a graph G = (V, E) and a list R of requests in G,
assign paths and colors to the requests in R such that paths receive different
colors if they share an edge. Minimize the number of colors used.

Maximum path coloring (MaxPC): Given a graph G = (V, E), a list R of
requests in GG, and a number k of available colors, compute a subset R’ of R
and assign paths and colors to the requests in R’ such that paths sharing an
edge receive different colors and at most k colors are used. Maximize |R'|.

Maximum edge-disjoint paths (MEDP): Given a graph G = (V, E) and a
list R of requests in G, compute a subset R’ of R and assign edge-disjoint
paths to the requests in R’. Maximize |R’|.

Note that MEDP is the special case of MaxPC for k = 1. For MEDP and MaxPC,
it is also meaningful to consider a weighted version of the problem: each request
r has a certain weight w,, and the goal is to maximize the sum of the weights
of the requests in R'.

For PC, an algorithm is a p-approximation algorithm if it runs in polynomial
time and uses at most p- OPT colors, where OPT is the number of colors used in
an optimal solution. For MEDP and MaxPC, an algorithm is a p-approximation
algorithm if it runs in polynomial time and accepts at least OPT/p requests,
where OPT is the number of requests accepted in an optimal solution. For the
weighted version, the definition is analogous. If an algorithm is a p-approximation
algorithm, we say that it achieves approximation ratio p.
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For a given list R of requests in a graph G = (V, E), we call any assignment
of valid paths to the requests in R a routing. For each routing ¢, the mazimum
load L(G, ¢) is the maximum number of paths going through the same edge. By
L*(G, R) we denote the maximum load of that routing for R in G that minimizes
the maximum load. For a routing ¢, we denote by x(G, ¢) the minimum number
of colors required to color the paths in ¢. By x(G, R) we denote the minimum
of x(G, ¢) over all routings ¢ for R in G.

A star with n nodes is a graph consisting of one node ¢ in the center and
n — 1 nodes adjacent to ¢ but not adjacent to each other. A generalized star is
the graph obtained from a star by replacing each edge by a path of arbitrary
length. These paths are called legs, and generalized stars are also called spiders.
A complete graph is a graph in which every pair of vertices is joined by an edge.
The bidirected versions of these graphs are obtained by replacing each undirected
edge by two directed edges with opposite directions.

Previous Work. The path problems defined above have been studied inten-
sively during the past few years, both for arbitrary directed and undirected
graphs as well as for specific classes of graphs. A comprehensive introduction
to edge-disjoint paths problems along with several approximation results can be
found in [12]. For arbitrary directed graphs, it is known that unless P = NP
no approximation algorithm for MEDP with ratio O(m%*) can exist for any
€ > 0, where m is the number of edges of the graph [10].

The MaxPC problem can be solved optimally in polynomial time for undi-
rected or bidirected chains, because there it is equivalent to the maximum k-
colorable induced subgraph problem for interval graphs [4].

Path coloring has been studied for chains, trees, rings, meshes, and com-
plete graphs, for example. Surveys of known results can be found in [3,11,8]. For
bidirected generalized stars, it was shown that PC can be solved optimally in
polynomial time and that the optimal number of colors is equal to the maxi-
mum load [7]. For complete graphs, an O(1)-approximation algorithm for call
scheduling, a generalization of path coloring, is given in [5].

Our Results. In Section 2, we prove that the weighted version of MaxPC can be
solved optimally in polynomial time for bidirected generalized stars. Bidirected
generalized stars are the first class of graphs besides chains and bidirected stars
for which MaxPC is proved to be solvable in polynomial time. In Section 3, we
show that MEDP is NP-hard for complete graphs, and we give a constant-factor
approximation algorithm for this problem. In Section 4, we solve an open problem
that was stated in [3] and [8] by constructing a list R of requests in a bidirected
graph G such that L*(G, R) = 2 and any routing with maximum load 2 requires
strictly more colors for path coloring than the routing that minimizes the number
of colors (for which the maximum load is 3).

2 Weighted MaxPC in Generalized Stars

Let G = (V, E) be a bidirected generalized star with ¢ legs and let ¢ denote
the center of G. Since the path for a request in G is uniquely determined by its
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endpoints, we assume that the input consists of G, a list P of weighted paths
in GG, and a number k of available colors. The weight of path p € P is denoted
by w,. We give an efficient algorithm that computes a subset P’ C P satisfying
L(G, P') < k and maximizing the total weight w(P') = 3 p/ wp. Since any
set of paths with maximum load at most k£ can be colored with k colors in a
generalized star (see [7]), this set P’ gives an optimal solution to the weighted
version of MaxPC.

Our algorithm works as follows. We transform the weighted MaxPC problem
to a minimum cost network flow problem (see [2] for a definition of this problem)
in a directed network G’ = (V' E’). Intuitively, G’ is obtained by replacing each
leg of G by an in-leg and an out-leg, connecting a new source s to the beginnings
of all in-legs, and connecting the endings of all out-legs to a new target ¢. An
additional path edge is added for each path in P. The costs are assigned to the
edges in such a way that the path edges used by a min-cost flow of value ¢k from
s to t correspond to the paths in an optimal solution to weighted MaxPC. This is
a generalization of the technique used to solve the maximum weight k-colorable
subgraph problem for interval graphs in [4].

A more formal description of the construction follows. An example is shown
in Fig. 1 (where G is drawn as an undirected graph for the sake of simplicity).
Define V' = V* U Vout U {c,s,t}, where V" (resp. V°U') contains one copy
v'™ (resp. one copy v°") of every vertex v € V '\ {c}, and s and ¢t are two new
vertices. Edges of G that are directed towards the center are called inward-edges,
edges directed away from the center outward-edges. A leg of G with vertices
V1, V2, ..., 0;,c (listed from the leaf towards the center) creates an in-leg and an
out-leg in G’. The in-leg consists of the edges (vi®,vi), (v vit), ... (v}n,c).
The out-leg has the edges (c,v$"), (v3",v3"), ..., (v8", v§"). In addition,
we have edges (s,v'™) and (v°U,¢) in G’ for all leaves v of G. All edges of G’
introduced so far are called regular edges and have capacity k and cost 0.

Finally, we add a path edge e, to G’ for every path p € P. Assume that p
starts at u and ends at v. If the first edge of p is an inward-edge, the tail of e,
is ui. If p starts at c, the tail of e, is c. If p does not start at ¢ and the first
edge of p is an outward-edge, the tail of e, is u®**. The head of e, is defined in
an analogous way. Intuitively, this definition ensures that the path in G’ from
the tail of e, to the head of e, using only regular edges corresponds to the path
p in G. The path edge e, corresponding to path p € P has capacity 1 and
cost —w,.

Lemma 1. The minimum cost of a flow of value £k from s to t in G’ is equal
to the negative of the weight of an optimal solution to weighted MaxzPC in G.

Proof. Note that there is always a minimum cost flow for which the flow on all
edges is integral. We prove that a solution P’ to weighted MaxPC with total
weight w(P’) can be transformed into an integral flow of value ¢k and cost
—w(P’) in G', and vice versa. Assume that a solution P’ to weighted MaxPC
is given. Assign flow 1 to all path edges e, for p € P’ and flow 0 to all path
edges e, for ¢ € P\ P'. It is easy to see that the flow on the regular edges can
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Fig. 1. The generalized star G and the corresponding flow network G’.

be adjusted so that a valid flow from s to ¢ of value £k is obtained: the flow
on edges incident to s or t is set to k, and the flow on one of the other regular
edges e is set to k — L.(G, P'), where L.(G, P’) is the number of paths in P’
that contain e.

Now assume that an integral flow f of value ¢k and cost C in G’ is given.
Since s and t have ¢ outgoing resp. incoming edges of capacity k, the flow on each
of these edges must be equal to k. Intuitively, we have a flow of value exactly
k flowing into each in-leg and out of each out-leg. Let P’ be the set of paths
corresponding to the path edges with flow 1. Obviously, we have w(P’) = —C.
We claim that L(G, P") < k, implying that P’ is a feasible solution to weighted
MaxPC. Assume for a contradiction that L.(G, P') > k for some edge e of G.
Assume that e is an outward-edge. (The case for inward-edges is analogous.)
Then a total amount of flow larger than k reaches the part of the out-leg con-
taining e that lies between e and the ending of that out-leg. Since only flow at
most k£ can flow out of the out-leg, this contradicts the assumption that we had
a valid flow. Therefore, L.(G, P") > k cannot occur, and P’ must be a feasible
solution. O

From Lemma 1 and its proof it is clear that weighted MaxPC in bidirected
generalized stars can be reduced (in linear time) to the min-cost network flow
problem in acyclic directed graphs with integer capacities. Since the latter prob-
lem can be solved efficiently (see, e.g., [14]), we obtain the following theorem.

Theorem 1. There exists an efficient optimal algorithm for weighted MaxPC
in bidirected generalized stars.

3 MEDP in Complete Graphs

We consider MEDP in complete graphs. For a given list R of requests, the goal
is to select a largest subset of R and connect the pairs in the subset along edge-
disjoint paths. Multiple occurrence of the same pair in R is allowed; otherwise,
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the problem is trivial since each request in R can be routed along its direct edge.
We prove that this problem is NP-hard, and we propose a simple constant-factor
approximation algorithm.

3.1 NP-Completeness

The problem of deciding for a given list of requests in a graph whether all
requests can be established along edge-disjoint paths is called the edge-disjoint
paths problem (EDP). In this section we prove that EDP in complete graphs is
NP-complete. As MEDP is a generalization of EDP, this implies that MEDP is
NP-hard.

Theorem 2. EDP in complete graphs is NP-complete, both in the undirected
case and in the bidirected case.

Proof. First, we give the proof for the undirected case. We present a reduction
from EDP in arbitrary graphs, which is known to be NP-complete [6], to EDP
in complete graphs. Let an instance I of EDP in arbitrary graphs be given by
an undirected graph H = (V, E) and a list R of requests. Take G to be the
complete graph with vertex set V. Let F denote the edge set of G. Let R’ be
the list of requests consisting of one request (u,v) for every edge {u,v} in F\ E.
Thus, R’ contains |F| — |E| requests. By Ro R’ we denote the concatenation of
the lists R and R’. Let I’ be the instance of EDP in complete graphs given by
the graph G and the list of requests R o R’. Obviously, I’ can be constructed
from I in polynomial time. We claim that I’ is a yes-instance if and only if I is
a yes-instance. This is proved as follows.

Assume that I is a yes-instance, i.e., all requests in R can be routed in
H along edge-disjoint paths. Then a solution to I’ is obtained by routing the
requests in R in the graph G in the same way as in H and routing each request
in R using the direct edge connecting the endpoints of that request. Thus, I’ is
also a yes-instance in this case.

For the other direction, assume that I’ is a yes-instance. Let ¢ be a routing
of the requests in Ro R’ along edge-disjoint paths in G. If each request in R’ is
routed using the direct edge connecting the endpoints of that request, the paths
assigned to the requests in R must be contained in H and, therefore, provide a
solution to I. Now assume that some request (u,v) in R’ is not routed along the
edge {u,v} by the routing ¢. If the edge {u, v} is not used by ¢ at all, we can
simply reroute the request (u,v) to use the edge {u,v}. If some other request r
is routed through edge {u,v} by ¢, we can replace the edge {u,v} on the path
assigned to r by the path from u to v assigned to (u,v) by ¢ (if the resulting path
is not a simple path, discard all loops). Then the request (u,v) can be rerouted
using the edge {u,v}, and the resulting set of paths is still edge-disjoint. This
operation can be repeated until all requests in R’ are routed along the direct
connections. Then the argument above can be applied, showing again that [ is
a yes-instance.

Therefore, the above construction constitutes a polynomial-time reduction
from EDP in arbitrary graphs to EDP in complete graphs, showing that EDP
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in complete graphs is NP-complete. (It is easy to see that the problem EDP is
contained in NP.)

For the bidirected case, a reduction from EDP in arbitrary directed graphs
(which is also known to be NP-complete, even if only two requests are given)
can be obtained in the same way: the requests in R’ are used to ensure that the
requests in R must be routed along edges of the given directed graph. a

3.2 A Constant-Factor Approximation Algorithm

Let G = (V, E) be an undirected complete graph with n nodes. Split V' into three
parts, A, B and C' of roughly equal size. For the sake of simplicity, we assume in
the following that n is a multiple of 6. Then we have |[A| = |B| = |C| = %.

We partition the given list R of requests into three disjoint lists S = {(s;, ;) |
Si,ti € BvVs; € A,ti € BVs; € B,ti € A}, Sy = {(Si,ti) ‘ S, ti € CVs; € B,ti €
CVvs; € Ct; € B} and S5 = {(s;,t;) | si,ti € AVs; € Ajt; € CVs; € Cit; € A}
Note that S contains no request with an endpoint in C, S5 contains no request
with an endpoint in A, and S3 contains no request with an endpoint in B. We
will run an algorithm for each list independently and then choose the largest
of the three solutions. In this way we lose at most a factor of 3, i.e., we get a
3c-approximation for MEDP in complete graphs provided that the algorithm for
each list is a c-approximation algorithm. This is because at least one third of
the paths in the optimal solution must connect requests in the same list.

In the following, we focus on the algorithm for one list, say S;, and its
analysis. Denote with OPT(S1, H) the number of paths in an optimal solution
for S7 in graph H and with ALG(S7, H) the number of paths in the solution
computed by an algorithm ALG.

Now transform G into G’ = (V', E’) in the following way: merge all nodes
from C into one node ¢,,, and let V! = AU BU{¢,,}. For all v € AU B there is
an edge {v, ¢, } in E’ with capacity n. View S; as a list of requests in the star
G’, and consider the problem of determining a largest subset S’ of S; such that
no edge of G’ is used by more than n paths. We claim that an optimal solution
for this problem is at least as large as an optimal solution for S in G.

Lemma 2. OPT(Sl, G/) > OPT(Sl, G)

Proof. We show that any solution in G can be transformed into a solution in G’
of the same cardinality. Let ¢ (S1) be a feasible routing for a subset of S; in G.
For each path p; € ¢¢(S1) that connects some s; and ¢;, we take the path in G’
of length 2 from s; to t; with intermediate node c¢,,. All these paths constitute
a routing ¢¢(S1) in G'. Every node in G has degree n — 1, thus there can be
at most n — 1 paths in ¢¢(S1) with the same endpoint. On the other hand, the
edge capacities in G’ are set to n, so we can realize all requests in ¢ (S1) in G’
without exceeding an edge capacity. Thus |¢¢(S1)| = |pa (S1)]- O

Now transform G’ into G” by reducing the edge capacities to §. We claim

that an optimal solution for S; in G” is at least a constant fraction of the optimal
solution for Sy in G’.
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Lemma 3. OPT(S5,,G") > %‘%’Gl)

Proof. The paths in the optimal solution S* for S; in G’ can be partitioned into
37" classes of edge-disjoint paths in G’. This can be done by edge-coloring the
corresponding multigraph containing a vertex for every node in AU B and an
edge {u,v} for every path with endpoints v and v in S*. This multigraph has
degree at most n. We apply the following classical result due to Shannon [13]
on the edge-coloring of multigraphs: Any multigraph can be edge-colored with
%(me colors, where 0,4, is the maximum degree of a node in the multigraph.
By taking the % of these 37” color classes containing the most paths, we obtain a

solution in G” with cardinality at least OPT(S1, G')& = OPT(S:,G')/9. O
2

Furthermore, we can show that a simple greedy algorithm achieves approx-
imation ratio 2 for S; in G”. This greedy algorithm, called GR, considers the
requests from S in arbitrary order and accepts each path if its acceptance does
not exceed the edge capacities.

Lemma 4. GR(S,G") > %LG”)

Proof. Since each path uses only two edges of G”, each path accepted by the
greedy algorithm can block at most two paths from the optimal solution. a

Lemma 5. There exists an algorithm computing a solution for Sy in G contain-

OPT(S:,G)
18

ing at least paths.

Proof. The proof follows from Lemmas 2—4 and the fact that the output of the
greedy algorithm for S; in G” can be transformed into a solution in G of the
same cardinality as follows. Let Greedy(S1,G"”) be the output of the greedy
algorithm. Consider the requests (s,t) in Greedy(S1,G" ) in arbitrary order. For
request (s, ), find a vertex v € C such that the edges {s, v} and {v, ¢} are not yet
used by any other path, and add (s,t) with assigned path s—v—t to the solution.
Such a vertex v can always be found, because {s,v} and {v,t} are only used by
requests with endpoints s or t, and Greedy(S1,G") (T:Lontains at most 2(g—1) < %

such requests besides (s,t). Note that C' contains % vertices. ad

Since we have an 18-approximation algorithm for each of the lists S7, S2, S3
by Lemma 5, we obtain a 54-approximation algorithm for MEDP in undirected
complete graphs by running the algorithm for the individual lists and taking the
largest of the three solutions.

In fact, the problem for S; in G” can be solved optimally in polynomial time:
if the list S7 of requests is transformed into a multigraph M similar to the proof
of Lemma 3, then the optimal solution in G corresponds to a subgraph of M
with maximum degree § such that the number of edges in M is maximized.
This problem is a special case of the capacitated b-matching problem, which
can be solved optimally in polynomial time (see [9, pp. 257-259]), even in the
weighted case. If we apply this algorithm instead of the greedy algorithm, we

get an optimal solution for each list S; in the corresponding graph G”. So we
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avoid losing a factor of 2 (Lemma 4) in the approximation ratio and obtain
approximation ratio 27 instead of 54. This works also in the weighted case.
Furthermore, our algorithm can be adapted to the bidirected case without
any difficulties. In fact, the approximation ratio gets better, since the edges of
a bipartite multigraph can always be colored with 0,4, colors. Thus, the factor
in Lemma 3 becomes 6 instead of 9, giving approximation ratio 18 in this case.

Theorem 3. There is a 27-approzimation algorithm for the weighted version
of MEDP in undirected complete graphs and an 18-approzimation algorithm for
bidirected complete graphs.

Finally, we remark that our analysis can be used to show that the natu-
ral shortest-path-first greedy algorithm also gives approximation ratio O(1) for
MEDP in complete graphs. This algorithm works as follows: As long as one of
the given requests can still be routed without intersecting a previously accepted
path, select a request that can be routed along a path using the smallest pos-
sible number of edges and accept it. Repeat this until all remaining requests
are blocked by the accepted paths. In a complete graph, this algorithm will first
accept requests that it can route using only one edge, then requests that it can
route using two edges, and so on. The proof of Lemma 5 shows that there al-
ways exists a solution S that uses only paths of length at most two and whose
cardinality is a constant fraction of the cardinality of the optimal solution. We
can compare the solution computed by the shortest-path-first greedy algorithm
with this solution S. Each time the algorithm adds a path of length at most two
to the solution, this blocks at most two paths from S. By the time the algorithm
starts to consider paths of length longer than two, all paths from S must be
blocked. Therefore, the solution computed by the algorithm has cardinality at
least |S]/2.

4 Minimizing the Load versus the Number of Colors

The following question is stated as Question 4 in [3] and as Open Problem 3.1
in [8].

Does there always exist, for every set R of requests in a bidirected graph

G, a routing ¢ with L(G,¢) = L*(G, R) and x(G, ¢) = x(G,R)?

We solve this open question by giving a negative answer: we give a list of requests
R in a bidirected graph G such that the optimal routing with respect to the
maximum load differs from the optimal routing with respect to the number of
colors. The construction makes use of a variant of the brick wall graph, which
is a graph similar to the two-dimensional mesh, but with internal vertices of
degree 3 instead of 4. Brick wall graphs have been used in [1] to prove extremal
results concerning path coloring problems.

More precisely, the graph G consists of a brick wall part with vertices sq,
S2, ..., Sk on the left boundary (numbered from top to bottom) and with vertices
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brick wall part detailed view of one brick
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Fig. 2. The graph consisting of brick wall part and private chains. The canonical paths
for the short requests are shown only on the private chain from s; to t;. The right-hand
side shows an enlarged view of one “brick” and its short requests.

ty, ta, ..., tp on the bottom boundary (numbered from left to right), as well as
separate chains from s; to t; for ¢ = 1,...,k, which we call private chains.
The list R of requests contains the requests (s;,t;) for ¢ = 1,... k as well as
additional short requests that we will specify below. For k = 5, the construction
is illustrated in Fig. 2, where G is shown as an undirected graph for the sake of
simplicity. The construction can be generalized to arbitrary values of k.

The idea of the construction is that the requests (s;, ;) can either be routed
in the brick wall part of G, giving the smallest possible maximum load 2 but
requiring k colors for path coloring, or along the private chains, giving a higher
load (because of the short requests that we will add) but requiring the smallest
possible number of colors.

For i =1,...,k, the private chain from s; to t; has the four vertices 7,1, 42,
r;3, and 7,4 between s; and t;. We add to R two copies of each of the three short
requests (11, 72), (Ti2,743), and (r;3,7:4). These are six short requests in total.
We also add the reverse short requests for these six requests. The short requests
are illustrated for the private chain from s; to ¢; in Fig. 2.

Each “edge” between two nodes of degree 3 in the brick wall part of the
graph is in fact a chain with 4 internal nodes. On each chain corresponding to
a horizontal “edge” of the brick wall, we add six short requests from right to
left in the same way as for the private chains. On each chain corresponding to a
vertical “edge”, we add six short requests directed upward. See the right-hand
side of Fig. 2.

In total, R contains the k requests from s; to t;, ¢ = 1,...,k, as well as
12 short requests on each of the k private chains and 6 short requests on each
“edge” of the brick wall part.

We refer to the routing of a short request along the direct edge connecting
its endpoints as the canonical routing for that request. If three or more of the six
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short requests with the same direction on a chain, say on the private chain from
s; to t;, are not routed in the canonical way, the load on the edge (r;1,s;) will
be at least 3. If at most two of the short requests are not routed in the canonical
way, one of the edges (;;,7;(;+1)) must have load 2 already because of the two
short requests corresponding to the edge. Therefore, we can state the following
fact.

Fact 1. Let ¢ be an arbitrary routing of R in G with maximum load 2. Consider
a chain from x toy on which siz short requests are contained in R in the direction
from x toy. Then no other request can be routed along this chain in the direction
from x to y.

Theorem 4. For the instance constructed as described above, we have:

(i) For any routing with mazimum load L*(G,R) = 2, at least k colors are
required to color the paths.

(i) There exists a routing with mazimum load 3 such that the paths can be colored
with x(G, R) = 3 colors.

Proof. First, we convince ourselves that L*(G, R) = 2. Obviously, even the short
requests on one private chain cannot be routed with maximum load smaller than
two. Therefore, L*(G, R) > 2. A routing with maximum load 2 is obtained by
routing all short requests in the canonical way and routing the requests (s;, ;)
in the brick wall part of the graph as sketched in Fig. 2.

(i) Let a routing with maximum load 2 be given. By Fact 1, no path for a
request (s;,t;) can be routed along a private chain (in either direction), nor can
it be routed upward or leftward anywhere in the brick wall part of the graph.
Therefore, the path for (s;,¢;) must run from s; to t¢; traveling only to the
right and downward. Furthermore, any two of the paths for the requests (s;, t;),
1 =1,...,k, must meet at some vertex of the brick wall and, by construction,
this implies that they intersect in an edge. Therefore, the paths for the k requests
(84, t;) must receive different colors.

(ii) The routing is obtained as follows. Route all short requests in the canon-
ical way, and route the k requests (s;,t;) along the private chain from s; to ¢;.
The load of the resulting routing is 3. The paths for the requests (s;,t;) can all
be assigned the same color, and each path for a short request can be assigned
one of two other colors in a greedy way. Therefore, three colors suffice. Since no
routing exists for which two colors suffice (see (i)), this implies x(G,R) =3. O

We remark that the construction can be modified such that no two requests
in R are between the same pair of nodes.

Furthermore, note that the construction can be adapted to undirected graphs
as follows. Take the undirected graph underlying the bidirected graph used
above. For the list of requests, take the k requests (s;,¢;) as well as six short
requests with the same direction on every private chain. The short requests in
the other direction and in the brick wall part are no longer required, because
two undirected paths crossing in the brick wall part must always share an edge
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in the undirected case, since all vertices in the brick wall part have degree at
most 3. Again, any routing that minimizes the maximum load requires strictly
more colors than the routing that optimizes the number of colors.
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Abstract. We study the problem of scheduling n independent general
multiprocessor tasks on a fixed number of processors, where the
objective is to compute a non-preemptive schedule minimizing the
average weighted completion time. For each task, its execution time is
given as a function of the subset of processors assigned to the task. We
propose here a polynomial-time approximation scheme for the problem
that computes a (1 4 €)-approximate solution in O(nlogn) time for any
fixed € > 0 accuracy. This provides a generalization and integration of
some recent polynomial-time approximation schemes for scheduling jobs
on unrelated machines [II8] and multiprocessor tasks on dedicated
processors [2], respectively, with the average weighted completion time
objective, since the latter models are included as special cases in our
problem.

Keywords: Parallel processing, scheduling, multiprocessor tasks.

1 Introduction

In this paper we address multiprocessor scheduling problems, where a set of n
tasks has to be executed by a set of m processors such that each processor can
work on at most one task at a time and a task can (or may need to be) processed
simultaneously by several processors. Here we assume that m is fixed and the
objective is to minimize the average weighted completion time ) w;C;, where
C; denotes the completion time of task j. In the dedicated variant of this model,
denoted by Pm|fiz;|) w;C;, each task requires the simultaneous use of a pre-
specified set of processors. In the parallel variant, denoted by Pm|size;| > w;C},
the multiprocessor architecture is disregarded and for each task there is given a
prespecified number which indicates that the task can be processed by any sub-
set of processors of the cardinality equal to this number. In the general model
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Pmlset;| >~ w;Cj, each task can have a number of alternative modes, where each
processing mode is specified by a subset of processors and the execution time of
the task on that particular processor set.

Previous results: Variants of these problems have been studied, but the pre-
vious research has mainly focused on the objective of minimizing the makespan
Chax = max}l;o1 C;. Regarding the worst-case time complexity, it is known that
P5|size;|Craz [, P3|fix;|Cpasr [16] and P3|set;|Cpaq [16] are strongly NP-
hard. However, there is a polynomial-time approximation scheme (PTAS) for
Pm|fixj|Cmax [B], and there is a PTAS for Pm|set;|Cyax [TO17].

The first PTAS for a strongly NP-hard scheduling problem minimizing the
average weighted completion time was given for scheduling jobs on identical par-
allel machines P|| > w;C; [18]. Then recently it was proved in [I] that there are
PTASs for many different variants of classical scheduling problems. These re-
sults include scheduling on unrelated parallel machines Rm/|| > w;C; [E]. In the
multiprocessor setting, in contrast to the makespan objective, only few approxi-
mation results are known. Furthermore, they concern only minimizing the sum of
completion times: There are a 2-approximation algorithm for P2|fixz;| > C; [8],
a 32-approximation algorithm for P|size;| > C; [20], and - as it was shown re-
cently - a PTAS for Pm|fixz;| " C; [2].

New results: The problem of scheduling general multiprocessor tasks Pm|set;]|
Y- w;C; can be also viewed as a generalization of two well (but mainly inde-
pendently) studied scheduling problems: scheduling tasks on unrelated parallel
machines Rm|| > w;C; and multiprocessor task scheduling with dedicated pro-
cessors Pm|fiz;| >~ w; C;. In the case of unrelated machines, for each task (job)
there are m processing modes, each with a single processor (machine). In the
case of dedicated processor sets, each task has only a single processing mode but
including (typically) several processors. Since both of the above special cases are
strongly NP-hard [7J8] for general weights and m > 2, even if there are only a
constant number of processors, it is natural to study how closely the optimum
can be approximated by efficient algorithms.

In this paper, focusing on the case where m is fixed, we integrate many of
the above mentioned recent results that have shown the existence of PTASs for
the two special cases, by providing the following generalization:

Theorem 1. There is a PTAS for Pm|set;| Y w;C; that computes, for any
fized m and € > 0 accuracy, a (1 + €)-approzimate solution in O(nlogn) time.

The actual running time of the proposed algorithm depends exponentially on
both m and 1/e. However, the above result is, in some sense, the strongest
possible one someone can expect. First, it shows the existence of a PTAS for a
problem with fixed parameter m that cannot have a fully PTAS [I4]. Second,
following the ideas in [16] and by using the results [5[6/12] one can prove that
both P|setj,pj = 1|Chae and Plset;,p; = 1|>. C; cannot be approximated
within a factor of m%_f, neither for some & > 0, unless P=NP; nor for any
e > 0, unless NP=ZPP. Hence, not only the above results cannot be extended
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or generalized for the general variant where m is not fixed, but even substantially
weaker approximation results cannot be expected.

Our approach: In this paper we employ a well known idea of transformations
— simplify instances and schedules with some loss in the objective. We refine
some recent approximation techniques developed in [TJ9/T5]. In order to be able
to cope with general multiprocessor tasks, we make adjustments of processing
times defining the task profiles and classifying the tasks as huge and tiny. This
requires the creation of a sequence of gaps in the schedule, where all processors
are idle for a certain period of time. In our approach, we also apply some recent
makespan minimization tools from [I7] to schedule tasks within single intervals.
For handling tiny tasks, we use a linear programming formulation along with
some rounding, and observe that in some near optimal schedule tiny tasks of
the same profile can be scheduled by Smith’s rule [I9]. Then, by using the task
delaying technique presented in [1], we introduce special compact instances in
which there is only a constant number of tasks can be potentially scheduled in
an interval. The final idea is to use dynamic programming which integrates all
the previous components. The obtained PTAS is a combination of the instance
transformations and the dynamic programming algorithm.

The paper is organized as follows: In Section 2, we give the definitions and
discribe some techniques. In Section 3, we consider the subproblem of scheduling
in one subinterval, adopt the PTAS for Pm|set;|Cimax [L7], and and discuss some
consequences. In Section 4, we present a dynamic programming framework which
can be used to integrate all the previous components.

Remarks: This work was motivated by [I], where it was also announced that
there is a PTAS for scheduling on unrelated parallel machines with release dates
Rm|r;| >~ w;C; (to our best knowledge, the full proof of this result has not yet
appeared in literature), and our very recent work [I3], where we have shown the
existence of a PTAS for Pm|fiz;,r;| > w;C;. Our original goal was to provide
a generalization for all previous results on scheduling problems involving a fixed
number of processors (machines), release dates and the average weighted com-
pletion time objective. In this paper we don’t achieve this goal completely, but
provide hopefully a major step towards it by presenting a few novel ideas and
techniques that might be also of interest for people working on approximation
algorithms for other scheduling problems.

2 Preliminaries

Formally, for each instance I of our problem we are given sets 7 =
{0,1,...,n — 1} of n tasks and M = {1,...,m} of m processors. (Let 2 denote
the set of all subsets of M.) Each task j has a positive weight w; and an associ-
ated function p.; : 2M — IR* U {+o0} that gives the execution time Dpj of task
J in terms of the set of processors p C M which is assigned to j. Given the set
1(3) € M allotted to task j, the processors of u(j) are required to execute task j
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in union and without preemption, i.e. they all have to start processing of task j
at some starting time S, and finish at the completion time C; := S; + p,j);- A
feasible schedule o consists of an allotment () and a starting time S; for each
task j € T such that no processor executes more than one task at each time
step. Then, the value Cy (o) := Z;L;Ol w;C;(0) is called the average weighted
completion time of o. Here, the number of processors m is considered to be a
fixed constant, and the objective is to find a feasible schedule that minimizes
the average weighted completion time.

Further, we write o(I) to denote a schedule o with respect to an instance I.
Accordingly, a schedule o, (1) is called optimal if Cyy(0opt (1)) = OPT(I), where
OPT(I) is the minimal average weighted completion time for I. Given a schedule
o, a schedule o’ is called an e-schedule of o if C,(0")/Cy(0) < 14 Ke, where K
is some constant. We say that one can transform with 1+ O(e) loss the objective
and in polynomial time an instance I into instance I if the following holds: T is
obtained form I in p(|I|) elementary operations for some polynomial p(-), any
feasible schedule of I is also feasible of I and, OPT(I)/OPT(I) < 1+ Ke, where
K is some constant.

We will show below that with 1 + O(e) loss, any instance I of our problem
can be transformed in O(nlogn) time into a special compact instance I such
that one can find in O(n) time an e-schedule of o, (I). Clearly, this suffices to
obtain a PTAS for our original problem.

2.1 Basic Techniques

For any fixed accuracy € > 0, we assume w.l.o.g. that log; (1 + %) and % are
integral. We partition the time interval (0,00) into disjoint intervals I, of the
form [Ry, Ryy1), where Ry = (1 4 ¢)* and « € Z. Notation I, will also be
used to refer to the length e R, of the interval, thus I, = R,41 — R, = ¢R, and
I.+1 = (14 e)I,. For a schedule o, let y(j) < z(j) be those indices for which
S € Iyjy and Cj € I,;), respectively.

In this paper, for a given schedule o, we always use the constructive method
to find e-schedules, i.e. we show directly how tasks can be rescheduled in o
without dramatically increasing the value of the objective function. Next, we
describe some techniques that will be applied later. Knowing o, we construct a
new schedule ¢’ as follows:
Stretching: Set /(j) = pu(j) and S% = (1 +¢)C; — py(j; for each task j € T.
This generates ep,,(;); idle time on ju(j).
Rearranging: Set 4/(j) and S’ for each task j € T such that a new schedule
o' is feasible and 2(j) = 2(j), i.e. tasks are rescheduled preserving C} € L. ).
This gives us the ability to rearrange tasks inside intervals. Note that at any
time then we use this technique we have to specify the way of rearranging.
Shifting™: Set 1/ (j) = pu(j) and S} = Sj — Ry(j) + Ry(j)+1 for each task j € T,
i.e. in o’ we have y'(j) = y(j) + 1, and hence the distance between S; and the
beginning of interval I,,(;y is preserved. This generates e(R. ;) — Ry(;)) additional
idle time on 4/'(j) after the completion time Cj.
Shifting™*: Set p/(j) = pu(j) and Sj = S — R.(j) + R.(j)41 for each task j € T,
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i.e. 2/(j) = 2(j) + 1, and hence the distance between C; and the end of interval
Iy is preserved. This generates e(R.(;) — Ry(;)) additional idle time on u(j)
before the start time S7.

Proposition 1. If a schedule ¢’ is obtained from a schedule o by stretching,
rearranging, or both types of shifting then o’ is an e-schedule of o.

The following lemma that will be used throughout the paper.

Lemma 1. For any schedule o there is an e-schedule o' of o such that the
following holds in o': each task j starts not earlier than ep,(;);; each task j
crosses at most a constant number s*(e) :=log,, .(1+ 1) of intervals; each task
J with purjy; < £2Iy/(j) is non-crossing; each crossing task j starts at one of
points Ry + isQIy/(j) of Iy (;y, where i € {0,1,..., E% -1}

2.2 Blocks, Gaps, and Profiles

A block B; is a set {Iygy, ..., Iy} of consecutive intervals. A block structure
By, Bs, ... is a sequence of blocks such that any block B; is of the length 4; :=
b'(4) — b(i) + 1 which is is at least 2s*(¢) and at most 2d(e), any pair B;, B;11 of
consecutive blocks shares exactly one interval Iy ;) = Iy (i.e. 0'(7) = b(i + 1))
and the total length of these two blocks d; + ;11 > d(¢), where §(¢) := QGT(E)
For a schedule o, a gap is an interval in time where all the processors of M are
idle in o. The following Lemma shows that with any schedule one can associate
a block structure such that there is a gap in the beginning and the end of each

block.

Lemma 2. For a schedule o there is an e-schedule o’ of o such that there exists
a block structure By, Bs, ... for the schedule o’ with the property that for each
dynamic block B; there is a gap in the first interval Iy;y. This gap starts at one
of the points Ry +£621b(i), f=1..., E% — 1, and has a length which is at least
62[b(i)-

For an instance I and task j € T, let p;“i“
processing time needed to execute task j. The value p™™ is called the length of

J
j. Then, the following holds.

‘= min,com py; be the minimal

Lemma 3. With 14 O(e) loss one can transform in O(n) time an instance I
into instance I such that for each task j € T and p € 2M the following holds
in I: the processing time Puj = (14 €)“», where w,; € INU 4o00; if p,j # 00
then p,; < h(m, 6)]5;-“1“, where h(m,e) is a constant that depends on m and €.
Furthermore, in I the quotients ﬁ;ﬁn/wj are different for all tasks in T .

For simplicity, we will use the following notations throughout the paper. By
using the above Lemma, for a task j € T, the corresponding 2™-tuple w(j) =<
Wuj >peom is called the execution profile of j. Accordingly, the set of all distinct
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possible execution profiles is denoted by 2 := {w(j) | j € T}. Then, it is not
hard to prove that the number of profiles in 2 is bounded by

v(m, €) i= [2+log, . h(m, )]2".

In addition, for a given instance I, we introduce an index x(j) for each task
J € T that corresponds to the interval I, ;) earlier which processing of j can not
be started. (By using Lemma [ we assume that R, < ep;™ < Ryjy4 for
each task j € 7. However, we revise this property in Lemma [I0.) Accordingly,
a task j is called huge if p?“n > 52Iw(j)/q*, and tiny if p;»nin < szlw(j)/q*, where
the parameter ¢* = ¢*(m,e) > 2™h(m,¢) is specified later in Section B2. To
distinguish sets of huge and tiny tasks we write H7 and T 7T, respectively.

For a task set X C T, we will use p™in () := Zj€X p;“i“ to denote the total
length of the tasks in &X', use X'* to denote the tasks of A of profile w € {2,
and X, to denote the set of tasks j € X with x(j) = «. To indicate that X is
associated with particular instance I, we will write X' (I). Finally, regarding the
objective function we use the following.

Proposition 2. For any instance I, with at most 1 + € loss one can consider

the objective function ) w;R. ;) instead of the original function ) w;Cj.

3 Scheduling Inside Interval

In the first part of this section, we consider the problem of scheduling in a single
interval I,,. More precisely, we present an algorithm that schedules non-crossing
tasks with respect to a known schedule of crossing tasks. In order to achieve
this, we generalize the PTAS for Pm/|set;|Cmax [17]. Basing on some features
of the algorithm, we define the value of parameter ¢* = ¢*(m, ) for tiny tasks,
and consider the algorithm as a subroutine of the rearranging technique. After
that, we show that tiny tasks are all small corresponding to intervals and can
be scheduled by Smith’s rule [19]. In the last part of this section, we show how
an instance of our problem can be transformed into a compact instance in which
there is only a a constant number of tasks that can be potentially scheduled in
an interval.

3.1 Long and Short Tasks, Relative Schedules and LP Formulation

Let o(I) be a feasible schedule for instance I. For an interval I, of o, the following
sets of tasks (running in I;) are defined: set W, of non-crossing tasks and set
K. =K} UK2UK? of crossing tasks, where K} is the set of incoming crossing
tasks (that complete in I,), K2 is the set of outgoing tasks (that start in I.),
and K2 is the set of throughgoing tasks (that go through I,). Suppose that we
have applied shifting** to o(I) and obtained ¢’(I). W.l.o.g. assume that in the
schedule ¢'(I) the tasks of W, and K, run in interval I, ;. Then, there is at
least €I, idle time on the processors, between the tasks of W, and the outgoing
tasks of K2 or between the tasks of W, and the end of interval R, yo.



On Minimizing Average Weighted Completion Time 501

Assume for simplicity that W, = {0,...,n} with pfin > ppin > . > pmin
and K2 = (). Then, it holds that p™*(W,) < mI,. Furthermore, we fix allotment
p(j) for each crossing task j € K, and define p,(;); := C; — R, for each task
j € Kl and Pu(j)j = Ray1 — 5 for each task j € K2.

Partition W,, into two subsets £, = {0, ..., k; —1} and S, = W, \ L., where
the appropriate value for k; = k,(m,e) > 1 will be specified later in Lemma [6l
Tasks in £, and S, are called long and short, respectively. Let J, = L, UK, be
the set of long and crossing tasks.

A processor assignment of J, is a mapping pi, : J» — 2M such that p,(j) =
u(j) for each task j € KL U K2. Two tasks T}, and Ty are called compatible, if
po (k) N pe(£) = 0. A snapshot of J, is a set of compatible tasks of J,. A
relative schedule of 7, is a pair R, of a processor assignment u, of J, and a
sequence of snapshots My,..., M, of J, with respect to p, such that each
task j € J, occurs in a subsequence of consecutive snapshots M, ,..., M,
1 < u; < v; < g, where any two consecutive snapshots M, and M, are
different and it holds that u; = 1 if j € K., v; = g if j € K2 (see Figure [I]).
Then, it is not hard to see that the number of snapshots g is bounded by 2(k,+m)
and the number of different (appropriate) relative schedules of 7, is bounded by
a constant depending only on m and the number k, of long tasks in L,.

Fig. 1. A relative schedule R,

Given a set u C M, a p-configuration C), is a partition of y into non-empty
sets. Let N, be the total number of p-configurations and let Cy ,...,Cn, . be
all p-configurations. Note that Ny, = B(m), where B(m) < m! is the mth Bell
number.

Consider a relative schedule R,, where the processor assignment u, such
that no task j in J, has the assigned processing time p,,_(;); = oo. Then, let
Fp := M\ Ujerq, #2(j) denotes the set of free processors in snapshot My,
1 < ¢ < g. For a v(m,e)-vector D := (D¥),ecpn, a relative schedule R, is called
feasible for D if for any D* # 0 there exists a snapshot My in R, such that
€ Fp and w, # +oo.

Now assume there is a set of tasks X C 7T such that p™»(X*) = D¥ for
each profile w € 2. (Recall that if a task j € X“ is assigned to a processor
set u, then the processing time of j on p is equal to p}“i“(l + &)“». Thus, if all
tasks of X are assigned to u, the total processing time needed to execute them
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is equal to D¥(1 + €)“».) Then, in order to find a preemptive schedule of X
with respect to the relative schedule R, one can formulate the following linear
program LP(R,, D) in terms of variables associated with Fy-configurations:

Minimize t; —tg
s.t. (0) to = Rx+1,
tg Ztg_l, 6:17,_,7g,
to; —tu;—1 = Pu,(j)j» ¥V J € Ta,
]\;f Tip, = tp—1e_1, {=1,....,9,
122 ueCyp, TisFe 2 D(p) =3, D(1+ ) ypw, ¥ u
u Ypw = 1, Vw,
Xi,F, Z 0, fiil,“.,g,iiilw..,A&b
Yuw =0, Vw,pu,

where the variables have the following interpretation:

te: the time when snapshot My ends and My starts. The starting time of the
schedule is denoted by ¢ty = R,11 and the finishing time by ¢, (see Figure ).

x; r,: the length of the configuration C; g, in snapshot M,. During an interval
of length z; , the tasks of X’ can be executed on processor subsets p € C; f,,

Yu,wt the assignment variable indicating which part of the tasks of X' is assigned
to be executed on a processor set i € 2M | reflecting that the total processing
time needed to execute such tasks of X* is equal to D¥(1 + ¢)“+y,, .,

D(p): the total processing time needed to execute the tasks of X assigned to a
processor set p € 2M .

Less formally, the constraints (0)-(2) define a schedule structure with respects
to the relative schedule R, the constraint (3) defines a substructure of config-
urations inside the snapshots of R, the constraints (4)-(5) define the balance
between the free time available in the configurations and the allotment of work
that have to be executed in order to complete all tasks. (One can also associate
each set X with one task of the length D“ and think in terms of preemptive
scheduling of these v(m, ¢) tasks of different profiles such that execution of parts
of the same task on different sets in parallel is allowed.)

Let (t*,2*,y*) be an optimum solution of LP(R,, D). Then, the following
holds [L7].

Lemma 4. For any two non-negative v(m, €)-vectors a and b such that a relative
schedule R, is feasible for a and a + b, the following inequality holds

ty(LP(Ry, a)) < t5(LP(Rq,a+0)) < t5(LP(Ry )+ max _ (1+e)* > b

w 00,we
n# oo, wes?

Lemma 5. If a relative schedule R, is feasible for the v(m,e)-vector D =
(p™"(8%))wen, then the optimal value t}, — t§ of LP(R,, D) is not larger than
the makespan of any schedule of J, US, that respects the relative schedule R,.
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3.2 Generating a Schedule, Tiny versus Short

Let (¢t*,2*,y*) be an optimum solution of LP(R,, D). We construct a schedule
for the tasks in J, and S, as follows. For each profile w and y;, , > 0 we select
the tasks of S, in a greedy manner until the total length does not exceed y; ,, > 0
(if the total length plus the length of the last selected task exceeds yj, ,, > 0 we
mark this task as unbalanced, there can be at most 2™ such ones for one profile)
and assign them to be executed on the subset u. After that, starting from the
first snapshot, by using the values zj gy > 0 and accordingly with the subsets
i € C;i g, we select the tasks that are assigned to p in a greedy manner until
their total processing time does not exceed zj p, > 0. If it happens that for a
configuration C; r, the selected tasks do not fit inside the interval of the length
xj g, > 0, we increase x} p, > 0 by a small amount &; ¢, and accordingly, we also
adjust the value ¢} by the total increase ep, (see Figure [2).

‘
to ty +epy te + thl €F, tg + €total

Fig. 2. Generating a schedule

Since there are at most v(m, ) profiles the total number of unbalanced tasks
is at most v(m, €)2". Furthermore, since the number of snapshots g < 2(k, +m)
and the number of configurations is bounded by the mth Bell number B(m), the
total enlargement €;444; i at most

h(m, e)(Pr," + Dieog1 T - - Pl 2k +m) B(m)+v(mye)2m —1)s

i.e. the maximum processing tasks of the k, +2(k,+m)B(m)+v(m,e)2™ longest
tasks of S,. The following lemma is a useful tool to select k, such that e;y4q; is
kept small enough [I7]:

Lemma 6. For any interval I, there is a number k, with 1 < k, < (¢ +

mh(m,e) mh(m,e)
1) ey dl+(g+1)+...+(g+1) " %] such that h(m,e)(pin

. +p?$i_f_ll)km+d_1) < %I, where ¢ := 3mB(m) and d := v(m,e)2™.

The final algorithm works as follows: select an appropriate k,, enumerate
all relative schedules together with solving LPs and deducing the corresponding
schedules, output the schedule with the smallest makespan.

m mh(m,e)
Now, we define ¢*(m,e) = %W ((m+1)™+2 1)< . By

€
Lemma [I] we may assume that tiny tasks are non-crossing in o(I). Accordingly,
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let V., € W, be the set of tiny tasks that are non-crossing in I,. Then, the
following holds:

Lemma 7. The number k, of long tasks in L, is not larger than the number of
e2l,
e

non-crossing huge tasks in I, with p; > . Hence, all tiny tasks are short, i.e.

yx CSZC'

Lemma 8. Let Y, be another set of tiny tasks such that for each profile
w € 2, P (V) = 0 implies p™ (V%) = 0, and p™™(Vy) # 0 implies either
|pin (Ye) — pmin (Y| < W or p™i(Y¥)=0. Then algorithm outputs a
feasible schedule of WI = W \V2) UJN/I inside I, 1 with respect to the schedule
of Ky in o'(I).

Proof. The proof follows from Lemmas[4[6[7] and the fact that the interval I,
contains at least eI, > e?I, +h(m,e) Y. .o W)Ty(me) idle time. (Recall that

MaX, %00 we Puj < P "h(m, €).) O

3.3 Scheduling Tiny Tasks and Compact Instances

Now consider the problem of placing tiny tasks in the schedule. In the following
we restrict ourselves to the case of scheduling tiny tasks of the same profile, say
w. We say that two tiny tasks k,¢ € 7T with % < % are scheduled by
Smith’s rule in a schedule o if it holds either z(k) < z(¢), or z(¢) < z(k). In
other words, if the two tasks are available at the same interval (that means ¢ is
not completed before the earliest interval where k can be scheduled), then the
task k of smaller value py/wy is scheduled first with respect to intervals. Note
that the tasks of 77 have to be scheduled in the order of increasing values

p;“in/wj [19].

Lemma 9. For a feasible schedule o(I) there is an e-schedule o' (I) of o(I) such
that for any profile w € (2, the tiny tasks of TT are scheduled by Smith’s rule
in o' (I).

Proof. W.l.o.g. let I, I, be the first and the last interval in a feasible schedule
o. By Lemmal[ll assume that all tiny tasks are non-crossing in o and by Lemma B]
all quotients p; /w; are different. Let J¥ be the set of tiny tasks of profile w that
are scheduled in interval I, and let D := p™i*())¥) be the total length of these
tasks in I. Consider the following LP(w):

. . . L
Minimize Zj L JETTY Wi Zx:z(j) yJ@R«T
L N ()
st (1) S = L GETT
(2) Zj GETTe, a() < o Yia Py S DYV Iy,
(3) Yjo =0, VieTT, z=2(j),..., L.

First, one can find a feasible solution of LP(w) by assigning the values y with
respect to the schedule o, i.e. for each task j € TT* set y;, = 1if 2(j) = x and
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Yj,« = 0 otherwise. Hence, the objective value of the linear program LP(w) is
not larger than the weighted average completion time for the tiny tasks of 77
in 0. In other words, the value of an optimal fractional solution is a lower bound
of the weighted completion time ) SeTT® w; R ;). Consider an optimal solution
(y; ) of the linear program. Suppose that there are two tasks £ and k that are
not scheduled by Smith’s rule. W.l.o.g. we can consider the case when y; >0,

Yiwp >0, 2(k) < 2(f) <2y < 2 and P - © < p”
Then, there exist values zy and zj, such that O <z <y, and0 <z <yp,.

min

and zgpy"™" = zpp'". Now we exchange parts of the variables:
’ % / ok

Yo.0 = Yo,m0 = Yoz, = Yooz, + Ze
/ _ * / _ *

Yoz = Yeor = %k Ykze = Yk + 2k

and y; , = y; . for the remaining variables.
The new solution (yj,) is feasible and the objective value . 77- w;

L L
Yoo () Y; R is equal to Z]ETTT w; Zw:w(j) Yi o Re + Ry, where Ryj =

(Ry, — Ry, ) (wizk — zowy). By 2z, = ze%, the second factor (wgzp — zpwy) =
zo(wy, :m: wy). Since % < % and z; > 0, the second factor is larger than
0. The kmequahty ¢ <z, implies R;, < Ry, and Ry < 0. In other words, the
new solution (y; ,) has a lower objective value and gives us a contradiction. This
means that the two tasks ¢ and k are scheduled by Smith’s rule.

Now we use some properties of the above linear program. There is an optimal
solution such that for each interval I, we have at most one task j, € 77 with
zj. € (0,1) and that is assigned for the first time. Otherwise we can use the
same argument as above (and the fact that the quotients p;?“i“ Jw;j are different)
to improve the objective value. Furthermore, such an optimal solution can be
obtained by applying Smith’s rule in a greedy manner. To turn such a fractional
solution into an integral assignment of tiny tasks to intervals, we need only to
increase the values D* = p™in()¥) by %. Then, j, fits completely into I.

Let 5);;’ be the set of tiny tasks of profile w that is assigned to an interval I,
with respect to the integral assignment of LP(w) (including the task j,). For
each interval I, of schedule o we consider the set V, = U,en)y of all tiny tasks
that corresponds to LP(w), w € (2. It is not hard to check that the conditions
of Lemma I8 hold. Thus, we apply the shifting® to o, replace the sets )V, by Ve
and apply the rearranging technique to each interval I, ;. The final schedule is
constructed.

To finish the proof, there are two facts. First, the total weighted average
completion time of the schedule of tiny tasks which is given by the optimal frac-
tional solutions of LP(w), w € {2 is less than their corresponding total weighted
average completion time in o. Second, we have used only the shifting and rear-
ranging techniques. a

Furthermore, we can prove the following result:
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Lemma 10. With 1 + O(¢) loss and in O(nlogn) time, one can transform an
instance I into instance I such that for each profile w € §2 the following holds:
|T(I)] < N*(m,e) and p™™(T (1)) < WIM where N*(m, €) is a constant

that depends on m and €.

4 The Dynamic Programming Algorithm

As we mentioned it above, we will use a dynamic program to compute approxi-
mate solutions for our scheduling problem. To be able to formulate this dynamic
program and show that the algorithm solving it has the desired running time,
we need only the following result:

Lemma 11. For a feasible schedule o(I) there is an e-schedule o'(I) such that
in o' (I) the tasks in T (I), are scheduled within a constant number d*(m,e) of
intervals that follow I, i.e. for each task j € T it holds that z'(j) — z(j) <
d*(m,e).

The last step is to use dynamic programming with blocks as units. By using
Lemmas [IJI0[IT] there is at most a constant number of tasks in 7, for each
interval I, all of these tasks have to be scheduled within a constant number of
intervals that follow I, hence one can efficiently enumerate all possible schedules
of the tasks of T,. Here (due to space limitation) we omit the formal description,
leaving it to the full version of the paper.
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Abstract. The time-dependent orienteering problem is dual to the time-
dependent traveling salesman problem. It consists in visiting a maximum
number of sites within a given deadline. The traveling time between two
sites is in general dependent on the starting time.

We provide a (2 + ¢)-approximation algorithm for the time-dependent
orienteering problem which runs in polynomial time if the ratio between
the maximum and minimum traveling time between any two sites is
constant. No prior upper approximation bounds were known for this
time-dependent problem.

1 Introduction

In the well known orienteering problem (see, e.g. [1[9]) a traveler wishes to
visit the maximum number of sites (nodes) subject to given restrictions on the
length of the tour. This problem can be regarded as the problem of traveling
salesperson with restricted amount of resources (time, gasoline etc.) wishing to
maximize the number of visited sites. For this reason, the orienteering problem
has been also called “the generalized traveling salesperson problem” or even
originally as “the bank robber problem” [3l9]. Even if the ratio between the
maximum and minimum amount of resources required for traveling between two
sites is constantly bounded, the orienteering problem is MAX-SNP-hard simply
because the correspondingly restricted traveling salesman problem is MAX-SNP-
hard [BIT4] (cf. [A8IT3]).

In this paper we consider a generalization of the orienteering problem which
we term time-dependent orienteering (TDO for short). In our generalization, the
cost of traveling (time cost in our terminology) from any site to any other site
in general depends on the start moment.
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The orienteering problems considered in [1] are classified as the
path-orienteering, cycle-orienteering, and even tree-orienteering problems de-
pending on whether the network to be induced by the set of pairs of consecutive
sites visited is supposed to have a form of a path, a cycle, or even a tree, respec-
tively. Additionally, one can wish to have one or more roots, which are ‘essential’
sites required to be visited. Following this classification we will refer to the cases
of TDO problems without roots as path (cycle, tree)-TDO and to the cases with
roots as rooted-path (cycle, tree)-TDO.

For illustration, consider the two following examples of possible applications
of TDO.

Kinetic TSP [5/10]. There is given a set of targets and one robot (intercepter)
with restricted amount of resources (e.g., fuel). The dynamic of targets is known,
i.e., for each target one can specify its location at any discrete time moment.
The problem is to find a program for the robot which allows it to hit as many
targets as possible within a given time. This problem is an example of path-
TDO. If there is a target specified to be intercepted then we have an example of
rooted-path-TDO.

Time-dependent maximum scheduling problem (TDMS). There is given
a set of tasks for a single machine. The execution of any task can start at any
discrete moment and its execution time depends on the starting moment. The
problem is to find a schedule for the machine maximizing the number of tasks
completed within a given time period. It can be interpreted as a special case of
TDO where the time of traveling from a site a to a site b does not depend on
the site b and is interpreted as the execution time of the task corresponding to
a. The Web Searching problem studied by Czumaj et al. [7] yields the following
appealing motivation for TDMS. Assume that there is a central computer which
is being used to collect all the information stored in a number of web documents,
located in various sites. The information is gathered by scheduling a number of
consecutive client/server connections with the required web sites, to collect the
information page by page. The loading time of any particular page from any site
can vary at different times, e.g., the access to the page is much slower in peak
hours than in off-peak hours. We wish to download the maximum number of
pages within a given period of time.

1.1 Main Results

An algorithm is said to be c-approximation algorithm for a maximization prob-
lem P if for any instance of P it yields a solution whose value is at least 1/¢
times the optimum.

Let n be the number of input sites and let k be the ratio between the maxi-
mum and minimum time required for traveling between two sites.

We present (2+¢)-approximation algorithms for path-TDOs and cycle-TDOs
running in time O((2k2(%))!¥n2k2( “2%)+1). In the corresponding rooted cases
the time complexity increases by the multiplicative factor O(k?”) These bounds
immediately carry over to the corresponding time-independent special cases,
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i.e., the unrooted and rooted, path-orienteering problems and cycle-orienteering
problems. Our algorithm is the first constant-factor approximation algorithm
for TDO with & = O(1) running in polynomial time. Although for large k, our
algorithm can be hardly claimed to be practical because of its fairly high running
time, it suggests that practical and efficient algorithms might be possible.

1.2 Related Results

The authors are not familiar with any explicit prior approximation algorithms for
time-dependent orienteering (TDO). Of course, if the ratio between the maxi-
mum and minimum distance is k then any approximation algorithm is a k-
approximation one.

For the time-dependent maximum scheduling problem (TDMS) which can be
interpreted as a special case of TDO, a simple greedy 2-approximation algorithm
running in time O(mt), where m is the number of available tasks and ¢ is the
deadline, can be essentially deduced from Spieksma’s algorithm [15] for Job
Interval Selection Problem. Also, it follows from the same work [15] that TDMS
is MAX-SNP-hard.

As for the classical, i.e., time-independent, orienteering problem, Awerbuch
et al. proved that a c-approximation algorithm to the so called k-traveling sales-
person problem, asking for a shortest cycle visiting & sites (k-TSP), yields a 2¢-
approximation algorithm for the orienteering problem [2]. This result combined
with known approximation results for k-TSP yields a 6-approximation algorithm
for the orienteering problem in metric spaces and a (2 + €)-approximation al-
gorithm in the Euclidean plane. The latter result has been subsumed by Arkin
et al. who presented 2-approximation algorithms for several variants of the ori-
enteering problem in the plane [I]. More recently, Broden has designed an 4/3-
approximation algorithm for the very special case of the orienteering problem
where the pairwise distances are constrained to {1,2} [5]. Note here that the
recent lower bounds on the constant approximation factor for the analogously
restricted traveling salesperson problem [4] easily carry over to the aforemen-
tioned special case of the orienteering problem.

For an interesting review of results related to the orienteering problem, in-
cluding several variants of the traveling salesperson problem, the reader is re-
ferred to [1].

The recent works by Hammar et al. [10] and Broden [5] contain a number
of inapproximability and approximability results on various restrictions of the
problem dual to TDO, i.e., the time-dependent traveling salesperson problem.

2 Formal Definition of TDO

For a given set S of sites, a time-travel function [ : S x S x NU{0} — R" and a
deadline ¢, the salesperson’s tour visiting a subset T" of m sites is a sequence of
triples

(51,67, t7), (s2, 13 15 )y ooy (Sku t 0 t7)
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such that

1. Forie {1,2,...,m}, tf,t; e NU{0};

2. Uzm:1{31} =T,

3.0=t] <ty <ty <---<th<t, =t

4. For each i € {1,2,...,m— 1}, tf,; —t; =1(si, 5i41,t; ).

It is useful to interpret the moment ¢, as the moment when salesperson leaves
the site s; and ¢ as the moment when salesperson enter s;. So t;; —t; is the
time spend in travel from s; to s;41 and ¢; —t;r is the time the salesperson stays
in s; (importantly, the traveler is allowed to stay at any site any time). The
path (or cycle) time-dependent orienteering problem is to find an open (closed,
respectively) tour visiting maximum number of sites within the time ¢.

Note that the classical orienteering problem [1] is a special case of TDO
where for any sites a, b, the travel time from a to b is time-independent, i.e.,
1(Sassp,t") = U(sq, sp,t") for any t',t" € [0,¢].

3 Main Procedure and Algorithms

We may assume w..o.g that the minimum travel time between two sites,
ming g egefo (s, 8,t'), is 1. For a nonnegative integer ¢ and positive inte-
ger m < [t/q], we shall denote by s,,(¢q) the subinterval [¢(m — 1), min{gm,t}]
of [0, ¢].

The following simple procedure is the heart of our algorithms for TDO.

Procedure Greedy(S, gq,t)

1. T+ S;
2. fori=1,2,...,[t/q] do
let T; be a maximum cardinality subset of T that can be visited within
si(q) by a path-tour;
visit T; within s;(q);
T+ T\T;

Note that procedure Greedy(S,q,t) outputs for each i € {1,2,...,[t/q]}
a salesperson’s path-tour for interval s;(q) but in general the output T of
Greedy(S,q,t) is not a tour. Obviously, the set T; can be found in O(q!|S|?)
time by considering all possible choices of a subset of T' containing at most ¢
elements and then applying the straightforward O(n!)-time brute force method
for the time-dependent traveling salesperson problem on the subset. Hence the
overall time complexity of Greedy(S,q,t) is O(q![t/q]|S|?).

Let k be the maximum time needed to travel between two sites, i.e.,
k =max, yegrefo,ql(s,s',t"). Note that by our initial assumption k is also the
ratio between the maximum and minimum time required for traveling between
two sites.
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Algorithm GreedyPath(S,q,t)

1. Run procedure Greedy(S, q,t);
2. fori=1,...,[t/q] do
Remove from the set of visited sites all sites visited during [¢i—k/2, gi+k/2];
Glue the obtained subtours by forcing the salesperson to go from the last
visited site in [q(i — 1) + k/2, gi — k/2] to the first visited site in [g(i) +
k/2,q(i+1) — k/2]

Algorithm GreedyCycle(S, q,t) is obtained from GreedyPath(S, q,t) by closing
the path-route near its endpoints, i.e., by forcing the salesperson to go from the
last visited site in sp;/q1—1 to the first visited site from [k,q — k/2].

4 Approximation Analysis

Lemma 1. Let n be the maximum number of different sites that can be visited
by [t/q] travelers in such a way that for each i € {1,2,...,[t/q]}, the i-th
traveler operates only within the time interval s;(q). Then the number of sites
participating in subtours produced by Greedy(S,q,t) is at least [n/2].

Proof. Let W be the set of sites returned by Greedy(S, q,t), and let W be a set
of n sites that can be visited by the [t/q] travelers. We denote by W; the set of
sites visited by Greedy(S, ¢,t) during [0, iq] and by W; the set

{s € W\ W; and s is not visited during [0, ¢i] by the [t/q] travellers}.

In other words, W; consists of the sites in W that have not been visited either
by Greedy(S, q,t) or by the first ¢ of the [¢/q] travelers during [0, gi].
We claim that for each ¢ € {1,2,...,[t/q]}

\W;| > n —2|W;|

Since Wpi/q1 = () this claim implies the lemma. We prove it by induction on 7.
For ¢ = 1 this inequality directly follows from the optimality of the solution
within [0, ¢] picked by Greedy(S, q,t).
The set W;_1 \ W, (the sites in W that are eliminated during s;(q)) is the
union of W4 U Wpg (the case W4 N Wg # & is possible) where:

— Wy is the set of sites from W chosen by Greedy(S, q,t) during s;(q)
— Wpg is the set of sites in W;_; that are visited by the i-th traveler during

si(q)-

By the definition, W, C w; \ Wi_1 and [Wg| < |VAV1 \ Wi_1| because of the
optimality of the solution on s;(q). Therefore,

Wiz \ Wil < 2/W; \ Wiyl
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Notice that by definition

‘W1| = |Wi71| - ‘Wi,l \ I/Vi|7
(Wil = [Wiea| + [W; \ Wizl

By induction assumption,
[Wi_1| >n— 2|Wi—1|'
Hence,
[Wi| = [Wiy| — (Wit \ Wi_q| > n — 2|Wi_q| — 2|W; \ Wi_1| > n — 2|W;]

and the claim follows.

Lemma 2. For anye >0 and g = Qk(z%), GreedyPath(S, q,t) and

GreedyCycle(S, q,t) are (2 + €)-approzimation algorithms for path- and cycle-
24¢

TDO running in time O((Zkz(%))!%thEkz( =)

Proof. Suppose that an optimal solution to the path- (cycle-) TDO visits n
sites. We may assume w.l.o.g. that n > ¢/k. The solution trivially yields [t/q]-
traveler solution satisfying the requirements of Lemma [ By Lemma [, the
procedure Greedy(S,q,t) outputs at least % sites. Consequently, each of the
procedures GreedyPath(S, q,t), GreedyCycle(S, q,t) outputs a tour visiting at
least § — % =1(n— 271“) > 5(1— %) sites. Hence, GreedyPath(S,q,t) and
GreedyCycle(S, q,t)) are (2 + €)-approximation algorithms.

By the remark on the time complexity of procedure Greedy(S, ¢, t), we obtain

the complexity bound in the lemma thesis.

Lemma[Z and the possibility of assuming ¢/k < n w.l.o.g immediately yield
our main result.

Theorem 1. For any e > 0, the path- and cycle-TDO for n sites admit (2+¢€)-
approzimation algorithms running in time O((2k2(%))!¥n2k2(25ﬁ)+1).

We can trivially model the classical path- and cycle-orienteering problems
as special cases of TDO by setting the traveling time between two sites to the
distance between them.

Corollary 1. For any € > 0, the classical path- and cycle-orienteering problems
for n sites admit (2 + €)-approximation algorithms running in time
O((2k2(%))!@n%2(2f)), where the distance between the furthest site pair is
at most k times greater than that between the closest pair.
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5 Rooted Case

We can easily extend our technique to include the rooted case of the path- and
cycle-TDO. Given a root s, we simply run the following modified version of
Greedy(S, q,t).

Procedure GreedyRoot(S, q,t,s)

1. for j =1,2,...,[t/q] do
a) TV « S;
b) for i =1,2,...,[t/q] do
If ¢ # j then let T; be a maximum cardinality subset of T' that can be
visited within s;(¢) by a path-tour;
If i = j then let T; be a maximum cardinality subset of T' containing s
that can be visited within s;(¢) by a path-tour;
Visit T; within s;(q);
T3« T\ T/,

2. Choose the set TV with the maximum number of sites, T < T7.

By arguing analogously as in the unrooted case we can derive a rooted ver-
sion of Lemma [2l The only essential difference is the time complexity which
increases by the multiplicative factor of O(t/q), i.e., O(kn). Furthermore, the
implementation of GreedyPath(S,q,t) and GreedyCycle(S,q,t) in the rooted
case requires special care in order to avoid removing the root s if it happened to
be visited in the k/2 vicinity of an s;(g)-interval border. For this purpose, it is
sufficient to remove k sites before or after s, respectively.

Summarizing, we obtain the following rooted version of Theorem [II.

Theorem 2. For any € > 0, the rooted path- and cycle-TDO for n sites admit
(2+¢)-approzimation algorithms running in time O((2k‘2(25j))!%n2k2(%)+2).

6 Final Remarks

We have used a simple but powerful divide-and-conquer approximation tech-
nique: ”"split” a problem in a number of ”"small” subproblems, then find exact
solutions for each of the subproblems and ”glue” these solutions to obtain an
approximate solution of the problem.

Our technique can be extended to include orienteering variants of many other
optimizations problems (e.g., tree-orienteering) as well variants with parallel
travelers. It can be also used in the design of efficient approximation algorithms
for time-dependent bicriteria network optimization problems (see [I2] and the
last chapter in [6]). Finally, it can be applied to derive approximative solutions
to the Budget Prize Collecting Steiner Tree problem (see [I1]) and its time
dependent variant.
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Abstract. A mixed hypergraph is a triple (V,C, D) where V is its vertex
set and C and D are families of subsets of V, C—edges and D—-edges. We
demand in a proper colouring that each C—edge contains two vertices with
the same colour and each D—edge contains two vertices with different
colours. A hypergraph is a hypertree if there exists a tree such that the
edges of the hypergraph induce connected subgraphs of that tree.

We prove that it is NP—complete to decide existence of a proper k—
colouring even for mixed hypertrees with C = D when k is given as part
of input. We present a polynomial-time algorithm for colouring mixed
hypertrees on trees of bounded degree with fixed number of colours.

1 Introduction

Hypergraphs are well established combinatorial objects, see [I]. A hypergraph is
a pair (V, &) where £ is a family of subsets of V' of size at least 2; the members
of V are called vertices and the members of £ are called edges. A hypergraph
is a hypertree if there exists a tree with its vertex set equal to V such that the
edges & induce connected subgraphs of 7. Mixed hypergraphs were introduced
in [7] and mixed hypertrees were investigated in [6].

A mixed hypergraph G is a triple (V,C, D) where C and D are families of sub-
sets of V'; the members of C are called C—edges and the members of D are called
D—-edges. A mixed hypergraph is a mixed hypertree if (V,C U D) is a hypertree.
A mixed hypergraph/tree is a mixed bihypergraph/tree if C=D. A proper k-
colouring ¢ of G is a mapping ¢ : V' — {1,..., k} such that there are two vertices
with Different colours in each D—edge and there are two vertices with a Common
colour in each C—edge. A proper colouring c is a strict k—colouring if it uses all k
colours. The mixed hypergraph is colourable iff G has a proper colouring. Mixed
hypergraphs can find their application in different areas: colouring block designs
(see [213]), list—colouring of graphs and others.

The feasible set F(G) of a mixed hypergraph G is the set of all k’s such that
there exists a strict k—colouring of G. The (lower) chromatic number x(G) of G
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** Supported by Ministry of Education of Czech Republic as project LNO0OA056

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 516-[524] 2001.
© Springer-Verlag Berlin Heidelberg 2001



On Complexity of Colouring Mixed Hypertrees 517

is the minimum number in F(G) and the upper chromatic number ¥(G) of G is
the maximum number in F(G). The feasible set of G is gap—free (unbroken) iff
F(G) = [x(G), x(Q)]; we use [a,b] for the set of all the integers between a and b
(inclusively). If the feasible set of G contains a gap, we say it is broken. An ex-
ample of a mixed hypergraph with a broken feasible set was firstly given in [5].
On the other hand, it was proved in [6] that feasible sets of mixed hypertrees
are gap—free.

We address several complexity issues concerning mixed hypertrees in this
paper. Since a feasible set of any mixed hypertree is gap—free and the chromatic
number of a colourable mixed hypertree is at most two (it is one iff the mixed
hypertree does not contain any D-edges), it is possible to restrict the complexity
issues involving colouring mixed hypertrees to decision problems whether their
upper chromatic numbers is at least a given number.

The complexity problems concerning mixed hypertrees are addressed in Sec-
tion Bl We strengthen the result of Flocos from [4] that it is NP—complete to
determine the existence of a strict colouring with a given number of colours for
mixed hypertrees to the case of mixed bihypertrees (Theorem [2). We describe
a polynomial-time algorithm for finding a strict k—colouring (for bounded k) of
mixed hypertrees with underlying trees of bounded degree (Theorem[3]). This ex-
tends the previous result of Voloshin (see [8]) for interval mixed hypergraphs, i.e.
mixed hypertrees with underlying trees of degree at most two. Our polynomial—
time algorithm is based on a new concept of k—colourable witnesses (established
in Section [Z) which is of its own theoretical interest. In particular, we get im-
mediately as a collorary (Corollary [l) that a feasible set of a mixed hypertree is
gap—free giving a new proof completely different to the original one in [6].

2 Concept of Colourability Witnesses

We introduce the concept of k—colourability witnesses in this section.

Let H = (V,C,D) be a mixed hypertree with underlying tree T = (V, E).
Let us consider T as a rooted tree and let level(v) be a level of its vertex v, i.e.
the distance of v from the root. We call any sequence wy, ..., wy of vertices V'
a witness sequence. We assume w.l.o.g. in the following that 0 = level(w;) <
level(wsy) < level(ws) < ... < level(wy); this means in particular that w; is the
root.

Once we have a k-colourability witness, we want to find some strict k—
colouring ¢ of H (if it exists) such that the colours of the vertices wq, ..., wg
are mutually different. In order to do this, we extend the following simple proof
from [6] of two—colourability of a colourable mixed hypertree H: We colour the
root of T" arbitrary and then we colour the vertices from root to the leaves — if
a vertex form with its father a C—edge, we colour it with the colour of its father;
if it does not form a C—edge with its father, we colour it with the colour different
from the colour of its father. It is easy to check that this colouring is proper iff
H is colourable.
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In the following, we divide the vertices of H into three sets: L is the set of the
vertices introducing new colours and their siblings, R is the set of the neighbours
of the vertices of L and O is the set of other vertices of H. Later, we will colour
the vertices of O as described in the two—colourability proof above. Next, we
construct a mapping A : V. — {F,G,1,...,k} which assigns the number ¢ to
the vertex/ices introducing the colour i, to a vertex which should be coloured
with the same colour as its father the value F and to a vertex which should be
coloured with the colour different from the colour of its father the value G. Then,
we describe a construction of a colouring ¢ which is proper for some choice of
A if there is a proper colouring of H assigning to ws, ..., w, mutually different
colours.

Let us define the set of vertices L, R and O:

L = {v|3i, father(v) = father(w;) Vv = w;}

R={vlvg LATFu € Lyuv € E}
O=V\(LUR)

We define a special set L(v) for each vertex as follows:
L(v) = {F, G} U {i|father(v) = father(w;) Vv =w;} if v € L

L(v) ={F,G}ifveR
L(v) ={F}if v € O and {v, father(v)} € C
L(v) ={G}if v € O and {v, father(v)} ¢ C

We consider a mapping A : V — {F,G,1,...,k}; we demand that A\(v) € L(v)
for each vertex v.

We define a colouring ¢ of H based on a witness sequence wi,...,w and a
mapping A:

— ¢(v) = 1 if we is an successor of v
— ¢(v) = A(w) if AM(v) € {1,...,k}

— ¢&(v) = é(father(v)) if A(v) =F

— ¢(v) = ¢ (father(v)) if A(v) =G

where ¢ (u) is following:

*(u) = 2 if u is the root (note that é(u) = 1 in this case)
*(u) = ¢(father(u)) if é(u) # é(father(u))
*(u) = ¢*(father(uw)) if é(u) = ¢(father(u))

Qr Oy

We introduce notion relating witness sequences to colourings of H: The se-
quence wy,...,wy of vertices V is a witness sequence of k—colourability with
respect to a strict k'—colouring ¢ : V. — {1,..., K} if c(w;) = i. A witness
sequence is minimal if ), level(w;) is minimal.

We say that the mapping A is consistent with a strict k’—colouring ¢ and a
minimal k—colourability witness sequence wy, ..., w; (k < k) with respect to ¢
if it satisfies:
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— Aw) = ¢(v) if e(v) € L(v)
— AMw) =F if ¢(v) = c(father(v)) and F € L(v)

(This holds in particular when {v, father(v)} is a C—edge.)
— A(v) = G otherwise

If father(v) does not exist, the second condition does not apply.
The following theorem actually gives the sense to the previous definitions
which introduced colourability witnesses:

Theorem 1. Ifwy,...,wy is a minimal k-colourability witness sequence (where
k is at least 2) with respect to a strict k' —colouring ¢ (k < k') of a mized hypertree
H and if X is consistent with ¢, then ¢ corresponding to wy,...,wg and X is a
strict k—colouring.

Proof. The colouring ¢ clearly uses exactly k colours. It remains to prove that ¢
is proper. Thus it is enough to prove that each edge of D contains two vertices
coloured by ¢ with different colours and each edge of C contains two vertices
coloured by ¢ with the same colours.

Let E be any edge of D and let v and v be two vertices coloured by ¢ with
different colours. We can assume w.l.o.g. that v and v are neighbours and that
e.g. u = father(v). Note that ws is not an successor of v, since otherwise it would
hold that ¢(u) = ¢(v) = 1 due to the minimality of the witness sequence and
our assumption that 0 = level(w;) < level(ws) < ... < level(wy). We claim that
é(u) # é(v). We distinguish several cases:

- AMv)=F
This case is impossible due to consistency of A with c.
- AMv)=G

It holds that ¢(v) = ¢ (father(v)) # ¢(father(v)) — note that wq is not an
successor of v since otherwise ¢(u) = ¢(v) = 1 due to the minimality of the
witness sequence.

- Av) e{1,... .k}
There is no predecessor of v coloured by ¢ with the colour A(v) = ¢(v) due to
the minimality of the witness sequence; it especially holds that é(u) # é(v),
in this case.

We have just proved that all the D—edges contain two vertices coloured by dif-
ferent colours. So, we focus our attention on the C—edges.

Let E be any edge of C. If E contains two vertices whose successor is ws, then
these two vertices of E are coloured by ¢ with colour 1. We assume further that
there is at most one vertex whose successor is ws; clearly this vertex, if it exists,
is the vertex of F which is the nearest one in E to the root. Let v and v be two
nearest vertices of FE coloured by ¢ with the same colour. It is not necessary that
¢(u) = é(v). We first state a useful observation which is going to be used several
times in the proof:

Observation 1. If F contains a vertex u such that the both following conditions
hold:
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) € {F,G}

— {u, father(u), father(father(u))} C E or {u, father(u)} = E

Then E contains two vertices coloured by ¢ with the same colour.

The case that A(u) = F is trivial. If A\(u) = G, then E cannot be {u, father(u)}

due to the definition of A(u) and it holds that {u, father(u), father(father(u))
E. Let v/ = father(u) and «” = father(u’) = father(father(u)). If é(u') = ¢(u”

~—

the claim is clear. If &(u’) # é(u”), then é(u) = é*(u') = é(u”") and the claim also

holds.

We continue the proof of the theorem. We distinguish several cases to prove
that E contains two vertices coloured by ¢ with the same colour:

— The vertex v is a predecessor of u (in particular level(u) > level(v));
the case that u is a predecessor of v is symmetric.
In this case E contains all the vertices between u and v, i.e. it contains
father(u) in particular. We distuinguish several cases:

AMu)=F
Then u and father(u) are coloured with the same colour in this case.
AMu) =G
If v is not a father of u, then E contains two vertices coloured by ¢ with
the same colour due to the observation. Let us consider the remaining
case that v is the father of v (and thus é(u) # é(v)). Due to consistency
of A with ¢, it must hold that F ¢ £(u) and thus v € O. Then, E must
contain at least three vertices, in particular it contains either a son of w,
a brother of u or a grand—father of u:
* E contains a son of u. Call it w.
Clearly w € RUO (if w € L, then v € R and A(u) = F) and FE
contains two vertices coloured by ¢ with the same colour due to the
observation used for w.
* E contains a brother of u. Call it w.
Clearly w € RUO (if w € L, then also v € L) and thus A(w) is
either F or G. If A(w) = F, then é(w) = ¢(v) and these v and w are
two vertices of E coloured by ¢ with the same colour. If A(w) = G,
then ¢(u) = é(w) = é*(v) and thus u and w are two vertices of E
coloured by ¢ with the same colour.
* F contains a grand—father of u.
In this case F contains two vertices coloured by ¢ with the same
colour due to the observation.
Aw) € {1,...,k}
If it held that A(u) = 4, then we could get by substituting w; (a member
of the witness sequence with level(w;) = level(u) > level(v)) with v a
k—colourability witness sequence with a smaller level sum, contradicting
the minimality of the witness sequence.

— Neither u is a predecessor of v or v is a predecessor of u.
Let w be the nearest common predecessor of u and v. We distinguish several
cases to prove that E contains two vertices coloured by ¢ with the same
colour:
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e \Mu)=For A(v)=F
The appropriate vertex and its father are coloured by ¢ with the same
colour and thus E contains two vertices coloured by ¢ with the same
colour.

e ANu) =G and A\(v) =G
If father(u) # w or father(v) # w, then E contains two vertices of
the same colour due to the observation; otherwise it holds that w =
father(u) = father(v). Then, it holds that ¢(u) = ¢(v) = ¢*(w) and thus
u and v are two vertices of E coloured by ¢ with the same colour.

o Au) € {1,...,k} and A(v) = G (the case that A(u) = G and A\(v) €
{1,...,k} is symmetric)
If u and v are brothers, then due to the consistency of A with ¢, it has to
hold that A(u) = A(v). Thus u and v are not brothers. If father(v) # w,
then E contains two vertices of the same colour due to the observation.
Otherwise since u and v are not brothers, w = father(v) and w is the
nearest common predecessor of v and v, the level of u is greater than
the level of v, i.e. level(u) = level(w;) > level(v). But this means that we
can get by substituting w; with v (¢(u) = ¢(w;) = ¢(v)) a k—colourability
witness sequence with a smaller level sum, contradicting the minimality
of the witness sequence.

o \Nu) e {l,...,k} and A\(v) € {1,...,k}
If w and v are brothers, then due to the consistency of A with ¢, it holds
that A(u) = A(v) and thus ¢(u) = é(v) and thus u and v are two vertices
of E coloured by ¢ with the same colour.
If u and v are not brothers, then £(u) # £(v). But due to the consistency
of A with ¢ and the fact that A(u) € {1,...,k} and A(v) € {1,... Kk}, it
has to be ¢(u) # ¢(v). But this contradicts our choice of u and v, since
we have chosen them to hold that c(u) = ¢(v).

Corollary 1. If a hypertree H has a strict k' —colouring, then it has also a strict
k—colouring for all 2 < k < k'. In particular, the feasible set of any mized
hypertree is gap—free.

Proof. Let ¢ be a strict k'—colouring of H and let ws,...,w; be any minimal
k—colourability witness sequence of H with repsect to c. Let A be consistent with
c. Then the colouring ¢ corresponding to the witness sequence wq, ..., w, and
mapping A is a strict k—colouring.

It is enough to apply this corollary for k' = x(H) to get that its feasible set
is gap—free.

3 Complexity Problems Dealing with Mixed Hypertrees

We first state our negative result concerning the colouring of mixed hypertrees:

Theorem 2. [t is NP—complete to decide whether a given mixed bihypertree is
strictly k—colourable for a given k.
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Proof. The reduction from the decision problem on independence number of
cubic graphs is presented: Let G be any cubic graph with n vertices w1, ..., w,.
Let T be a tree with the vertex set equal to V' = {x,u1,...,upn,v1,...,v,} and
the edge set equal to {xu;, u;v;|1 <i < n}. We define a mixed bihypertree H on
the vertex set V' as follows: The edges of H are precisely the sets {, u;, v;, u;} for
all 7 and j such that w;w; is an edge of G (since H is a mixed bihypertree, all its
edges are both C and D—edges). We claim that X(H) = n+ « + 1 where « is the
size of the independent set of GG. This claim implies the stated NP—completeness
of the problem. Note that each edge of the tree T is contained either in 6 or 12
edges of H (the edges incident to the root are contained in 12, the other edges
in 6 edges of H).

We prove the claim, now. Let w;,,...,w;, be an independent set of G. We
can construct the colouring ¢ of the vertices of H using exactly n+ a+ 1 colours
as follows: c(vj) = j, c(ui;) = n+ j, c(x) = 0 and c(u;) = 0 for j # i1,...,iq.
Let {*,u;,v;,u;} be an edge of H. Either c(u;) = 0 or ¢(u;) = 0, since both w;
and w; cannot be in the considered independent set and c(x) = 0 # ¢(v;). This
assures that the constructed colouring c is proper.

On the other hand, let ¢ be a colouring using n+ a + 1 colours. We construct
an independent set of G of size a. Let Ry = *,. .., R4 (We can assume w.l.o.g.
that ¢(x) = 0) be the minimal (n + a + 1)—colourability witness sequence with
respect to T rooted at x. We first define a new strict colouring ¢ using n + a + 1
colours:

— We set é(x) = 0.

— If both u; and v; are among Ry, ..., Ry1q (aray of Type 1), we set é(u;) =
c(u;) and é(v;) = e(v;).

— If only w; is among Ry, ..., R,+o (a ray of Type 2), we set ¢(u;) = 0 and
é(vy) = c(uy).

— If only v; is among Ry, ..., Rt (a ray of Type 3), we set ¢(u;) = 0 and
é(vy) = c(vy).

— If neither u; nor v; is among Ry, ..., R,1 (aray of Type 4), we set é(u;) =0
and ¢(v;) to a completely new colour.

Note that if ¢ uses }(H) colours, the last case cannot occur. Let {*,u;, v;,u;}
be an edge of H; é(x) # &(v;) due to the definition of ¢. If u; and u; belong both
to rays of Type 1, then the original colouring ¢ cannot be proper. Thus at least
one of them belongs to a ray of Type 2, 3 or 4 and is coloured by 0, the same
colour as the vertex x. We have just proven that ¢ is a proper colouring. Let
A = {w;|é(u;) # c(*)}. The set A is an independent set of G, since ¢ is a proper
colouring, and its size is exactly «, since vertices x, vy, ..., v, are coloured by
mutually different n + 1 colours. This finishes the proof of the claim.

We describe the promised algorithm for colouring mixed hypertrees in the
next theorem:

Theorem 3. If k is bounded and the mazimum degree of tree T is bounded, it
can be decided in polynomial time whether a given mized hypertree H on T 1is
strict k—colourable.
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Proof. Consider the following algorithm:

for all sequences w1, ..., wy of vertices of H such
that 0 = level(wy) < level(ws) < ... <level(wy)
do
construct sets L, R and O for wq, ..., wy

construct sets L(v) for all vertices v
for all mappings A : V — {F,G,1,...,k} such that A(v) € L(v)

do
construct ¢ for wy,...,wg and A
if ¢ is a proper colouring then
output YES
halt
done
done
output NO
halt

It is clear that if the algorithm outputs YES, then H has a strict k—colouring.
Suppose that the algorithm outputs NO and H has a strict k—colouring — call
this colouring c. But there certainly exists a minimal witness sequence w1, . .., W
corresponding to ¢ and the mapping A consistent with c¢. But in the loop when
the algorithm considered this witness sequence wy, ..., wy and this mapping A,
the constructed colouring ¢ would be strict and thus the algorithm would output
YES. But since this did not happen, the strict k—colouring ¢ of H cannot exist. We
have just proven that the algorithm outputs YES iff H has a strict k—colouring.

We give an estimate for running time of the algorithm now. Let d be a
maximal degree of 7. There are O(n*~!) choices of the witness sequence in the
first step. The sets L, R, O and L(v) can be constructed in polynomial time
t1(n, k) given wy,...,w, where n is the number of vertices of H. We write m
for the number of edges of H in the next. It is clear that |L| < k(d — 1) < kd
and |R| < k(d — 1)2 + k < kd®. There are exactly |£(v)| < k + 2 choices of
A(v) for each v € L, two choices of A(v) for each v € R and one choice of
A(v) for each v € O. Thus it holds that IT,cr|L(v)] < (k + 2)* and 2/F <
2kd*  The colouring ¢ can be constructed and it can be checked whether ¢ is
proper in polynomial time t5(n, m, k). The running time of the whole algorithm
is O(n*=1t, (n, k) +nF~1(k+2)k928%* ¢, (n, m, k)) — this can be clearly majorized
by a polynomial in n and m if k£ and d are bounded.

Open Problems

The most interesting still open problem is the decision problem of the existence
of a strict k—colouring of a given mixed hypertree for fixed k: Is it NP—complete
to decide whether there exists a strict k—colouring of a given mixed hypertree
even for fixed k7 There are several other open algorithmic problems concerning
colouring mixed hypertrees raised in [6].
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Combining Arithmetic and Geometric Rounding
Techniques for Knapsack Problems*

Monaldo Mastrolilli
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Abstract. We address the classical knapsack problem and a variant in
which an upper bound is imposed on the number of items that can be
selected. We show that appropriate combinations of rounding techniques
yield novel and powerful ways of rounding. As an application of these
techniques, we present a faster polynomial time approximation scheme
requiring only linear storage, that computes an approximate solution of
any fixed accuracy in linear time. This linear complexity bound gives
a substantial improvement of the best previously known polynomial
bound [2].

1 Introduction

In the classical Knapsack Problem (KP) we have a set N := {1,... ,n} of items
and a knapsack of limited capacity. To each item we associate a positive profit
p; and a positive weight w;. The problem calls for selecting the set of items
with maximum overall profit among those whose overall weight does not exceed
the knapsack capacity ¢ > 0. KP has the following Integer Linear Programming
(ILP) formulation:

maximize Z PiT; (1.1)
JEN

subject to Z w;z; < c (1.2)
JEN

5 e{01}), jeN, (13)

where each binary variable x;, j € N, is equal to 1 if and only if item j is
selected. In general, we cannot take all items because the total occupancy of the
chosen items cannot exceed the knapsack capacity c. In the sequel, without loss
of generality, we assume that > jeNW; > ¢ and w; < ¢ for every j € N.

The k-item Knapsack Problem (kKP), is a KP in which an upper bound of
k is imposed on the number of items that can be selected in a solution. The
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Scheduling in Flexible Manufacturing Systems”.
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problem can be formulated as (L.I)-(L3)) with the additional constraint

> @<k, (1.4)

JEN

with 1 <k <n.

KP has widely been studied in the literature, see the book of Martello and
Toth [8] for a comprehensive illustration of the problem. kKP is the subprob-
lem to be solved when instances of the Cutting Stock Problem with cardinality
constraints are tackled by column generation techniques. kKP also appears in
processor scheduling problems on computers with k& processors and shared mem-
ory. Furthermore, KKP could replace KP in the separation of cover inequalities,
as outlined in [2].

Throughout our paper let OPT denote the optimal solution value to the
given instance and w(F) = >, pw; and p(F) = >, pp;, where FF C N.
A

JjEF
An algorithm A with solution value 2 is called an e-approximation algorithm,

€ (0,1), if 24 > (1 — ¢)OPT holds for all problem instances. We will also call
€ the performance ratio of A.

Known Results. It is well known that KP is NP-hard but pseudopolynomially
solvable through dynamic programming, and the same properties hold for kKP
[2]. Basically, the developed approximation approaches for KP and kKP can be
divided into three groups:

1. Approximation algorithms. For KP the classical %—approximation algorithm
(see e.g. [7]) needs only O(n) running time. A performance ratio of 1 can be
obtained also for kKKP by rounding the solution of the linear programming
relaxation of the problem (see [2]); this algorithm can be implemented to run
in linear time when the LP relaxation of kKP is solved by using the method
by Megiddo and Tamir [9].

2. Polynomial time approzimation schemes (PTAS) reach any given perfor-
mance ratio and have a running time polynomial in the length of the encoded
input. The best schemes currently known requiring linear space are given in
Caprara et al. [2]: they yield a performance ratio of ¢ within O(nl!/¢1=2)
and O(n/*/¢1=1) running time, for KP and kKP respectively.

3. Fully polynomial time approzimation schemes (FPTAS) also reach any given
performance ratio and have a running time polynomial in the length of the
encoded input and in the reciprocal of the performance ratio. This improve-
ment compared to 2. is usually paid for by much larger space requirements,
which increases rapidly with the accuracy €. The first FPTAS for KP was
proposed by Ibarra and Kim [5], later on improved by Lawler [7] and Kellerer
and Pferschy [6]. In Caprara et al. [2] it is shown that kKKP admits an FPTAS.

New Results. Rounding the input is a widely used technique to obtain poly-
nomial time approximation schemes [4]. Among the developed rounding tech-
niques, arithmetic or geometric rounding are the most successfully and broadly
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used ways of rounding to obtain a simpler instance that may be solved in poly-
nomial time (see Sections [2.1] and for an application of these techniques to
kKP). Our paper contains a new technical idea. We show that appropriate com-
binations of arithmetic and geometric rounding techniques yields to novel and
powerful rounding methods. To the best of our knowledge, these techniques have
never been combined together. By using the described rounding technique, we
present an improved PTAS for kKP requiring linear space and running time
O(n+k-(1/¢)°0/9). Our algorithm is clearly superior to the one in [2], and it
is worth noting that the running time contains no exponent on n dependent on
. Since KP is a special case of kKP, we also improve the previous result for KP.

2 Rounding Techniques for kKP

The aim of this section is to transform any input into one with a smaller size
and a simpler structure without dramatically decreasing the objective value. The
main idea is to turn a difficult instance into a more primitive instance that is
easier to tackle. This will help for efficient enumeration.

In the following we discuss some general techniques that are applied through-
out our paper. We discuss several transformations of the input problem. Some
transformations may potentially increase the objective function value by a factor
of 1 — O(g), so we can perform a constant number of them while still staying
within 1—0(e) of the original optimum. Others are transformations which do not
increase the objective function value. When we describe the first type of trans-
formation, we shall say it produces 1 — O(g) loss, while the second produces no
loss.

Let PH denote the solution value obtained in O(n) time by employing the
1/2-approximation algorithm H?z for kKP described in [2]. In [2], it is shown
that

OPT < PH 4 pax < 2PH, (2.5)

where prax = max; p;.

Throughout this section we restrict our considerations to feasible solutions
with at most v items, where -y is any positive integer not greater than k. The first
observation is that at most an e-fraction of the optimal profit OPT is lost by
discarding all items j where p; < ePH /~, since at most 7 items can be selected
and PY < OPT. From now on, consider the reduced set of items with profit
values greater than e P /~.

In order to reduce further the set of items, the useful insight is that when
profits are identical we pick them in order of their weights. Since the optimal
profit is < 2P among all items with profit value p € {p1, ..., pn}, We can keep

the first 7 = min {7, [%J } items with the smallest weights, and discard the

others with no loss. Of course, we cannot hope to obtain a smaller instance if
all profits are different. In the following, we show how the number of different
profits can be reduced by rounding the original profits. We revise two rounding
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techniques and show that an appropriate combination of both leads to a better
H
result. We will call a profit value p large if p > %, and small otherwise.

2.1 Arithmetic Rounding

A sequence aq,as, ... is called an arithmetic sequence if, and only if, there is a
constant d such that a; = ay +d-(i—1), for all integers ¢ > 1. Let us consider the
arithmetic sequence S, (y) obtained by setting a; = d = eP# /. We transform
the given instance into a more structured by rounding each profit down to the
nearest value among those of S, (). Since in the rounded instance the profit of
each item is decreased by at most e P /~, and at most v items can be selected,
the solution value of the transformed instance potentially decreases by e PH. Of
course, by restoring the original profits we cannot decrease the objective function
value, and therefore, with 1 — € loss, we can assume that every possible profit is

equal to a; = EffrH -4 for some ¢ > 1. Furthermore, since prax = maxjen p;j < PH,
the number of different profits is now bounded by | zg=| < |2].

The largest number n; of items with profit a;, for ¢ =1, ..., [gJ, that can be
involved in any feasible solution is bounded by

. OPT . 2
n; < min{y, Mgpyi } < min{y, L%J b
5

and we can keep the first n; items with the smallest weights, and discard the
others with no loss. Now, the number of items with profit a; is at most -,
if a; is a small profit (i.e. when i = 1,... EJ), and at most Li—” otherwise
(i= L%J +1,..., L%J ). Thus, by applying the described arithmetic rounding we
i

zL:EHﬂH | 2| with large
profits. Recall that when a summation can be expressed as > »__ f(k), where
f(k) is a monotonically decreasing function, we can approximate it by integral
(see, e.g. [3] p. 50): Y¥_ f(k) < [Y | f(k)dk. Furthermore, we are assuming
that 0 < € < 1, and recall that In(1 +xz) > /(14 z), for x > —1. Therefore, the
total number of items in the transformed instance is bounded by

HES N EIEETE N o

have at most |2/e|~y items with small profits and )

=Lz =(z]
2 Todi. 2
Séy(l—l-/2 172):?7(1+1n7—1n(2—5))
2y

1-— 2
<—{1+ny- 2—_; < §(1+1H’Y)

We see that by applying the described arithmetic rounding we have at most 2v/e
items with small profits and 2?7 In~y with large profits.
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2.2 Geometric Rounding

A sequence aq,as, ... is called a geometric sequence if, and only if, there is a

constant r such that a; = a; - v*~ !, for all integers ¢ > 1. Let us consider

the geometric sequence S,(7) obtained by setting a; = eP/y and r = 1~

We round each profit down to the nearest value among those of Sg(7). Sinée
a; = (1 —€)a;41, for i > 1, each item profit is at most decreased by a factor of
1—e¢, and consequently, the solution value of the transformed instance potentially
decreases by the same factor of 1—¢. Therefore, with 1—e¢ loss, we can assume that
every possible profit is equal to a; = E{DY " ~(11:)"*1 for some ¢ > 1. Furthermore,
since pmax < P, the number of different profits is bounded by the biggest

integer (8 such that

epPH 1
(

2l 1—5),671 <P

Since ln(%_s) > e, we have f — 1 < % < %ln 1. In any feasible solution,

the largest number n; of items with profit a;, for ¢ = 1, ..., 3, is bounded by

ng?(PlT)i_lJ } < min{y, {2;(1 - 6)“J 2

o 1—¢

n; < min{~,

and we can keep the first n; items with the smallest weights, and discard the

In(e/2)
In(1—¢)

profit a; is at most v, if a; is a small profit (i.e. when i = 1,...,; a), and at most
L%(l — e)l_w otherwise (i = a+ 1, ..., 3). Therefore, the total number of items
in the transformed instance is bounded by

others with no loss. Let a = { J + 1. Again, the number of items with

v+2e—-2

B
ot 3 [Za-0] < Gty 1+ T Tl

i=a+1

We see that by applying the geometric rounding we have at most v/e items with
large profit, while O(2 ln%) items with small profits. Contrary to arithmetic
rounding, the set of items that has been reduced most is the set with large
profits. This suggests us to combine the described rounding techniques.

2.3 Arithmetic & Geometric Rounding

We use arithmetic rounding for the set of items with small profits and geomet-
ric rounding for large items. More formally, let us consider the Arithmetic &
Geometric sequence Sqq(Y) = (a1, az, ...) defined by setting

a; =

epPH i fori=1,...,]2/¢],
v ($)e+i=[2/el=1 otherwise.
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We round each profit down to the nearest value among those of S,4(). Now,
consider every set N; of items with the same rounded profit value a;, and take
the first

_ {7 _ fori=1,..,(2/¢],
’ | 2(1 — g)ati=12/el=1]| otherwise,
items with the smallest weights. Selecting the first n; items with the smallest
weights can be done in O(|N;|) time. That is, O(|N;|) time is sufficient to select
the n;-th item with the smallest weight (see [1]) and only O(|NV;|) comparisons are
needed to extract the n; — 1 items with smaller weight. Therefore the amortized
time is linear.

By using the arithmetic rounding technique for small items, we have at most
27/e small items with 1 —¢ loss (see Section 2J). While, by using the geometric
rounding technique described in Section for large items, we have at most
~/e large items with 1 — € loss. The resulting transformed instance has at most
37/e items with 1 — 2¢ loss. Furthermore, let ¢ = 8 — a + [2/e] + 1. Observe
that the ¢-th element of S,4(7y) is not smaller than PH ie., Ay 2> PH_ Consider
any subset S C N of items with at most v items, and let x; denote the total
number of items from S with profit in interval [a;,a;11), ¢ = 1,2,...¢0. Let us
call vector (x1, g, ..., xy) an S-configuration. It is easy to see that by using the
reduced set of items it is always possible to compute a solution having the same
S-configuration, for any S C N with v items. Summarizing:

Lemma 1. For any positive integer v < k, it is possible to compute in linear
time a reduced set Ny C N of items with at most 3y/e items, such that, for any
subset S C N with at most vy items, there exists a subset S, C N, such that S,
1s the subset of N having the same configuration as S and with the least weights.

Corollary 1. For any subset S C N with at most ~y items, there exists a subset
Sy C N, with w(Sy) < w(S), |S,] = 15| and p(S,) > p(S) —2¢- OPT.

3 A Faster Linear-Storage PTAS for kKP

Our PTAS for kKP improves the scheme of Caprara et al. [2], and in fact it
strongly builds on their ideas. However, there are several differences where a
major one is the use of two reduced sets of items instead of the entire set N: let
¢:=min{[1/e] — 2, k}, where £ < 1/2 is an arbitrary small rational number; our
algorithm uses sets N, and Ny, computed by using the Arithmetic & Geometric
rounding technique (see Lemmal[ll) when v := k and v := ¢, respectively. We will
show that sets IV and N, help for efficient enumeration.

For any given instance of kK P, the approximation scheme performs the
following five steps (S-1)-(S-5).

(S-1) Initialize the solution A to be the empty set and set the corresponding
value P4 to 0.
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(S-2) Compute the reduced sets Ni and Ny.

(S-3) Consider each L C Ny such that |L| < ¢ — 1. If w(L) < ¢ and p(L) > P4
let A:= L, P4 :=p(A).

(S-4) Consider each L C N; such that |L| = ¢. If w(L) < ¢, consider sequence
Sag(f) = (a1, a2, ...) and let h be an integer such that a; < minjer p; <
ap+y1. Apply algorithm H 3 to the subinstance S defined by item set {i €
Ni\L : p; < ap41}, by capacity ¢ — w(L) and by cardinality upper bound
k—¢. Let T and P¥(S) denote the solution and the solution value returned
by Hz when applied to S. If p(L) + PH(S) > PAlet A := LUT and
PA = p(L) + PH(9).

(S-5) Return solution A of value P4,

Observe that in steps (S-3) and (S-4), subsets L are computed by considering
just the items from N,. On the other hand, in step (S-4), we remark that the
subinstances S are defined by using items from Ny.

3.1 Analysis of the Algorithm

Step (S-2) can be performed in O(n) time by Lemma [ In step (S-3) the al-
gorithm considers O(|N,|*~1) subsets, for each one performing operations that
clearly require O(¢) time. In step (S-4) the algorithm considers O(|N;|*) sub-
sets L. For each L the definition of subinstance S requires O(|N| - £) time.
Algorithm H2 applied to subinstance S runs in O(|S]) = O(|Ny|) time [2]. By
Lemmalll, |[Nx| = O(k/e) and |Ng| = O({/¢). Therefore, step (S-4) is performed
in O(|Ng|® - |Ng| - €) = O(k - (£)1) = k- (1/2)©(/9)_ Tt follows that the overall
running time of the algorithm is O(n + & - (1/£)°(1/9)), and it is not difficult to
check that steps (S-1)-(S-5) require linear space.

What remains to be shown is that steps (S-1)-(S-5) return a (1 — O(g))-
approximate solution.

If an optimal solution contains at most ¢ items, the solution returned is
(1 — 2¢)-approximate solution. Indeed, by Corollary [l the reduction of N to N,
results in at most (1—2¢) loss of profit, and steps (S-3)-(S-4) consider all subsets
of Ny having at most ¢ items.

Otherwise, let {j1, ..., j¢, ...} be the set of items in an optimal solution ordered
so that p;, > ... > p;, > ..., and let L* = {41, ..., j¢} be the subset obtained by
picking the first ¢ items with the largest profit. Consider subinstance S* defined
by item set {i € N\L* : p; < minjcr-p;}, by capacity ¢ — w(L*) and by
cardinality upper bound k — £. Clearly,

p(L*) + OPTs. = OPT, (3.6)

where OPTg- denotes the optimal value of instance S*. Now, consider the
reduced set Nj and subinstance S} defined by item set {i € Ny \L* : p; <
minjer- pj}, by capacity ¢ — w(L*) and by cardinality upper bound k — ¢. By
Corollary [l we have

OPTs: > OPTs. — 2:OPT, (3.7)

where OPTyg; denotes the optimal value of instance S*.
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Let us use L to denote the set of items having the same configuration as L*
and the least weights. By Lemma [I] in one of the iterations of step (S-4), set
L is considered. In the remainder, let us focus on this set L, and consider the
corresponding subinstance S defined in step (S-4). By Corollary [ we have

p(L) > p(L*) —2eOPT. (3.8)

We need to show that the optimal solution value OPTys of instance S cannot be
smaller than OPTg;.

Lemma 2. OPTs > OPTs:.

Proof. Recall that the subinstance S is defined by item set Is = {i € N;\L :
Pi < Gp41}, where apqq is a term of sequence Sqq(¢) = (ai,as,...) such that
ap, < minjerp; < ap+1 (see step (S-4)). On the other hand, the subinstance
Sk is defined by item set Isx = {i € N;\L* : p; < minjep~p;}. Since we are
assuming that L has the same configuration as L*, there are no items from L*
with profit in intervals [a;, a;4+1), for ¢ < h. Therefore, we have minjer-p; > ap
and {’L € Nk\L o < ah} = {Z S Nk\L* o < ah} = {Z € N :p; < ah}.
Furthermore, since there is an item from L with profit in interval [ap, ap+1), and
since L* has the same configuration as L, there exists an item from L* with
profit p; < an4+1 and, therefore, minjer«p; < apt1. It follows that Is: C {i €
Ni\L* i p; < apyr}

By the previous arguments, the items of S}, except for those belonging to
Ap={i € NyNL:ap <p; < apy1}, are also items of S, i.e.,

Isz ClsUA,,.

If there exists an optimal solution for S} such that no one of the items from
Ay, is selected, then OPTs > OPT. s:, since the knapsack capacity of Sy is not
greater than the one of S, i.e. ¢ —w(L) > ¢ — w(L*) (recall that L is the subset
having the same configuration as L* with the least weights).

Otherwise, let GG; be the subset of items from A in an optimal solution for
S, and let g := |G1|. Let G2 be any subset of set {i € L*\L : a, < p; < apt1}
of exactly g items. It is easy to see that Go exists. Furthermore, since Gy C L*
and G C IS;, we have

Observe that w(L*) —w(L) > w(Gs) —w(G1). Therefore, the knapsack capacity
¢—w(L) of S cannot be smaller than ¢ —w(L*) + w(G2) — w(G1). The solution
G2 obtained from the optimal solution for S} by replacing the items from G,
with those from Ga, requires a knapsack of capacity bounded by ¢ — w(L*) +
w(G2) — w(Gy). Therefore, G12 is a feasible solution for S since the capacity of
S is greater than the capacity of S} by at least w(G2) — w(G1). Finally, from
inequality (3.3), the solution value of G2 is not smaller than OPTs: and the
claim follows.
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Let PH(S) denote the solution value returned by H 7 when applied to S.
Then we have the following
Lemma 3. p(L) + PH(S) > (1 —4¢)OPT.
Proof. Observe that by Lemmal[Z and inequality (37), we have
OPTg > OPTg+ —2¢OPT. (3.10)
We distinguish between two cases.

1. If p(L*) > (1 — €)OPT then by inequalities (B.6), (3:8) and (3.I0), we have

1
p(L) + P*(S) > p(L*) — 2cOPT + 5OPTs

1
> 5 (2p(L*) + OPTs.) = 3¢ - OPT

1
> 5 (p(L7) + OPT) =3¢ - OPT

(1-¢/2)OPT — 3¢ - OPT
> (1—17/2) - OPT.

Y

2. If p(L*) < (1 —€)OPT then the smallest item profit in L*, and hence every
item profit in S$*, is smaller than @OPT. The biggest profit of S is at
most “l%E)OPT + #. Indeed, since ap < ul%E)OPT < 2(1 - 5)% <
(12] - 1)€IZH, it turns out that h < |2] — 1, and by definition of S,4(¢), we

have that ap 11 = ap + #. Therefore, for each item j belonging to S, profit

p; is bounded by

OPT
pj <~

Since OPTs — P (S) < max;cs p; (see inequality (ZF)), we have

OPT
p(L) + PH(S) + 5 > p(L) + OPTs

> p(L*) + OPTs- — 4¢ - OPT = (1 — 4¢)OPT.

By the previous lemma, steps (S-1)-(S-5) return a solution that cannot be
worse than (1 — 4e)OPT. Thus, we have proved the following

Theorem 1. There is a PTAS for the k-item knapsack problem requiring linear
space and O(n + k- (1/¢)°0/9) time.

To compare our algorithm with the one provided in [2] notice that the running
time complexity of the latter is O(n/'/¢1=1), whereas our scheme is linear. As in
[2], our algorithm can be easily modified to deal with the Fzact k-item Knapsack
Problem, that is a kKP in which the number of items in a feasible solution must
be exactly equal to k. The time and space complexity and analysis of the resulting
algorithm are essentially the same.
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The Complexity of Maximum Matroid-Greedoid
Intersection*

Taneli Mielikainen and Esko Ukkonen

Department of Computer Science, P.O. Box 26
FIN-00014 University of Helsinki, Finland

Abstract. The maximum intersection problem for a matroid and a gree-
doid, given by polynomial-time oracles, is shown N P-hard by expressing
the satisfiability of boolean formulas in 3-conjunctive normal form as
such an intersection. Also the corresponding approximation problem is
shown N P-hard for certain approximation performance bounds. This
is in contrast with the maximum matroid-matroid intersection which is
solvable in polynomial time by an old result of Edmonds.

1 Introduction

A set system (S, F') where S is a finite set (the domain of the system) and F is
a collection of subsets of S is a matroid if

(M1) 0 € F;

(M2) IfY C X € F then Y € F;

(M3) If XY € F and |X| > |Y]| then there is an x € X \ Y such that
YU{z} eF.

A greedoid is a set system (S, F) that satisfies (M1) and (M3).

In applications a matroid or a greedoid is given by an oracle, i.e., by a deter-
ministic algorithm that answers the question whether X belongs to F' for any
XCS.

Many combinatorial problems can be formulated using matroids or greedoids
(see e.g. [56]). The seminal example is the maximum matching problem in bipar-
tite graphs. Each instance of the problem can be represented as the intersection
of two matroids. The maximum matching corresponds to the largest set in the
intersection.

To be able to consider in the matroid-greedoid framework general combi-
natorial problems which have infinitely many instances we introduce families of
matroids and greedoids that have uniform polynomial-time representation. More
formally, let F = {(Sh, Fn)nen} be a possibly infinite set of matroids or gree-
doids. Then F is said to be given by a uniform polynomial-time oracle if there
is an algorithm O, that when given h and some X C S;, answers whether or not
X € F},. The algorithm O runs in polynomial time in |h| and | X].

* A work supported by the Academy of Finland.

R. Freivalds (Ed.): FCT 2001, LNCS 2138, pp. 535-[539] 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Let F = {(Sh, Fr)hen} and G = {(Sk, Gr)nen} be two such families given
by uniform polynomial-time oracles. Note that the index set H is the same for
both and for given h, both have the same domain Sj,.

The mazimum intersection problem for F and G is to find, given an index
h € H, aset X € Fj, NG}, such that | X| is maximum.

Edmonds [3] gave the first polynomial-time solution for the intersection prob-
lem in the case that both F and G are families of matroids. In this paper we
consider the obvious next step, namely the intersection of families of matroids
and greedoids.

In Section 2 we show, by reduction from the 3SAT, that the maximum in-
tersection problem for a matroid family and a greedoid family, given by uniform
polynomial-time oracles, is N P-hard. In Section Bl we modify the above con-
struction to show that the maximum matroid-greedoid intersection is not ap-
proximable within a factor |Sy,|1~¢ for any fixed € > 0 and its weighted version,
the maximum weight matroid-greedoid intersection, is not approximable within
218l for any fixed k > 0, unless P = NP.

2 N P-Hardness

Recall that the N P-complete problem 3-satisfiability (3SAT) is, given a boolean
formula h in 3-conjunctive normal form (3CNF), to decide whether or not there
is a truth assignment Z for the variables of h such that h(Z) = true.

We construct the instance (Sy, Fy), (Sh, Gp) of matroid-greedoid intersection
that corresponds to h as follows. Let h contain n different boolean variables. Then
Sy, contains symbols ¢, fi1,...,tn, fn. The symbols 1, f1,...,t,, fn Will be used
to encode truth assignments: t; encodes that the ith variable is true and f; that
it is false.

The subset collection F}, consists of all subsets of S}, that contain at most
one of symbols t;, f; for i = 1,...,n. It is immediate, that (Sp, F) satisfies the
matroid properties (M1), (M2) and (M3).

The subset collection G}, consists of two groups. The first group A consists
of all subsets X of S, such that | X| < n and X N{t,, fn} = 0. The second group
B consists of the sets that represent a truth assignment that satisfies h. Such a
set is of size n and contains one element from each t;, f;.

To verify that (Sp, Gp) is a greedoid, first note that (M1) is obviously true.
To verify (M3), let X,Y € G}, such that | X| > |Y].

1. If |X| < n then X and Y must belong to group A. Hence for any element
xz € X \Y,set Y U{x} belongs to group A and hence to G,.

2. If | X|=nand [ X\Y]|=1then YU(X\Y) = X, ie., property (M3) holds.

3. In the remaining case |X| =n and |X \ Y| > 1. As X \ Y contains at least
two elements and no set of G, contains both t¢,, and f,,, at least one element
x € X \ 'Y must be different from ¢,, f,. Then Y U {z} belongs to group A.

The matroid-greedoid intersection F, NG}, contains a set X such that | X| =n
if and only if the group B in the definition of G} is non-empty, that is, if and
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only if h is satisfiable. As such a set X is also the largest in Fj, N G}, we have
shown:

Lemma 1. Boolean formula h is satisfiable if and only if the mazimum element
in F, NGy, for matroid (Sy, Fp) and greedoid (Sp, Gy) is of size n where n is the
number of variables of h.

The above construction yields a matroid family F = {(Sh, Fi)nescnr} and
a greedoid family G = {(S}, Gn)nrescnr}- Both have a uniform polynomial-time
oracle for checking membership in Fj, and Gj,: The only nontrivial task of the
oracle is to verify when a truth assignment satisfies a given formula h, but this
is doable in polynomial time in |h| using well-known techniques. As |h| = O(n?)
for a 3CNF formula h and |Sp| = 2n, the running time of the oracle is in fact
polynomial in |Sy|, as required.

It follows from Lemma [[lthat our construction is a polynomial-time reduction
of 3SAT to the maximum matroid-greedoid intersection problem. Therefore we
have the following.

Theorem 1. The maximum intersection problem for a matroid family and a
greedoid family that are given by uniform polynomial-time oracles is N P-hard.

Also the maximum weight matroid-greedoid intersection is N P-hard since
maximum matroid-greedoid intersection is its special case. In this problem one
should find, given integer weights w(x) for x € Sy, a set X € F, N Gy, such that
Y wex w(z) is maximum.

3 Inapproximability

As the maximum matroid-greedoid intersection problem is a maximization prob-
lem whose exact solution turned out to be N P-hard, it is of interest to see
whether or not an approzimation algorithm with a performance guarantee is
possible. An approximation algorithm would find an element in the intersection
of the matroid and the greedoid which is not necessarily the largest one.

Following the standard approach (see e.g. [1l2]), we say that maximization
problem is polynomial-time approximable within r where r is a function from N
to N if there is a polynomial-time algorithm that finds for each instance x of the
problem a feasible solution with value ¢(z) such that

CMax (JJ)
c(z)

where cprq.(2) is the largest possible value (the optimal value) of a feasible
solution of x. The performance ratio of such an approximation algorithm is
bounded by the performance guarantee 7.

< r(|z))

Theorem 2. The mazrimum intersection problem for a matroid family and a
greedoid family with domains {Sy, : h € H}, given by uniform polynomial-time
oracles, is not polynomial-time approzimable within |Sy|'~¢ for any fived € > 0,
unless P = NP.
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Proof. Assume that for some € > 0, the maximum matroid-greedoid intersection
is polynomial-time approximable within |S,|!~¢. We show that then we can solve
3SAT in polynomial time.

As in the proof of Lemma/[l] let & again be a boolean formula with n variables
in 3-conjunctive normal form. Now set Sy contains in addition to the truth as-
signment symbols ¢, f1,...,t,, fn also some indicator elements p;, 1 < i < I(e).
Here the number of indicators, I(€), depends on € as will be shown below. The
indicators are needed for padding the elements of the matroid and the greedoid
such that the maximum intersection becomes for a satisfiable h sufficiently larger
than for a non-satisfiable h.

We again construct a matroid (S, F) and (Sh, Gy) as follows.

The subset collection F}, contains all subsets of S}, that do not contain both
t; and f; for any 1 <4 < n. It is again clear, that (S, F},) satisfies properties
(M1) and (M2). As regards (M3), let X,Y € Fj, such that |X| > |Y|. If there
is some indicator z in X \ Y, then Y U {z} € F},. Otherwise X must contain
more truth assignment symbols that Y. Then there must be index ¢ such that
either t; or f;, call it x, belongs to X but neither of ¢; and f; belongs to Y. Then
Y U{x} € Fp,. Thus (S, Fy) is a matroid.

The subset collection Gy, consists of three groups. Group A and B are exactly
same as in the construction of Lemma/[Il Hence the sets in groups A and B do
not contain any indicator elements. Group C consists of the sets of size n in
groups A and B, padded with indicators in all possible ways. That is, if X € A
or X € Bsuch that | X| = n and Q is a non-empty subset of {p1,...,pr()}, then
X U@ belongs to group C.

To verify that (Sy, G},) is a greedoid, property (M1) clearly holds. To verify
(M3), let X,Y € Gy, |X| > |Y| and consider the following cases.

1. If |Y]| < n then there is a truth assignment symbol z € X \ Y such that
Y U {z} belongs to group A or to group B as shown in the proof of Lemma
m

2. If |Y| > n then there is there is an indicator z € X \ Y and thus Y U {z}
belongs to group C.

By our construction, the boolean formula h is satisfiable if and only if the
largest element in Fj, N Gy, is of size |Sp| —n = I(€) + n. Otherwise the size of
the largest element is at most n — 1.

Let now I(€) = (2n)"/¢ — 2n. Thus |S,| = (2n)"/*. To test the satisfiability of
h we use the approximation algorithm to find a approximately largest element
of Fj, NG},. Let ¢ be the size of this element. If h is not satisfiable then certainly
¢ < n. On the other hand, if h is satisfiable, then the largest element of Fj, NG},
is of size |Sp| — n. Therefore

Sh —-n _
| ‘C S |Sh|1 €

But then
[Snl =n o 1Sel _ |Sal® _

> =
¢z |Sh‘176 - 2|Sh|176 2
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where the second inequality follows from that |S,| > 2n. Hence ¢ > n if h is
satisfiable and ¢ < n if it is not. We have a polynomial-time satisfiability test
because I(e) is a polynomial in n and hence in |h| when € is fixed, and therefore
the matroid family {(Sh, F})nesenr } and the greedoid family {(Sp, Gr)nesonr}
can be represented by uniform oracles whose run times are polynomial in | S},
hence in |h]. O

Theorem 3. The mazximum weight intersection problem for a matroid family
and a greedoid family with domains {Sy, : h € H}, given by uniform polynomial-
time oracles, is not polynomial-time approximable within olSnl* for any fized

k>0, unless P= NP.

Proof. The construction is similar to the proof of Theorem [2

Domain S}y, consists of the truth assignment symbols and only one indicator
element. The indicator has weight n215:" — n while all the truth assignment
symbols have weight equal to 1. Then the formula & is satisfiable if and only
if the heaviest element in Fj N G}, has weight n2!Sk1" . Otherwise the heaviest
element weights less than n.

Let ¢ be the weight obtained by an approximation algorithm that is assumed
to approximate the optimal solution within 218n1* 1 h is not satisfiable then
¢ < n. Otherwise

n2!Snl*

c

< 9lSnl*

which means that ¢ > n.

We again have a polynomial-time satisfiability test because |S,| = 2n + 1
and therefore the weights have polynomial-size (binary) representations in |h|
and hence the weighted set Sj, can be constructed in polynomial time in |h.
Moreover, the uniform oracles for the families of (S, F) and (Sp, Gp) can be
made to run in polynomial time in |h| as before. O
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